Submitted to the Annals of Statistics

ANALYSIS OF SINGULAR SUBSPACES UNDER RANDOM PERTURBATIONS
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We present a comprehensive analysis of singular vector and singular sub-
space perturbations in the signal-plus-noise matrix model with random Gaus-
sian noise. Assuming a low-rank signal matrix, we extend the Davis-Kahan-
Wedin theorem in a fully generalized manner, applicable to any unitarily
invariant matrix norm, building on previous results by O’Rourke, Vu, and
the author. Our analysis provides fine-grained insights, including ¢~ bounds
for singular vectors, {2 . bounds for singular subspaces, and results for lin-
ear and bilinear functions of singular vectors. Additionally, we derive 19 0
bounds on perturbed singular vectors, taking into account the weighting by
their corresponding singular values. Finally, we explore practical implications
of these results in the Gaussian mixture model and the submatrix localization
problem.

1. Introduction. Matrix perturbation theory has emerged as a central and foundational
subject within various disciplines, including probability, statistics, machine learning, and ap-
plied mathematics. Perturbation bounds, which quantify the influence of small noise on the
spectral parameters of a matrix, are of paramount importance in numerous applications such
as matrix completion [30, 31, 49], principal component analysis (PCA) [48], and community
detection [66, 67], to mention a few. This paper aims to present a comprehensive analysis es-
tablishing perturbation bounds for the singular vectors and singular subspaces of a low-rank
signal matrix perturbed by additive random Gaussian noise.

Consider an unknown N X n data matrix A. Suppose we cannot observe A directly but

instead have access to a corrupted version A given by
(1) A:=A+E,

where E represents the noise matrix. In this paper, we focus on real matrices, and the exten-
sion to complex matrices is straightforward.

Assume that the N x n data matrix A has rank r > 1. The singular value decomposition
(SVD) of A takes the form A = UDV™T, where D = diag(c1,...,0,) is a diagonal matrix
containing the non-zero singular values o1 > g2 > -+ > 0, > 0 of A; the columns of the
matrices U = (u1,...,u,) and V = (vy,...,v,) are the orthonormal left and right singular
vectors of A, respectively. In other words, u; and v; are the left and right singular vectors
corresponding to o;. It follows that UTU = VTV = I,., where I, is the r x r identity matrix.
For convenience we will take o,,; = 0 for all 4 > 1. Denote the SVD of A given in (1)
similarly by A= UDV™, where the diagonal entries of D are the singular values o1 > 02 >
“++ 2 Omin{N,n} = 0, and the columns of U and V' are the orthonormal left and right singular
vectors, denoted by u; and v;, respectively.

The primary focus of this paper is the singular subspaces that are spanned by the leading
singular vectors. For 1 < k < r, let us denote

Uy :=Span{uy,...,ux}, Vi:=Span{vi,...,vi},

Uy :=Span{ay, ..., u}, Vi :=Span{?i,...,0}.
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With a slight abuse of notation, we also use U, = (uy,...,u) to represent the singular vector
matrix. We employ the notation V, U, ks ‘N/k in a similar manner. Let P, = Uy, UkT (resp. Py, =
VkaT) be the orthogonal projection on the subspace Uy (resp. V). Denote the orthogonal
complement of a subspace TV as W=.

The classical perturbation bounds related to the changes in singular values and singular
vectors are detailed below. The matrix norm || - || on RN *" is said to be unitarily invariant
if [|A|| = ||UAV]|| for all orthogonal matrices U € RV*N and V € R™*". In addition, we
always consider the norm || - || to be normalized. This means that the norm always satisfies
[lA]| =1 if A has its (1,1) entry equal to 1 and all other entries equal to zero. A more
thorough exploration of the properties of unitarily invariant matrix norms can be found in the
supplementary material [69].

Denote diag(o; — 0;) = diag(o1 — 02, ** , Omin{N,n} — Omin{N,n})- This represents the
difference in singular values between A and A + FE. The perturbations or changes in the
singular values of A and A + E are provided by Mirsky’s theorem (see Theorem 4.11 in
Chapter IV from [64]).

THEOREM 1.1 (Mirsky). Let A=A+Easin (1). Then for any unitarily invariant norm

>

I diag(e: — &)l < [l £]-

When applied to the operator norm and eigenvalues of Hermitian matrices, the inequality
stated can be recognized as the Weyl’s inequality (see [21, Corollary II1.2.6]).

The differences between subspaces U, and ﬁk of A and A + F can be quantified by
calculating the separation between U}, and ﬁk This is achieved using % principal angles,
defined as 0 < 6; < --- <6 < 7/2. These angles measure the distance between the two
subspaces. A detailed definition is given in Section 2.1 below. Denote

sin Z(Uy,, Uy) := diag(sinfy, - - - ,sin6y,).

Define sin Z(V}, 1716) analogously. The classical perturbation bound, which concerns the vari-
ations in the eigenspaces for symmetric matrices A and A + F, was initially investigated by
Davis and Kahan [40]. Further generalizations to singular subspaces of rectangular matrices
are encapsulated in Wedin’s theorem (Eq. (3.11) from [71]).

THEOREM 1.2 (Wedin [71]). Let A=A+ Easin (1). Ifgk ‘=0 — Ogy1 > 0, then for
any unitarily invariant norm || -

’

max{|| Py EPy, |I. || Py E* Py, |Il}

) I sin Z(U, Uy)|| < - .
Ok
The same result also holds for || sin Z(Vi, Vi) |-
In the context of a unitarily invariant norm || - ||, there exist several well-established meth-

ods to quantify the separation between Uy, and Uj. These include using

llsin 20, Un)l, |1 Pv — P, Il and min |JULO — Ukl-

In the supplementary material [69], we provide a detailed discussion about the equivalence
or relationships among these various methods.

The traditional bounds previously mentioned offer precise estimates, catering to worst-
case scenarios. However, modern applications often operate under the premise that the data
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matrix A satisfies specific structural assumptions. A typical case is when A has a low rank
r, where r remains constant or experiences slow growth relative to N and n. Moreover, the
noise matrix F is generally assumed to be random.

In this paper, we aim to develop a stochastic variant of Wedin’s theorem under these ad-
ditional assumptions that the signal matrix A is low-rank and the noise F consists of i.i.d.
Gaussian entries. This work builds on the recent developments in [60, 61], and offers several
substantial improvements. We extend the classical Davis-Kahan-Wedin theorem for unitarily
invariant norms, provide sharper bounds with improved dependence on the signal rank 7,
and relax several technical assumptions used in earlier analyses. A more detailed comparison
with prior works appears in Section 4.2.

There is currently a surging interest in /., analysis (also known as entrywise analysis) of
eigenvectors and singular vectors. This dynamic research area focuses on deriving rigorous
bounds, such as /-, bounds [2, 20, 36, 43, 45, 78] for eigenvectors or singular vectors, and
{3~ bounds for eigenspaces or singular subspaces [1, 4, 27, 32, 53], in relation to perturbed
matrix models. These analyses have significant impact across statistics and machine learning
applications.

Inspired by recent advancements, we have derived precise ¢, bounds for the perturbed
singular vectors and the ¢ . bounds for the perturbed singular subspaces of A+ E. We have
also established results for linear and bilinear forms of the perturbed singular vectors and
subspaces, and investigated the {2 o, bounds on the perturbed singular vectors weighted by
their singular values. These new results are presented in Section 2.2. Throughout, we assume
that the noise F has i.i.d. Gaussian entries; extensions to sub-Gaussian noise are discussed
in Remark 2.15. Section 4 summarizes our main contributions and discusses the optimality
of our bounds, with a focus on rank dependence. A high-level overview of the proof strategy
appears in Section 6.2, following notation in Section 6.1. Full proofs are deferred to the
supplementary material [69].

In Section 5, we demonstrate the practical applications of our theoretical findings within
two statistical models: the Gaussian mixture model and the submatrix localization problem.
Our main goal is to use these results to examine how well spectral algorithms work and
provide clear, straightforward proofs of their performance.

