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Abstract. This article reviews the important ideas behind random matrix theory (RMT), which has become
a major tool in a variety of disciplines, including mathematical physics, number theory, combinatorics,
and multivariate statistical analysis. Much of the theory involves ensembles of random matrices that are
governed by some probability distribution. Examples include Gaussian ensembles and Wishart–Laguerre
ensembles. Interest has centered on studying the spectrum of random matrices, especially the extreme
eigenvalues, suitably normalized, for a single Wishart matrix and for two Wishart matrices, for finite and
infinite sample sizes in the real and complex cases. The Tracy–Widom Laws for the probability distribution
of a normalized largest eigenvalue of a random matrix have become very prominent in RMT. Limiting
probability distributions of eigenvalues of a certain random matrix lead to Wigner’s semicircle Law and
Marc̆enko–Pastur’s Quarter-Circle Law. Several applications of these results in RMT are described in this
article.
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1. INTRODUCTION
Random-matrix theory (RMT) gained attention during the 1950s due to work by Eugene Wigner in
mathematical physics. Specifically, Wigner wished to describe the general properties of the energy levels (or
of their spacings) of highly excited states of heavy nuclei as measured in nuclear reactions (Wigner, 1957).
Such a complex nuclear system is represented by an Hermitian operator H (called the Hamiltonian) living
in an infinite-dimensional Hilbert space governed by physical laws. Unfortunately, in any specific case, H
is unknown. Moreover, even if it were known, it would be much too complicated to write down and, even
if we could write it down, no computer would be able to solve its eigenequation Hv = λv (the so-called
Schrödinger equation of the physical system), where λ and v are an eigenvalue-eigenvector pair corresponding
to H.
Wigner argued that we should instead regard a specific Hamiltonian H as behaving like a large random
matrix that is a member of a large class (or ensemble) of Hamiltonians, all of which would have similar general
properties as the H in question (Wigner, 1955). The energy levels (represented by the eigenvalues of H) of
the physical system could then be approximated by the eigenvalues of a large random matrix. Furthermore,
the spacings between energy levels of heavy nuclei could be more easily modeled by the spacings between
successive eigenvalues of a random (n × n)-matrix as n → ∞.
Since the 1960s, Wigner and his colleagues, including Freeman Dyson and Madan Lal Mehta, worked
on RMT and developed it to the point that it became a very powerful tool in mathematical physics (see
Mehta, 2004). Dyson, in a series of papers in 1962, introduced a classification of three types of random
matrix ensembles based upon the property of time-reversal invariance. The matrices corresponding to these
three types of random matrix ensembles have elements that are complex (not time-reversal invariant), real
(time-reversal invariant), or self-dual quaternion (time-reversal invariant, but with a restriction).
During the last few decades, we have seen more interest paid to RMT. One of the most important early
discoveries in RMT was its connection to quantum chaos (Bohigas, Giannoni, and Schmit, 1984), which
led to an RMT of quantum transport (Beenakker, 1997). RMT has since become a major tool in many
fields, including number theory and combinatorics, electrical engineering, geophysical sciences, and wireless
communications (Tulino and Verdú, 2004).
More recently, RMT has been used as an important tool for probabilistic modeling. Examples include:
• Determinantal point processes (DPPs), which arise in models for fermions in quantum physics (Kulesza
and Taskar, 2012). A DPP is a stochastic point process whose probability density is characterized as
the determinant of a real, symmetric, positive-semidefinite, kernel matrix K, whose eigenvalues are in
[0, 1]. Choice of K depends upon the application. In particular, the eigenvalues of a random matrix
whose entries are drawn from a complex Gaussian distribution (GUE; see Section 3) are distributed as
a DPP on R. A good reference is Anderson, Guionnet, and Zeitouni (2009, Section 4.2).
• Free probability theory, which was introduced in an operator-algebraic context by Dan-Virgil Voiculescu
in a series of papers during the 1980s. Later, he discovered its connection with RMT (Voiculescu, 1991,
1995) when he realized that his asymptotic results had already appeared in Wigner’s semicircle law
(see Section 5.1.2). The fact that operator algebras and random matrices are strongly related to each
other proved to be a big breakthrough in the development of free probability. The two fundamental
concepts in free probability theory are (1) a noncommutative probability space and (2) free independence
(or freeness), which is a noncommutative analogue of classical independence. Voiculescu showed that
certain random (n × n)-matrices (e.g., independent Gaussian random matrices) have the property