Organization: Section 2 presents our new matrix perturbation results, with Section 2.1 ex-
tending Wedin’s sin © theorem to stochastic versions for arbitrary unitarily invariant norms.
Section 2.2 provides results on /., and {3 o, norms of singular vectors and subspaces, while
Section 3 surveys related literature. Section 4 discusses our main contributions and their op-
timality. Applications to Gaussian mixture model and submatrix localization are presented
in Sections 5.1 and 5.2. Section 6 introduces basic tools and proof strategies, with detailed
proofs and extensive numerical simulations provided in the supplementary material [69].

Notation: For a vector v = (vq,---,v,) € R", the following norms are frequently used:
o]l = /> oiq v7 and ||v]| s = max; |v;]. Also, |Jv]o is the number of non-zero elements in
v. For areal matrix M, || M || denotes its operator norm, while || M || p represents its Frobenius
norm. The term || M || max refers to the largest absolute value among its entries, and || M||2,00
indicates the maximum length of its rows. For a set S, let 1g be the indicator function of
this set. For two functions f(n), g(n) > 0, we use the asymptotic notations f(n) > ¢g(n) and
g(n) =o(f(n)) if f(n)/g(n) — oo as n — oco. The notation f(n) = O(g(n)) and f(n) <
g(n) are used when there exists some constant C' > 0 such that f(n) < C'g(n) for sufficiently
large n. If f(n) =O(g(n)) and g(n) = O(f(n)), we denote f(n) =< g(n). The setof n x n

A O) the direct sum

orthogonal matrices is denoted by O™*". We denote by A & B := < 0B

(block diagonal concatenation) of two matrices A and B.



2. New results on the matrix perturbation bounds.

2.1. Stochastic Wedin’s sin © theorem. We first generalize the previous results in [60, 61]
to an arbitrary unitarily invariant norm || - ||. We start with the concept of principle angles.
Let H and W are two subspaces each of dimension k. The principal angles 0 <0y <--- <
0 < /2 between H and W are defined recursively as follows:

COS(Hi)=hEI§§U>éWhTW=h§sza 1Al = flwll =1

subject to the constraint
hfh =0, wlw, =0 forl=1,...,i—1.
Denote Z(H, W) :=diag(61,- - ,0) and sin Z(H, W) := diag(sin by, - - - ,sinby).
For any 1 <k < s <r, denote
Uk,s := Span{ug, ..., Us}, (7;@,8 := Span{uyg, ..., us},

Py, , the orthogonal projection onto Uy, s, and analogously for Vj, q, XN/k,s and Py, . Denote

Dk,s = diag(ak, to 708)
and analogously for IN)k’S. If k=1, we simply use Dy, lN?S, Us, (75, Py, and Vg, 178, Py..
The spectral gap (or separation)
Ok := 0 — Ok+1,

which refers to the difference between consecutive singular values of a matrix, will play a
key role in the following results.

THEOREM 2.1 (Unitarily invariant norms: simplified asymptotic version). Let A and F
be N x n real matrices, where A is deterministic with rank v > 1 and the entries of E
are i.i.d. N'(0,7°) random variables. Let || - || be any normalized, unitarily invariant norm.
Consider 1 < k <r such that §;, 2 Tr\/7 + log(N + n). Denote ko = min{k,r — k}. Then
with probability 1 — (N 4 n)~C for some C > 0,

. ~ r+log(N+n) |[PriEPs||+||PyrEYP= ||
@ llsin 20 Gl § /Rl B v Al

O

Specifically, for the operator norm, we have with probability 1 — (N + n)*c,

. ~ r+log(N +n) E
4 || sin Z(Ug, U)|| <k 5, 1y ”O'k”

r}+

The same conclusion also holds for sin Z(V, Vk)

This bound serves as a comprehensive generalization of the classical Wedin’s bound in
Theorem 1.2 when applied to the context of random noise. When k = r, the first term on
the right-hand side of (3) vanishes, then (3) is essentially consistent with the Wedin’s bound
in Theorem 1.2. When k£ < r, it is worth noting that Py. = Py, ., + Py+ and Py, =
Py, .., + Py.. Using Wedin’s bound (2), one can deduce that

Il sin £ (U, Tp)|
 NPos EPy |l + 1Py BT Py N 170 EPy Il + 1P+ ET Py I
o 5k 6k

&)
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In the setting of a low-rank signal matrix A and random noise E, our result (3) improves the
second term on the right-hand side of (5) by replacing the denominator 03, = o} — 041 Witha
usually much larger quantity oy. Additionally, we demonstrate that the first term on the right-
hand side of (5) is essentially C(r) /8y, where C(r) < r%/2. This improvement is particularly
important in statistical applications where d;, < o, which frequently occurs in settings such
as principal component analysis, matrix completion, and spiked covariance models. In these
regimes, the Wedin’s bounds become loose or even vacuous because they require the spectral
gap to be comparable to the noise level. By contrast, our bounds remain effective by leverag-
ing the signal strength oy, providing meaningful and tighter control even when 6 < o.

In practice, computing the second term on the right-hand side of (3) precisely is chal-
lenging due to the dependence among F, Pﬁk , P‘~/k. Therefore, for practical applications, a
simplified bound below offers convenience.

COROLLARY 2.2. Under the assumptions of Theorem 2.1, the following holds with prob-
ability 1 — (N 4+n)~C,

I N E
©) llsin £ (U, )| < 7+/Flg Y2 Og +n) R IELD

O'k;

Theorem 2.1 follows immediately from the next general and non-asymptotic result. For
notation, let o := 00, dy := oo, and working with 77!(A + E), we assume F has N(0,1)
entries. We define

1
b): =14+ ——— forb>2.
X() =14 gy forb=

THEOREM 2.3 (Unitarily invariant norms: Gaussian noise). Let A and E be N X n real
matrices, where A is deterministic and the entries of F are i.i.d. standard Gaussian random
variables. Let || - || be any normalized, unitarily invariant norm. Assume A has rank r > 1.
Let K > 0and b > 2. Denote 1) := blui)z V/2(log 9)r + (K + 7)log(N +n). Assume (v N +

Vn)? > 32(K +7)log(N +n) + 64(log 9)r. Consider 1 < ro < such that o,, > 2b(~/N +
v/n) + 80bnr and 6,, > T5x(b)nr. For any 1 < k < s <o, if min{dx_1,0s} > 75x(b)nr
then

nvs—k+1
min{dx_1,0s}

(b+1
(b—
2|HPULEP%S &P TP, |
Os

with probability at least 1 — 20(N 4 n)~K
Specifically, for the operator norm, we have with probability at least 1 — 20(N +n)~ &

17 S Ea L
( ) {s— k+1¢r}mln{6k 1,(5}

The same conclusion also holds for sin Z(Vj, s, Vk, s)-

|Hsmé(Uks,Uks)H| <6v2 \/mln{s—k‘—l—l r—s+k—1}

(7N

Hst(UkS,UkS)||<3\f _1_2’

REMARK 2.4. The parameters K and b are user-specified positive constants. The param-
eter K controls the probability level: larger K yields a smaller failure probability (N 4+n) ™%
at the cost of slightly larger constants. The parameter b governs the trade-off between the re-
quired singular value separation (through x(b)) and the constants in the bound. A larger b
corresponds to a stronger signal regime: it reduces x(b), thereby relaxing the spectral gap
assumption, and can also lead to sharper constants in the final estimates.



REMARK 2.5.  Throughout the proofs, we work on the event that ||E|| < 2(v/N + /n).
Lemma 6.7 below guarantees this event holds with very high probability. In Theorem 2.3,
the parameter b > 2 represents the signal-to-noise ratio, and in the proof, we ensure that
or, /|| E|| > b. The parameter b, which could depend on N and n, could account for a partic-

ularly strong signal. We have selected certain constants and expressions such as 80, 75x(b),

b+1)2
and E +1) E for the sake of convenience in our computations while our primary objective was

not to optzmlze these constants within the proof. It is also feasible to conduct work on the
< (1+€)(VN ++/n), and assume b > 1 + €3 for €1,e9 > 0. By following
the same proof, one can arrive at refined constants and bounds.

To go beyond the i.i.d. Gaussian noise matrix, we record the following results on the per-
turbation of singular values and singular subspaces that is obtained using a similar approach
as in the previous work by O’Rourke, Vu and the author [60]. In particular, these results re-
main valid for random noise of any specific structure, as long as the noise has a negligible
effect on the singular subspaces of matrix A.

THEOREM 2.6 (Singular value bounds: general noise). Assume A has rank r and E is
random. Let 1 < k <r. Consider any ¢ € (0,1).

* If there exists t > 0 such that HUkT EVi|| <t with probability at least 1 — €, then we have,
with probability at least 1 — ¢,

(8) o > oy, —t.

s If there exist L, B > 0 such that |UTEV|| < L and ||E|| < B with probability at least
1 — ¢, then we have, with probability at least 1 — ¢,
- B3
) akgak+2\/E~ +h= +L.
Ok o

THEOREM 2.7 (Singular subspace bounds: general noise). Assume A has rank r and £
is random. Let 1 < k < r. For ¢ > 0, assume there exist L, B > 0 such that |[UTEV|| < L
and || E|| < B with probability at least 1 — €. Furthermore, assume 8y, = o, — 011 > 2L.
Then for any normalized, unitarily invariant norm || -
at least 1 —

B? B
| sin Z(Uy, Up)|| < 2+/k min{k,r — ( —|-2> +2k—.
Ok

Ok

More specifically, for the operator norm,
2

B B
|| sin Z(Uy, Up)|| < 2\f< + 25k0 ) ligery +27'

The same result also holds for sin Z(Vi, V).

To apply Theorems 2.6 and 2.7, it is necessary to obtain effective bounds on || F|| and
|UTEV||. In general, matrix concentration inequalities (refer to [65] for example) can pro-
vide good upper bounds on || E|| for random noise E with heteroskedastic entries and even
complex correlations among the entries. On the other hand, UTEV is an r x r matrix, and
|UTEV || typically depends on r. Bounds on ||[UTEV|| can be obtained by applying con-
centration inequalities. We note that in the symmetric setting, Eldridge et al. [43, Theorem 6]
established related eigenvalue upper bounds. Both approaches begin with the min-max char-
acterization, but differ in methodology: we use a direct bilinear form argument, while they
leverage signal-aligned subspaces. For random noise matrices, our bounds can provide better
control when k is not too large, while their framework offers additional precision through
explicit exploitation of spectral gaps when present.
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2.2. bx and {3, analysis. Next, we present a result regarding the estimation of the
singular vectors on an entrywise basis. In this context, a parameter known as the incoher-
ence parameter of the singular vector matrices U and V, denoted as ||U |2 o and || V|2 00, is

contained in the signal matrix A is less concentrated in just a few rows or columns.
In this section, we use Uy s = (ug,- - ,us) to denote the singular vector matrix for 1 <
k <s <r.We abbreviate Uy, ; to Us when k = 1. Note that Py, , = Uk,sUkTs- These notations

also apply to U k,s and ﬁs. For simplicity, we only state the results for the left singular vectors
Uy, s- The corresponding results for the right singular vectors can be derived by applying these
results to the transposes of matrices AT and AT 4+ E™T.

Let us make a temporary assumption that o7 < n2. This assumption is reasonable because
if o3, > n?, it indicates a highly significant signal, and the impact of noise becomes negligible
in such cases. Theorem 2.10 later will provide a precise treatment of these strong singular
values (i.e., without the assumption oy < n?). Denote oq := oo and & := co.

THEOREM 2.8 (£« and {3 o, bounds: simplified asymptotic version). Let A and E be
N X n real matrices, where A is deterministic with rank r > 1 and the entries of E are i.i.d.
N(0,7%) random variables. Let 1 < k <r and o}, > 2||E||. Assume that oy < n®.

o Ifmin{dg_1,0} = 7r\/r 4+ log(N + n), then with probability 1 — (N +n)~¢,

r+log(N +n) |
min{dx_1, 0}

o If 6. 2 77/ +log(N + n), then with probability 1 — (N +n)~C,

N _ Jr T Tog(N Tog (N
1Tk — Pu, Uklla.ce < 7Vk ”Of( Jrn)HUHQ’oo—i-T\/EW.
k k

rlog(N +n)
T > .

[, — (T wr)ulloo S 7

In many applications, the primary interest lies in comparing ﬁk with Ui O, accounting
for the non-uniqueness of singular vectors via an orthogonal matrix O. A suitable choice of
O that aligns U, with Uk effectively can be determined by examining the SVD of U’ P U k-
By Proposition A.5 in [69], the SVD of UkTUk is Uk Uy, = Oy cos A(Uk,Uk)OT and we
choose O = 0707 . Note that the discrepancy between U, kT Uy and O can be measured by the
principal angles between the subspaces U and ﬁk In Proposition A.6 in [69], we establish
(10) [Tk = UkOllze < 10k = Po, Uk ll2.00 + Uk lg,00 || sin £ (U, Un) |1

Therefore, by combining Theorem 2.3 with Theorem 2.8, we obtain the next result.
COROLLARY 2.9. Under the same assumption as Theorem 2.8, the following holds:
o Ifmin{0y_1,0} = 7r\/r +log(N + n), then with probability 1 — (N + n)~C,

r+log(N +n) \/m IE 9
min ||uk—suk||oo <r g HU||2,00+7— g( ) ‘ H

se{+1} ~ min{dx_1, 0%} Ok o}

[k | o

o If 6 = 7r\/T + log(N + n), then with probability 1 — (N +n)~C,

<T\f\/r+log (N +n)

N ||U||2,oo

rlog(N +n) ||E|?
4R VOB | By,
k

k

Ogg{lkaUk_UkOH?oo




Theorems 2.8 follows as a direct consequence of the next general and non-asymptotic
result, which we will prove in [69]. By a scaling, it suffices to assume £ has N (0, 1) entries.

THEOREM 2.10. Let A and E be N x n real matrices, where A is deterministic and the
entries of E are i.i.d. standard Gaussian random variables. Assume A has rank v > 1. Let

K >0 and b > 2. Denote 1 := l}lﬁ)Z V2(log9)r + (K + 7)log(N + n). Assume (f+

Vn)? > 32(K +7)log(N +n) + 64(log 9)r. Consider 1 < 1o < r such that o,, > 2b(~/N +
V/n) + 80bnr and by, > T5x(b)nr. For any 1 <k < s < rg, if min{dg_1,05} > 75x(b)nr
then with probability at least 1 — 40(N + n)~K,

(b+1)2 ns—k+1
<
U5 — Pu,. .U 3\f( )2|| ”2°°mn{5k w3 }1{3 ht1}
44/2b2 72 16n
(11) + (b—l)2 E ;?+ E ?7

i€[k,s],0:<n? i€[k,s],oi>n2 *

where ~ := (bg_%\/r(K + 7)log(N +n).

It should be noted that, as per the aforementioned result, the term » k<i<s,o;>n? 106—2” < %
can always be considered negligible in comparison to the other terms. Indeed, when the signal
is extremely strong, i.e., o; > n? > |E|| = ©(v'N + /n), the impact of noise becomes
minimal.

More generally, we can establish the following result, which provides bounds for the sin-
gular subspaces in any arbitrary direction. The complete result follows a format similar to

Theorem 2.10. The proofs are provided in [69].

THEOREM 2.11 (Bounds on linear and bilinear forms). Under the assumptions of Theo-
rem 2.10, for any unit vectors x € RN and y = (yp, -+ ,ys)T € R**+1, the following holds
with probability at least 1 — 40(N +n)~K

(b+1)> Ty Y S —k+1
_ 2”‘77 || 1{5 k+1+#£r}
(b—1) min{dg_1,0s}

44/2b2 ~? 16n
+ (b—1)2 Z 0'77;2 + Z o2

1€[k,s],0:<n? i€[k,s],oi>n2 ¢

12T (Uk,s — P, Ur.s)|| <3v2

and
b+ 1% 1y lyllo
s - P s ‘< —15 T
" O = P O)o| <3V 5 1 Ul A ey
/2 " NG
(12) o > vt X ~|
i€[k,s],0:<n? i€[k,s],oi>n?

where vy = %\/’F(K + 7)log(N +n).