referred to as asymptotic freeness, as n → ∞, which makes it easier to derive the asymptotic eigenvalue
distribution of random matrices. Fan and Johnstone (2019), for example, apply free probability theory
to proving certain results for the spectra of MANOVA estimates, motivated by issues in evolutionary
genetics, and give an asymptotic freeness result for certain types of random matrices. See Mingo and
Speicher (2017) for a survey.
A common element in these types of situations is that RMT has been used as an indirect method for
solving complicated problems arising from physical or mathematical systems. Some examples of the use of
RMT in physical or mathematical systems include the following: The positions at any given intermediate
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time of N independent one-dimensional Brownian motion paths with time in [0, 1] that start and end at
certain prescribed points but do not intersect at any intermediate time (Delvaux and Kuijlaars, 2010);
last-passage time of a certain last-passage percolation model (Baik, 2003); height fluctuations of a certain
random growth model (Johansson, 2000); and fluctuation properties of the energy levels of chaotic quantum
systems (Bohigas, Giannoni, and Schmit, 1984). Each of these quantities behaves statistically like either the
eigenvalues or the spacings between consecutive eigenvalues of a random (n × n)-matrix as n → ∞. Other
fascinating examples of RMT include: The distances between parked cars in London (S̆eba, 2009); waiting
times for buses in Cuernavaca, Mexico (Baik, Borodin, Deift, and Suidan, 2006); and an airline boarding
problem (Bachmat, Berend, Sapir, Skiena, and Stolyarov, 2006). These problems and others are discussed
by Deift (2007). See also Krbalek and S̆eba (2000).
Much of RMT has been directed towards dimensionality reduction techniques in multivariate statistical
analysis, such as principal components analysis, canonical variate analysis, and classification, discriminant
analysis, and cluster analysis (Johnstone, 2001, 2008). With the availability of high-speed computers and extensive data storage facilities, researchers have had to adapt to high-dimensional, large sample size situations.
As a result, many of the classical statistical techniques, such as covariance estimation, hypothesis testing,
multivariate analysis of variance (MANOVA), and multivariate regression analysis, have been reinvented to
accommodate such “big data.”
Recent work on random matrices has tried to establish the so-called universality conjecture. The Hermitian case of this conjecture was referred to by Tao and Vu (2011c) as the Wigner-Dyson-Mehta conjecture.
The conjecture states that local behavior (i.e., fluctuation properties) of the eigenvalues of large random
matrices have asymptotic limits that are independent of the probability distribution on the matrix ensembles. We refer the reader to Erdős (2010), who gives an historical account of the development of the various
proofs of the universality conjecture (including those of Sinai and Soshnikov, 1998; Soshnikov, 1999, 2002;
Erdős, Péché, Ramı́rez, Schlein, and Yau, 2010; Tao and Vu, 2010, 2011a, 2011b, 2012) for a wide class of
(real and complex) Wigner random matrices.
In this article, we review the current state of RMT and provide some of the very interesting applications
of that theory. Section 2 describes the basic terminology, including the idea of “ensembles” of random
matrices. Section 3 deals with the three different types of Gaussian ensembles, orthogonal, unitary, or
symplectic, according as the entries in a random matrix are real, complex, or real-quarternian, respectively.
Section 4 introduces the spectrum of random matrices, which is divided into the bulk and extremes (or edges)
of the eigenvalues of those matrices. Section 5 studies the bulk of the eigenvalues of an (n×n) Wishart matrix
S = X X τ , which is constructed from an (n × r)-matrix X whose entries are iid standard Gaussian deviates,
where r is dimensionality and n is sample size. Of interest are results for finite n (exact distribution) and
large n (asymptotic distribution, including Wigner’s semicircle law). Then, we describe the joint distribution
of the eigenvalues of a single Wishart matrix in multivariate analysis. The cases considered are a mixture of
finite and large n and fixed and large r. Also discussed in this Section is Iain Johnstone’s spiked covariance
model, which has become a very popular research topic in RMT. Next, the case of two independent Wishart
matrices is described for fixed r and finite sample sizes, with applications to multivariate regression and
MANOVA. In Section 6, we look at the edges of the spectrum for a single Wishart matrix and two Wishart
matrices, and especially at the distribution of the largest eigenvalue of a Gaussian ensemble and a Wishart–
Laguerre ensemble. When both r and n are large, we have the Tracy–Widom Laws. Discussion of the
availability of computational packages for computing the distributional results of this article together with
a brief survey of the RMT literature is given in Section 7.
a.s.