REMARK 2.12.  When the focus is on comparing the linear (or bilinear) forms of Uy, s

and 17;.375, in a manner analogous to Corollary 2.9, one can leverage the fact provided in
Proposition A.6 of [69]:

12T (Uk,s — Up sO)| < 12T (Un s — Por . U o) || + |2 Ul || sin Z(Uk s, Upe ) |12
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and combine Theorems 2.3 and 2.11.

A natural extension is to consider entrywise control of the perturbation. By applying (12)
with the canonical vectors and using Proposition A.6 of [69], we obtain the following bound
under the matrix max-norm (which measures the largest absolute entry): with probability
1—(N+n)"¢,

(13)

" r+log(N +n
1T = Ut sOllmn < Y F 10BN+ 1),

min{dx_1,0s}

for some orthogonal matrix O.

2,00 +

rlog(N +n E|?
VriosWan) MBI,
Os o2

Building upon the proof of Theorem 12 and incorporating minor modifications, we obtain
the subsequent bounds. These describe the extent to which the dominant singular vectors
of the perturbed matrix, when weighted by their singular values, deviate from the original
subspace. The proof can be found in the supplementary material [69].

THEOREM 2.13 (Bounds on singular value-adjusted projection perturbation). Under the
assumptions of Theorem 2.10, the following holds with probability at least 1 —40(N +n) =K

~  ~ ~  ~ (b+1)? nogvs —k+1
Dis— P Disllaoe <3vV2o 1 o OV T T i
|Uk,s Dk,s — Pu, ,Uk,sDisll2, _3\/_(b_1)2||U||2, min{on 1,0} k1)
4+/2b?
+(l)\i_—1)2\/72(3—k+1)+16,

where v = %\/T’(K + 7)log(N +n).

Comparing ﬁk,sﬁk,s with UkysOﬁkys, with respect to the choice of an orthogonal matrix
O, requires more analysis than the unweighted case in Corollary 2.9. Consider the top k-
singular subspaces for any 1 < k < 7. We establish that for some O € QF**:

|U Dy, — UrODyl|2.00 <||Up Dy — Py, Uy Dy|

2,00
(14) + || Ugl|2,00|| sin 2 (U, Uy,) | <HEH + Opq 1] sin £(Vy, Vk)H) :

The proof of (14) is provided in [69]. Consequently, the weighted case bounds follow from
combining Theorem 2.13 with Theorem 2.3. Of particular interest is the special case k = r,
which is crucial for our statistical applications. Here, (14) simplifies to:

(15)  ||UzD, — UOD, 2,00 <|UrDy — PyUp Dy |2.00 + ||U ||2.00 || sin 2 (U, T, ||| El.

Prior works (e.g., Proposition 3 in [74]) have used an alternative formulation HﬁrﬁrOT —
UD)||2,00. In [69] (after the proof of (14)), we analyze their connections.

Combining (15) with Theorems 2.13 and 2.3 yields the following key result for our appli-
cations:

COROLLARY 2.14. Assume the setting of Theorem 2.10, where we set o = s = r and
k =1, the following holds with probability at least 1 — 40(N +n)~K:
12|

e = ~ 72b*
omin [|U,Dy = UOD; 2,00 SWTV(K +7)1og(N +n) + 2[Ulla.0™ =
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The proof technique of Theorem 2.13 could be extended to bound the bilinear form
:UT(U;@SD/@ s — Pu,, Uk,s D, s)y for arbitrary unit vectors x and y, similar to the analysis
in Theorem 2.11. However, we do not pursue this generalization in the present work.

REMARK 2.15.  Qur theoretical framework, while presented for noise matrices E with
i.i.d. centered Gaussian entries, extends naturally to more general settings. The underlying
methodology accommodates sub-Gaussian noise matrices through established random ma-
trix theory techniques, particularly isotropic local laws and concentration inequalities. The
detailed technical treatment of these extensions, including sub-Gaussian cases and more gen-
eral noise assumptions, will be addressed in forthcoming work.

3. Related Work. This section reviews recent developments in singular vector pertur-
bation theory and their connections to high-dimensional statistics and random matrix theory.

Classical and lo-Type Subspace Perturbation Results. Foundational results such as the
Davis—Kahan and Wedin sin © theorems [40, 71] provide classical fa-type perturbation
bounds for eigenvectors and singular subspaces. Several deterministic extensions refine or
generalize these results. Yu, Wang, and Samworth [75] replace empirical gaps with popula-
tion gaps in the Frobenius norm setting. Vu and Lei [68] offer a variational form applicable
to unaligned subspaces. Cai and Zhang [29] and Luo, Han, and Zhang [56] further generalize
to unbalanced dimensions and Schatten-g norm bounds, respectively. Zhang and Zhou [76]
give Frobenius norm bounds for closely related matrix pairs, useful for spectral clustering.

In the stochastic regime, Wang [70] analyzes the non-asymptotic distribution of singu-
lar vectors under Gaussian noise. Allez and Bouchaud [5] study eigenvector dynamics in
symmetric matrices with Brownian motion noise. Benaych-Georges, Enriquez, and Michail
[15] analyze a perturbative expansion for eigenvector coordinates in symmetric matrices with
stochastic noise. Zhong [77] develops a Rayleigh—Schrédinger-type expansion to study an-
gular perturbations of leading eigenvectors in symmetric low-rank plus noise models.

U and U «-Type Subspace Perturbation Results. Recent works have increasingly focused
on more refined, entrywise and row-wise perturbation bounds, which offer localized guaran-
tees particularly useful in applications such as submatrix localization and community detec-
tion. A foundational contribution in this direction is due to Fan, Wang, and Zhong [45], who
derive /., perturbation bounds under incoherence conditions on the low-rank signal matrix.
Building on this idea, a series of works [1, 2, 20, 27, 36, 73, 74] develop increasingly sharp
l and {3 o, bounds using leave-one-out techniques tailored to various noise models and
matrix structures.

Abbe, Fan, Wang, and Zhong [2] establish /5 o, perturbation bounds for symmetric low-
rank plus noise matrices with sub-Gaussian noise. This is further extended by Abbe, Fan,
and Wang [1], who provide a comprehensive analysis of ¢3;, norms in the context of hol-
lowed PCA. Chen, Fan, Ma, and Wang [36] generalize the analysis to asymmetric transition
matrices, while Lei [53] considers more intricate dependence structures in the noise. Zhong
and Boumal [78] obtain ¢, bounds for the leading eigenvector in the phase synchronization
model, using tools from semidefinite programming. Bhardwaj and Vu [20] propose a stochas-
tic analogue of the Davis—Kahan theorem that yields ¢, bounds for both eigenvectors and
singular vectors under general noise. More recently, Yan and Wainwright [74] introduce a
novel expansion technique that yields sharp /> , bounds and distributional characterizations
of the estimation error, refining earlier results by Yan, Chen, and Fan [73]. Agterberg, Lub-
berts, and Priebe [4] also contribute by analyzing heteroskedastic noise and deriving Berry—
Esseen-type results for entrywise estimation of singular vectors.



SINGULAR SUBSPACE PERTURBATION UNDER RANDOM NOISE 11

Several works investigate perturbation of linear and bilinear forms involving singular vec-
tors. Koltchinskii and Xia [52] derive concentration bounds for such forms, later extended to
tensor settings by Xia and Zhou [72]. Cape, Tang, and Priebe [32] provide ¢ », bounds for
structured matrices, and Eldridge, Belkin, and Wang [43] use a Neumann series expansion to
control entrywise deviations. Li, Cai, Poor, and Chen [54] propose de-biased estimators for
projected eigenvectors under mild eigengap assumptions. Recent works [3, 38] explore this
regime further, especially when eigen-gaps are small or scale with noise.

Comprehensive insights into the {5 and /., analyses of current perturbation results and
their practical implications are available in the survey [35].

Connections to Random Matrix Theory. Random matrix theory offers asymptotic insights
into the spectral behavior of low-rank plus noise models. The BBP phase transition [9] de-
scribes a critical threshold for the emergence of outlier eigenvalues and eigenvector local-
ization. Subsequent studies [8, 10, 12-14, 16-19, 23, 33, 34, 42, 44, 62] explore the fine
behavior of extreme eigenvalues and eigenvectors across different regimes and ensembles.
While these results are typically asymptotic and ensemble-specific, they inform the design
and understanding of non-asymptotic perturbation techniques used in this work.

The selection of references cited herein represents a snapshot of a rapidly advancing field
and is not intended to be exhaustive.

4. Discussions. This section summarizes the key contributions of this work, and exam-
ines the lower bounds and the role of rank r in our perturbation bounds.

4.1. Optimality of our results. Our operator norm bound in Theorem 2.1 improves upon
prior results, notably [60], in its dependence on the signal rank 7. In particular, when k =1,
we show that with probability 1 — (N +n)~¢,

r+log(N +n) . | E||

(16) sin Z(uy,u1) S 5, p

This bound is conjectured to be near-optimal, up to constant factors. First, the necessity
of the second term in (16) is supported by a high-probability lower bound established in

[61, Theorem 3], which shows that max{sin Z(u1,u1),sin Z(v1,01)} 2 ”%H Second, the

first term of order /7 + log(N + n)/d; merits further attention. A line of work including
[27, 29, 35, 36, 38, 54] establishes minimax lower bounds for singular subspace estimation.
In particular, [38, Theorem 3] shows that, under Gaussian noise, any estimator must incur
error at least of order 1/4;. This confirms the necessity of the 1/d; scaling in our bound.

To better understand the role of 7, we conduct simulations varying r and plot the empirical
distribution of sin Z(u1,u1). The left panel of Figure 1 shows that the distribution depends on
the rank r, while the right panel demonstrates its sensitivity to the matrix dimensions, which
controls the noise level ||E|| < y/n. Although a matching lower bound capturing the full
\/r dependence is not currently known, we denote the unknown scaling factor as f(r) and
empirically investigate its behavior in the supplementary material. These simulations suggest
a sublinear but non-negligible scaling with r, with /7 emerging as a plausible candidate.

For the ¢/, bound, we observe that

min ||u; — st ||eo > min |lug —suq|| > —=

1
se{£1} &HJ* VN

Combining the above discussion, we expect the following lower bound:

1 f(r)
gﬂﬂm WMmN¢—51+m

sinl(ul,ﬂl).
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On the other hand, under the incoherence assumption ||U||max S Tlﬁ’ our bound in Corol-
lary 2.9 (with 7 = 1) gives with high probability

1 /ry/r+1log(N +n) L V/rlog(N +n)
VN o1 o1 '

The gap in r-dependence between the upper and lower bounds is at most a factor of r (up to
logs), suggesting near-optimal rank scaling in our entrywise bound.

min Hu1 — sﬂ1||oo S
se{£1}

, . CDF of sin (w1, ) for n = 400, varying r | CDF of sin Z(u1, 1) for r = 20, varying n

0.4

03

02

0.1

0.1 02 03 04
sin Z(ur, i)

FIG 1. CDF plots of sin Z(u1,u1 ) across 300 trials. The signal matrix A € R™ ™ has rank r. The noise matrix
E has i.i.d. standard Gaussian entries. We set the largest singular value of A as o1 = 100. Left: We set n = 400,
61 =20and o9 =...=or = 80, varying r = 5,20, 60, 100, 200. Right: We fixr = 20, 61 =40, andog = ... =
or = 60, and vary the dimension n = 400, 800, 1200.

The supplementary material [69] provides extensive numerical validation of our bounds.
While these experiments confirm the tightness of rank dependence in angular and Frobenius
norm bounds, they also reveal opportunities for improvement. Specifically, the /, and ¢
bounds might be refined under incoherence assumptions, and the operator norm bounds could
be slightly improved through refined analysis.

4.2. Contribution of This Work. This paper establishes near-optimal, non-asymptotic
perturbation bounds for singular vectors in the low-rank matrix denoising model, under the
assumption that the noise matrix has i.i.d. Gaussian entries. Building on the framework of
[61], which introduced the isotropic local law into singular vector analysis, we extend and
refine the results in several important directions.

First, we obtain tighter perturbation bounds under milder assumptions by sharpening the
decomposition of error terms and enhancing the control of resolvent expansions. Most no-
tably, we eliminate a restrictive condition in [61], which required distinct singular values
among oy, -+ ,0 to be separated by a distance of order 72y/log(NN +n). This restrictive
spectral gap condition, often challenging to verify in practice, is no longer necessary in our
theorem through our refined analysis of perturbed singular value locations.

Second, we provide a more detailed investigation of the role of signal rank r, establishing
bounds with improved r-dependence. In several key regimes, this dependence is shown to be
near-optimal, with our numerical experiments supporting its necessity. Our analysis addresses
key limitations of previous works: while [60] provided bounds for general noise without
utilizing the isotropic local law, it included an extra additive term that we eliminate here under
Gaussian noise. Similarly, [61], though introducing the isotropic local law for Gaussian noise,
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focused primarily on operator norm bounds without optimizing rank scaling. The current
framework thus achieves sharper results by employing a more delicate decomposition of the
perturbation terms and sharper control over resolvent expansions.

Our bounds are formulated under a wide class of norms, including unitarily invariant
norms, the /3 o, norm, and a weighted /5 o, norm that captures heterogeneity in the sig-
nal structure. This weighted bound is especially powerful in statistical applications, where
standard norm-based bounds often fail to achieve optimal practical performance. We illus-
trate its utility through two well-studied problems—Gaussian mixture model and submatrix
localization—in Section 5. These examples demonstrate how our general perturbation bounds
yield concise and effective guarantees for important statistical tasks.

Finally, the isotropic local law framework we adopt proves to be both flexible and ro-
bust. It accommodates various matrix norms and opens the door to further extensions beyond
Gaussian noise.

5. Applications.

5.1. Gaussian mixture model. The Gaussian mixture model (GMM) is a type of proba-
bilistic model often used for clustering and density estimation. It assumes that the observed
data are generated from a mixture of several Gaussian distributions, each characterized by a
mean vector and a covariance matrix.

Consider observed data X = (X1, -+, X,,) € RP*" where each X; is a p-dimensional
vector. We assume there are £ distinct clusters represented by the centers 01, -- , 0, € RP.
Denote [n] := {1,--- ,n}. Letz = (21,---,2,)" € [k]" be the latent variable that represents

the true cluster labels for each observation X;. The model assumes that each X; is generated
as a result of adding a Gaussian noise term ¢; to its corresponding center 6, with ¢;’s being
i.i.d. N(0,I,). In particular, X; = 0., + ¢; and we denote

(17) X =E(X)+E.

The goal of the GMM is to classify the observed data X into k clusters, and recover the
latent variable z. Let z be the output of a clustering algorithm for the GMM and the accuracy
of this algorithm can be evaluated using the misclassification rate, defined as:

Miz,7)i= - mip [{i € 0] 2 # (o)},

where Sy, is the set of all permutations of [k].

To solve the clustering problem, typically, more satisfying outcomes can be obtained
by beginning with an initial estimate and then refining it with other tools like iteration or
semidefinite programming (SDP). However, our discussion will focus exclusively on the ap-
plication of simple spectral methods to illustrate perturbation results. Such methods have
recently received considerable attention in the literature, as seen in [1, 29, 55, 76], among
others. Notably, the case of a two-cluster GMM with centers £ for a fixed vector p has
been extensively studied in [1, 29].

In the context of a general k-cluster framework, it is important to recognize insights from
[55] that establish spectral clustering as optimal for GMM. Our main goal is to show that the
application of our perturbation results provides a succinct and effective proof for examining
the theoretical performance of spectral algorithms.

Denote the minimum distance among centers as

A:= min ||6;— 6.
j,le[k}:#z” i — Ol
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When the separation between cluster centers, denoted by A, is sufficiently large, distance-
based clustering methods become particularly commendable.