D

Notation. We will use the following notation: → means almost sure convergence and ⇒ means convergence in distribution. The abbreviation iid means independent and identically distributed, rhs means
right-hand side, and iff means if and only if. If X is a real-valued random r-vector that has a multivariate Gaussian distribution with mean µ and covariance matrix Σ, we write X ∼ Nr (µ, Σ). If X is a
complex-valued random r-vector, then the random 2r-vector (Re(X), Im(X))τ with real components has the
distribution (Brillinger, 1975, Section 4.2)




1
Re(Σ) −Im(Σ)
Re(µ)
.
(1)
N2r
,
Im(Σ)
Re(Σ)
Im(µ)
2
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We write X ∼ NrC (µ, Σ) and say that X has the complex multivariate Gaussian distribution with mean µ
and covariance matrix Σ, where Σ is an (r × r) Hermitian nonnegative-definite matrix. Note that the RMT
literature has not been consistent in its notation, including the number of variables (p, n, N , k), the number
of observations (M , N , n), population eigenvalues (λj , `j , αj , σj ), and sample eigenvalues (xj , `j , λj , sj ,
µj ). In this article, we follow the notation and terminology of Izenman (2013).
2. MATRIX ENSEMBLES
We will need the following terminology. An ensemble of matrices is a family (or collection) of matrices
together with a probability density p that shows how likely it is that any member of the family can be
observed.
Wigner and Dyson were most interested in approximating the infinite-dimensional H by an ensemble of
finite, large, (n × n) Hermitian matrices Hn whose probability density has the following form,
p(Hn ) ∝ e−βtr[V (Hn )] ,

(2)

where tr(M) is the trace of the square and symmetric matrix M, V is some function of Hn , such as a
finite polynomial function of Hn , where the highest power is even and its coefficient positive, and where the
constant of proportionality depends only on n. For example, a possible choice of V could be
V (Hn ) = aH2n + bHn + c,

(3)

where a, b, and c are real numbers and a > 0. The entries of Hn = (HP
can be real (β = 1), complex
ij ) P
2
, and (1) reduces to a
(β = 2), or real-quaternion (β = 4). If V (Hn ) ∝ H2n , then tr(H2n ) = i j Hij
Gaussian ensemble. For example, in the case of a real, symmetric (2 × 2) random matrix,


H11 H12
(4)
Hn =
,
H12 H22
2
2
2
with independent elements, we have that tr(H2n ) = H11
+H22
+2H12
, so that each element is an independent
Gaussian random variate and the variance of each off-diagonal element is one-half that of the diagonal
elements.

We define a “time-reversal” transformation as
Hn → UHn U−1 ,

(5)

where U is orthogonal (β = 1), unitary (β = 2), or symplectic (β = 4). (A symplectic matrix is a unitary
matrix with real-quaternion elements.) Time-reversal invariance means that the time-reversal transformation
leaves p(Hn ) invariant (Porter and Rosenzweig, 1960).
3. GAUSSIAN ENSEMBLES
Building upon (1) Wigner’s group representations, including the property of “time-reversal” invariance,
(2) Hermann Weyl’s general theory of matrix algebras, which were of three possible types, orthogonal,
unitary, and symplectic, and (3) Wigner’s study of ensembles of random matrices, Dyson (1962) recognized
a common theme that would unify these topics. He noted that there are exactly three division algebras that
contain the real numbers, namely, the real numbers R, the complex numbers C, and the quaternians Q. With
that in mind, he introduced three categories of Gaussian random matrix ensembles: Gaussian orthogonal
ensemble of matrices with entries from R, Gaussian unitary ensemble of matrices with entries from C, and
Gaussian symplectic ensemble of matrices with entries from Q. We define these ensembles as follows:
• Gaussian Orthogonal Ensemble (GOE): Fill an (n × n)-matrix A with real entries that are each iid
as N (0, 1), so that A is not symmetric. Then a real symmetric (n × n)-matrix Hn is formed1 by
1 Some

authors (e.g., Edelman and Rao, 2005) replace

√

2 by 2 for all three types of ensembles.
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√
setting Hn = (A + Aτ )/ 2, where Aτ is the transpose of the matrix A. The diagonal entries of
iid

Hn = (Hjk ) are distributed as Hjj ∼ N (0, 2) and, subject to being symmetric, the off-diagonal entries
iid

are distributed as Hjk ∼ N (0, 1), j 6= k.
• Gaussian Unitary Ensemble (GUE): Fill an (n × n)-matrix A with complex-valued entries, each of
which is iid as complex Gaussian, N C (0,
√ 1), but not Hermitian. Then an Hermitian (n × n)-matrix Hn
is formed by setting Hn = (A + A∗ )/ 2, where A∗ is the conjugate transpose of the complex matrix
iid