The principle of spectral clustering is elegantly simple. Consider the SVD of E(X) =
UV, where X is a k x k diagonal matrix. If the rank r of E(X) is less than &, then X will
have k —r zero diagonal entries. The matrices U and V' respectively consist of & orthonormal
vectors that contain the left and right singular vectors of E(X). Let us denote (UTE(X));
the columns of U TIE(X ) € RFX" We can demonstrate, as elaborated in [69], that for any
columns ¢; and 0; of E(X) = (6.,,---,0.,),

16; = 651 = [|(UTE(X)): = (UTEX))4l-

This indicates that the columns of UTE(X) = XV preserve the geometric relationship
among the centers.

Consider the SVD of X = UAVT and we use the previously defined notations U, 55 1~\8, 175
The crux of the analysis lies in proving that, with high probability, the following holds:

STy (17T o1
as mas (07 X); - (UTBX)) < 14,

If this is the case, then performing clustering based on the distances among the columns of
UL X will, with high probability, successfully recover the correct cluster labels. In light of
the preceding analysis, we hereby present the following algorithm:

Algorithm 1 Spectral algorithm for GMM

Input: data matrix X € R"™*P and cluster number k.

Output: cluster labels z € [k]™.

Step 1. Perform SVD on X and denote ﬁk € RP¥F the singular vector matrix composed of the leading k left
singular vectors of X.

Step 2. Perform k-means clustering on the columns of [7];1“ X.

Algorithm 1 is identical to the algorithm proposed in [55] and [76]. This SVD-based al-
gorithm has been widely adopted to address a variety of well-known problems in computer
science and statistics, including the hidden clique, hidden bisection, hidden coloring, and
matrix completion, among others (see for instance [55, 67] and references therein for more
discussion).

The use of k-means clustering in Step 2 of Algorithm 1 is not a crucial component. The key
requirement is to establish the inequality in (18); once this is achieved, alternative distance-
based clustering algorithms may be employed in place of k-means.

For the output z of Algorithm 1, we could show the following result:

THEOREM 5.1. Consider the GMM (17) with cluster number k. Let omin > 0 be the
smallest singular value of E(X). Denote the smallest cluster size by cyin. Let L > 0 and
assume (\/n+ /p)*> > 32(L + 7)log(n + p) + 64(log 9)k. If

(19) AZmaX{W,18OOk\/(L+7)10g(n +p)},

1/ Cmin
Omin > 40(v/1 4 /p) + 3.8 x 10°k+/2(log 9)k + (L + 7) log(n + p),
then EM(z,z) < 40(n +p)~ L.
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The proof of Theorem 5.1 is a direct application of Corollary 2.14 and is detailed in [69].
By setting L = (n + p)/log(n + p), for instance, we achieve an exponential rate of misclas-
sification.

Loffler, Zhang and Zhou [55] have demonstrated that for the output z of Algorithm 1,

provided that A > %\/%‘/@, the following bound holds:

(20) EM(z,z) <exp (—(1— 0(1))A2/8) + exp(—0.08n).
More recently, Zhang and Zhou [76] have developed another innovative approach to analyze

the output z and obtained the same asymptotic exponential error rate (20) for the GMM,
assuming

B +p)/Vn

v/ Cmin .
Additionally, [76, Theorem 3.1] analyzes the estimator z for the sub-Gaussian mixture model.
For the output z of Algorithm 1, where in Step 2 the selection is made for U, with r =

rank(E(X)) (implying the use of exactly all r singular vectors of E(X)), an exponential
error rate is attainable when

Cmin > 100k and A>>

Vk(v/n+ /p)
v/ Cmin
for some C' > 0. Abbe, Fan, and Wang [1] also explored the sub-Gaussian mixture model,
employing the eigenvectors of the hollowed Gram matrix (X " X) for clustering. Their ap-
proach leverages the ¢, perturbation results formulated in their paper but necessitates stricter
conditions on the number of clusters, their sizes, and the collinearity of the cluster centers.
It is noteworthy that in the context of the GMM, results in [55] and [76] do not require
any assumptions regarding the smallest singular value oy, due to the exploitation of the
Gaussian nature of the noise matrix £. Our Theorem 5.1 aligns with the findings for the
sub-Gaussian mixture model in [76]. Since our proof does not fully utilize the Gaussianality,
we only employ the rotation invariance property to simplify the proof of isotropic local law,
as given in Lemma 6.2. Our findings can be extended to scenarios where the entries of E
are sub-Gaussian random variables. The extension to sub-Gaussian noise can be achieved
through standard random matrix techniques, as discussed in Remark 2.15.

Cmin > 10k, A>C and o, > C(v/n+ /D)

5.2. Submatrix localization. The general formulation of the submatrix localization or re-
covery problem involves locating or recovering a k X s submatrix with entries sampled from
a distribution P within a larger m X n matrix populated with samples from a different dis-
tribution Q. In particular, when P and Q are both Bernoulli or Gaussian random matrices,
the detection and recovery of the submatrix have been extensively studied. These investiga-
tions span various domains, including hidden clique, community detection, bi-clustering, and
stochastic block models (see [6, 7, 11, 20, 24-26, 28, 37, 39, 41, 46, 47, 51, 57-59, 67] and
references therein).

The task of recovering a single submatrix has been intensively explored (see for instance,
[26, 28, 37, 47, 58, 67] and references therein), but research on locating a growing number of
submatrices is comparatively limited [28, 37, 39]. In this section, we focus on the recovery
of multiple (non-overlapping) submatrices within the model of size m x n:

(21) X=M+E,
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where the entries of the noise matrix £ are i.i.d. standard Gaussian random variable. The
signal matrix is given by
k
T
M=> Nlg1f,
i=1
where {R;}%_, are disjoint subsets in [m] and {C;}¥_, are non-overlapping subsets in [n].
We denote 1g, as a vector in R with entries equal to 1 for indices in the set R; and O

elsewhere, and 1¢, is defined analogously. Denote |R;| = r; and |C;| = ¢;. Assume \; # 0
for all 1 < < k. The goal is to discover the pairs {(R;, C;)}*_, from the matrix X.

Observe that the SVD of M is given by M = Zle JiuinT :=UDV™T, where

1r. g,
o; = | Ni|\/Tici, ui sgn()\l)\/ﬁ, v; N
The columns of U and V' are composed of u;’s and v;’s respectively and D = diag(o1,--- , o).

Note that |X;; — M;;| = |E;;| and with high probability, max; ; |E;;| S +/logn. If
min; ; | M;;] = min; << |N;| 2 v/logn and is greater than max; ; |E;;|, a simple element-
wise thresholding proves effective for identifying the submatrices.

In general, as in Section 5.1, we apply the same spectral clustering method to locate the
submatrices. Denote Cy := [n] \ U¥_, C; the set of isolated column indices with size |Cp| =
co; define Ry and its size r( analagouly. Let (UT M) ;j represent the columns of U TM. From
UTM = DV and the definitions of D and V/, it follows that (UT M), has only 1 non-zero
entry \;/77 if j € C) for some [ € [k] and it is a zero vector if j € Cy. In particular, if 7, j € [n]
belong to the same C; for 0 < [ < k, it holds that (UTM); = (UTM);. For i, j € [n] from
different submatrices, we have that

edhin,, (U M) — (U M) = min [Aif/7i = Ap.

0<l#s<k
In particular, if A g is sufficiently large, distance-based clustering can effectively be adapted
to identify the column index sets of the submatrices.

Let UDV'™ be the SVD of X = M + E and consider U, ,;F X . The main objective is to show
that, with high probability,

~ 1
T T
e [[(TFX); = (UTM); ]| < 5 An.
Achieving this allows us to employ a standard clustering approach, such as k-means, based on
distance to classify the columns of U, l;f X and thus recover the column index subsets {C@'}fzo.
Similarly, to identify the row index subsets {Ri}fzo, we utilize the parameter

Ag = min || Ve

and apply k-means clustering to the rows of X V,. We propose the following algorithm:
Define
Omin ‘= 12’211@ ‘)\i|\/ TiCis  Tmin ‘= Ogliigk Tiy  Cmin ‘= Oréliigk G-
THEOREM 5.2. Consider the submatrix localization model (21) with k submatrices. Let
L >0 and assume (\/n+ /p)* > 32(L + 7)log(n + p) + 64(log 9)k. Given that

AR > maX{W,ISOOk\/(L+ 7)log(m+n)},

v/ "'min
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Algorithm 2 Spectral algorithm for submatrix localization

R™*™ and submatrix number k.

Input: data matrix X €
Output: column index subsets {C’i}fzo ~and row index sub~sets {Ri}é“:o.

Step 1. Perform SVD on X and denote U, € R™*F and Vi € R™F the singular vector matrices composed
of the leading & left and right singular vectors of X respectively.

Step 2. Perform (k + 1)-means clustering on the columns of U,;FX . Output the column index subsets {C} }fzo.

Step 3. Perform (k -+ 1)-means clustering on the rows of X V;-. Output the row index subsets {R'L}f:o

40(y'm + /n)
4/ Cmin
Omin > 40(v/m + v/n) + 3.8 x 10%k+/2(log 9)k + (L + 7) log(m + n),

Algorithm 2 succeeds in finding éz = R; and 61 = Cr(i), 0 <i < k for a bijection 7 : [k +
1] — [k + 1] with probability at least 1 — 40(m +n)~"

Ac Zmax{ ,1800k+/(L +7) log(m—i-n)},

The proof of Theorem 5.2 parallels that of Theorem 5.1, and therefore we omit the details.

Previous research on the model (21) of multiple submatrix localization includes notable
contributions such as those found in [28, 37, 39]. Chen and Xu [37] examine this problem
across different regimes, each corresponding to unique statistical and computational com-
plexities. They focus on scenarios where all & submatrices are identically sized at K x K¢
and share a common positive value A; = A. Their analysis of the Maximum Likelihood Es-
timator (MLE), a convexified version of MLE, and a simple thresholding algorithm address
the challenges specific to hard, easy, and simple regimes, respectively. In the work of Dadon,
Huleihel and Bendory [39], the primary objective is to explore the computational and statisti-
cal limits associated with the detection and reconstruction of hidden submatrices. Under the
same setting as [37] in the context of the multiple submatrix recovery problem, the authors
introduce a MLE alongside an alternative peeling estimator and investigate the performance
of these estimators.

Our Algorithm 2 is identical to Algorithm 3 presented in Cai, Liang and Rakhlin’s paper
[28]. The assumptions laid out in [28] include r; < Kr,c; < Ko, Ay <A forall 1 <¢ <k
and min{ Kr, K¢} 2 max{y/m,+/n}. Given that

Vk [logm  [logn \ﬁ—i—f
(22) A2 R min{(VEn VK] —I—Inax{ Ko } Ny

the authors of [28] demonstrate that Algorithm 2 successfully recovers the true submatrix
row and column index sets with probability at least 1 — m™¢ — n~=¢ — 2exp(—c(m + n)).
The entries of the noise matrix £ in [28] are assumed to be i.i.d zero-mean sub-Gaussian
random variables.

While our method does not require that all row or column index sets have the same order
of sizes, in the special case where 7; < Kg, ¢; < K¢, and A\; < A for all 1 <+¢ < k, and
furthermore ro 2 K and ¢y 2 K¢, our analysis indicates that if

23) )\ > k+/log(m +n) n vVm++/n

~ rnin{\/KR,\/KC} min{KR,KC}’
then Algorithm 2 successfully recovers the submatrix index subsets with probability at least
1 — (m + n)~¢. It should be emphasized that the condition in (23) is more stringent than
that in (22), a difference that becomes particularly pronounced in cases where K and K¢
are highly unbalanced. An interesting direction for future research would be to improve our
perturbation bounds to accommodate cases with unbalanced matrix dimensions.
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6. Basic tools and proof overview.

6.1. Basic tools. This section presents the basic tools necessary for the proofs of our
main results, many of which build upon the previous work by O’Rourke, Vu and the author
[61].

We start with the standard linearization of the perturbation model (1). Consider the (N +

n) X (N + n) matrices
0 A 0 F
A.— <AT O> and €& := <ET 0)

A=A+E.

The non-zero eigenvalues of 4 are given by \; = o and \j, = —o; for 1 < j <. Then

1 (T T\T o LT TAT . : .
uj = %(uj 07 )" and Uy, = ﬁ(“j ,—v; )" for 1 < j <r are their corresponding or-

in block form. Define

thonormal eigenvectors. The spectral decomposition of A is

(24) A=upu’,
where U := (uy,...,us,) and D := diag(\1, - - - , Aa,.). It follows that YT = I5,.. Similarly,
the non-zero eigenvalues of A are denoted by A\; = 7 and A yin{n,ny = —0; for 1 < j <

min{ N, n}. The eigenvector corresponding to Xj is denoted by u; and is formed by the right

and left singular vectors of A.
For z € C with |z| > ||£]|, we define the resolvent of £ as

G(z):=(2I =&)L
Often we will drop the identity matrix and simply write (z — &)~ for this matrix. We use
Gij(z) to denote the (7, j)-entry of G(z).

The key observation is that G(z) can be approximated by a diagonal matrix. Consider a
random diagonal matrix

1
—In 0
(25) O(z) = (‘W) | )
0 qﬁTz)I”
where
(26) $1(2)i=2— > Gulz), az)=z2— Y Gul2)
te[N+1,N+n] s€[1,N]

Using the Schur complement, the Green function G(z) of £ is composed of four blocks:
the Green function G1(z) of EET, the Green function G(z) of ETE, and ETG1(z) and
G1(z)E (with minor modifications). The approximation ®(z) is motivated by the quadratic
equations satisfied by the Stieltjes transforms of the spectral distributions of EET and ETE,
similar to how the Stieltjes transform of the semi-circle law satisfies a quadratic equation in

the symmetric case.
INO d 00
u ., __ P
z .—<00> and 7 .—<01n>,
one can rewrite (26) as

By setting
(27) $1(2) = 2 — tr T9G(2), p2(z) =z —tr I"G(z).
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By elementary linear algebra (the proof deferred to [69]), it can be verified that

1
(28) ¢1(Z):¢2(Z)—;(H—N)-
From the definition of I/ in (24), it is easy to verify that
T _ Ot(Z)Ln /B(Z)Ir
29 wreen= (5000 00

where we denote

o(z) = % <¢11(z) " ¢21(Z)> wd Fe) ::% <¢11(Z) : ¢21(Z)>

for notational brevity. It follows that

G0 led ()l = m“{ PRETaret } '

The next lemma offers bounds for the resolvent and the functions ¢;(z)’s. The proof follows
similarly to that of Lemma 16 in [61] and is omitted for brevity.

LEMMA 6.1.  On the event where ||E|| < 2(v/N + /n),
b 1

< -
G < 2

and
(31) 1—# lz| <|oi(2)] < 1+# |z| fori=1,2
4b(b—1) - 4b(b—1) 7
for any z € C with |z| > 2b(v/N + v/n) and for any k € [1, N + n].
Consequently, by Lemma 6.1, we obtain

(32) max{|tr G(2)|, [tr TG (2)|, | tr Z¢G(2)|} < (N +n)||G(2)| < ——

The subsequent isotropic local law is derived using a proof similar to that of [61, Lemma
27]. For completeness, we briefly describe the proof in the supplementary material [69].

LEMMA 6.2. Let K > 0 and assume (v N + /n)? > 32(K + 1)log(N + n). For any
unit vectors x,y € RNT" and for any =z € C with |z| > 2b(v/N + /n),

562 /(K +1)log(N +n)
(b—1) |22

with probability at least 1 — 9(N + n)_(K+1).

(33) x" (G(2) = (2) y| <

Recall
1w
T2

V(K 4+ 7)1log(N +n) + (log 9)r.

Denote
D:={zeC:2b(VN ++/n) < |z| < 2n3}.

Using the previous lemma and a standard e-net argument, we obtain the following result that
is analogous to [61, Lemma 9]:
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LEMMA 6.3. Under the assumptions of Theorem 2.3, one has
ma =2 [U" (G(2) - @)U <7

with probability at least 1 — 9(N +n) K.

Lemma 6.3 improves the rank r-dependence in the bound of [61, Lemma 9]. The proof of
Lemma 6.3 is included in [69]. For the case 2b(v/N + y/n) > 2n® where D is empty, G(2)
can be approximately be even simpler matrices (see Lemma 6.5 below).

The following result on the location of perturbed singular values is obtained using Lemma
6.3. Consider the random function

(34) p(2) == d1(2)P2(2),
where ¢1(z) and ¢,(z) are defined in (26). Define the auxiliary functions for b > 2:
1 1
=14+ —= =14+ ——-0.
£(b) + 2172 and x(b) + 0o —1)

Define a set in the complex plane in the neighborhood of any ¢ € R by
(35) Sy :={weC:|Im(w)| <20x(b)nr,c —20x(b)nr < Re(w) < x(b)o + 20x(b)nr} .

THEOREM 6.4 (Singular value locations). Let A and E be N x n real matrices, where A

is deterministic and the entries of E are i.i.d. standard Gaussian random variables. Assume A

has rank r > 1. Let K > 0 and b > 2. Denote 1 := %\/Q(log 9r+ (K +7)log(N +n).

Assume (VN + /n)? > 32(K + 7)log(N + n) + 64(log9)r. Let 1 < ro < r such that
0ry > 2b(\/N + /n) + 80bnr and 6,, > T5x(b)nr. Consider any 1 < k < s < rq satisfying
min{dy_1,8s} > 75x(b)nr. For any j € [k, s], there exists jo € [k, s] such that 5; € Sy, ,
and

(36) [0 (&) — o7, | < 206)x(b)r (35 + x (b))
with probability at least 1 — 10(N + n)~ K,

Our Theorem 6.4 extends the analysis of Theorem 12 in [61] in an important direction by
removing the singular value separation requirement. This improvement stems from a careful
refinement of the theoretical framework, detailed in the supplementary material [69].

The next result suggests that when |z| is large, the resolvent G(z) can be approximated by
simpler matrices. The proof is analogous to that of Lemma 17 in [61], and is omitted.

LEMMA 6.5.  On the event where ||E|| < 2(v/N + /n),

b ||| 1 &
P ud S .
S 1 and ||G(z) SN —

for any z € C with |z| > 2b(v/'N + /n).

(CORE.

LEMMA 6.6 (Lemma 13 from [61]). Under the assumptions of Theorem 2.3,

max |og — o] <nr
le[[l,ro}]:m>%n2

with probability at least 1 — (N + n) =157 (K+4),

The next result provides a non-asymptotic bound on the operator bound of || E|].
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LEMMA 6.7 (Spectral norm bound; see (2.3) from [63]). Let E be an N X n matrix
whose entries are independent standard Gaussian random variables. Then

IE| <2(VN +v/n)
with probability at least 1 — 2e~(VN+Vn)?/2,

6.2. Proof overview. In this section, we outline our proof strategy, which leverages tech-
niques from random matrix theory, particularly the resolvent method, to analyze the eigen-
values and eigenvectors of the symmetric matrices A and A= A+ & in Section 6.1.

At the heart of our analysis is the isotropic local law (Lemma 6.2), which asserts that the
resolvent G(z) = (zI — £)~! can be approximated by a simpler matrix ®(z). This approxi-
mation streamlines complex calculations involving G(z) and is a technique commonly used
to study extreme eigenvalues and eigenvectors in random matrix theory, as seen in, for in-
stance, [12, 13, 22, 50]. Our work diverges from these prior approaches by selecting ®(z)
as a random matrix derived from G(z) itself, which better suits the finite sample context,
compared to the deterministic approximations used in previous studies that rely on Stieltjes
transforms in the asymptotic regime.

Building upon the isotropic local law, we determine the singular value locations of A
in Theorem 6.4 and achieve the control of HL{T (G(z) — (D(z))Z/{H as given in Lemma 6.3.
These instruments have been previously explored in the previous work by O’Rourke, Vu and
the author [61]. In this paper, we refine these estimations and ease the conditions in [61].
Furthermore, we deploy these refined tools to derive a variety of new perturbation bounds.

To illustrate the key ideas behind our perturbation bounds, we simply focus on the largest
eigenvector u; of A. While a complete analysis requires considering both u; and u,.1 (as
they jointly involve the largest singular vectors u; and v;), we temporarily consider only
u; for clarity. We emphasize that the calculation presented below is simplified to convey the
main idea. In the actual proof, we work with all eigenvectors u; with j # 1,7+ 1 and j € [27]
simultaneously, leading to a more comprehensive analysis involving the block structure of ®.

We start with the decomposition

(37) ) = (wul)u; + P + Quy,

where P; = Ulb{lT and U is the matrix of eigenvectors of A excluding u;. Meanwhile, Q
is the orthogonal projection matrix onto the null space of A. The challenge in establishing
perturbation bounds for 1 lies in quantifying the latter two terms on the right-hand side of
(37).

First, for the /5 analysis, we aim to bound sin Z(uj,u;). By taking the Frobenius norm on
both sides of (37), we obtain

1 =cos? Z(uy,uy) + || Prug]]® + || Quy ||
Rearranging the terms yields
sin® Z(up, W) = ||Prt || + || Qu |*.

A straightforward linear algebra argument allows us to bound ||Qu; || by the noise-to-signal
ratio || E||/o1. The main task is then to establish a bound for ||P;u;|| < ||U{f1; ]|, which
effectively comes down to bounding |u;~F1~11| for j # 1. We explain how to achieve this bound
below. _ _

From the equation Au; = (A + £)u; = Ajuj, we can express u; as

= (M1 — &) Aw = GO AL
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and further rewrite it as
U = (M)At + (G(Xl) - @(Xl)) Aty
Hence, for j # 1, we have

(38) uld; = ul o) Ay +uf (G(Xl) - @(Xl)) At

Calcul~ati0ns similar to those in £29) indicate that the first term on the right-hand side of (38),
u;ré()\l)Aﬁl, is exactly /\ja()\l)u;rﬁl (omitting the term containing u,, ;). We continue
from (38) to get

(1 - Aja(Xl)) T~ u? (G(Xl) - @(Xl)) At

To control |u]T1~11 |, we apply Theorem 6.4 to analyze the coefficient 1 — )\ja(xl) that precedes
it. Lemma 6.3 is applied to manage the term on the right-hand side.
Next, for the ¢, analysis, from (37), we obtain

81— (uruf)a oo < [P1tfloo + [ QUi floo < 4

2,00 |04 01 || 4[] QU1 [l

The bound for ||/ 1 || has already been established in the preceding /3 analysis. The second
term, || QU ||o0, can be bounded by considering the fact

O, = Q (G(Xl) — @(Xl)) Aty

and then applying Lemma 6.3.

These are the main ideas that we have incorporated in our proofs. Before concluding this
section, we would like to highlight that the results presented in this paper can be extended to
scenarios where the noise matrix E contains independent sub-Gaussian entries. This exten-
sion would rely on a lemma similar to Lemma 6.2, which can be demonstrated using the tools
provided by random matrix theory. However, due to the technical complexities involved, we
have chosen to reserve the discussion of this extension to sub-Gaussian cases for a forth-
coming paper. It remains a highly interesting direction to further establish these perturbation
bounds when the noise matrix &/ comprises heteroskedastic random variables. We believe
that new tools and insights, extending beyond the scope of the methods presented in this
paper, will be required to rigorously establish such extensions.
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SUPPLEMENTARY MATERIAL

Supplementary material to “Analysis of singular subspaces under random perturba-
tions"'
In this supplementary material [69], we provide the detailed proofs of our main results, as
well as the proofs of basic tools related to them and some preliminary materials. Additionally,
[69] contains further discussions and numerical simulations that explore the sharpness of our
theoretical results.
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