A. The diagonal entries of Hn = (Hjk ) are real and distributed as Hjj ∼ N (0, 2) and, subject to being
iid

∗
Hermitian (i.e., Hij = Hji
), the off-diagonal entries are Hjk = Ujk + iVjk , where Ujk , Vjk ∼ N (0, 12 ),
2
∗
1 ≤ j < k ≤ n. Thus, E{Hjk } = 0, E{Hjk
} = 0, and E{|Hjk |2 } = E{Hjk Hjk
} = 1, so that
iid

Hjk ∼ N C (0, 1).
• Gaussian Symplectic Ensemble (GSE): Fill an (n × n)-matrix A with entries that are each realquarternian
and iid as N Q (0, 1). Than a self-dual (n × n)-matrix is formed by setting Hn = (A +
√
D
A )/ 2, where AD denotes the dual transpose of the quarternian matrix A. The diagonal entries of
iid

Hn = (H`m ) are distributed as Hmm ∼ N (0, 1) and, subject to being self-dual, the off-diagonal entries
are H`m = U`m + iV`m + jW`m + kZ`m , where U`m , V`m , W`m , Z`m ∼ N (0, 12 ), for 1 ≤ ` < m ≤ n.
For the GOE, U in (5) is orthogonal with real entries; for the GUE, U is unitary with complex entries;
and for the GSE, U is symplectic with self-dual quaternion entries. See Table 1. It can be shown that
the GOE is for systems that are time-reversal invariant, the GUE for systems that are not time-reversal
invariant, and GSE for systems that are time-reversal invariant, but do not have spin-rotational symmetry.
From a quantum-mechanical view, time-reversal invariance is the most realistic property, and, hence, the
GOE is the most natural ensemble. If all three types of ensembles are time-reversal invariant and all elements
of Hn are statistically independent (subject to the required symmetry constraint), then the form of p(Hn )
is automatically restricted to have V (Hn ) = aH2n + bHn + c, with a, b, and c real and a > 0 (Porter and
Rosenzweig, 1960). In this article, we will not be dealing with GSE matrices.
4. SPECTRUM OF RANDOM MATRICES
Of particular interest is the stochastic behavior of the bulk and the extremes (or edges) of the spectrum of
large random matrices. The bulk deals with most of the eigenvalues of a given matrix and the extremes refer
to the largest and smallest of those eigenvalues. Note that regardless of which ensemble we study (GOE,
GUE, or GSE), the eigenvalues of Hn are all real and can, therefore, be rank-ordered (Bai and Silverstein,
2010). The extremes (and especially the smallest eigenvalue) of the spectrum are important in determining
the stability and invertability of a square matrix. Recent work has shown that there are differences between
the statistics of the bulk of the spectrum and those of the extreme eigenvalues at the edge of the spectrum.
One of the main features of all three random matrix ensembles is the idea of repulsion, that any two
(correlated) eigenvalues obtained from a GOE (or GUE or GSE) matrix are unlikely to be close together;
that is, the probability that adjacent eigenvalues are close together is small, and the probability quickly goes
to zero as a power of the distance between them. Although this is also true for iid points on an interval,
the repulsion for eigenvalues enjoys a faster probability convergence rate to zero than it does for iid points.
Hence, the spacings distribution precludes near-zero spacings. This property is related to certain aspects of
quantum chaos (Kiecherbauer, Marklof and Soshnikov, 2001).
5. BULK OF THE SPECTRUM
5.1 Gaussian Case: The Real Wigner Matrix
Wigner originally studied a real symmetric (n × n)-matrix Hn = (Hij ) where the diagonal entries were each
0 and the off-diagonal entries (subject to the symmetry constraint) were independently ±1 with probability
1
2 . He later realized that his results for this matrix would continue to hold more generally.
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Table 1
Dyson’s classification of Gaussian ensembles. The Hermitian matrix Hn = (Hij ) and its matrix of eigenvectors U are classified by the parameter β ∈ {1, 2, 4}, depending upon the presence or absence of time-reversal
invariance (TRI) and spin-rotational symmetry (SRS). NA means ‘not appropriate.’ (Adapted from Table 1
in Beenakker, 1996.)
β
1
2
4

Ensemble
GOE
GUE
GSE

TRI
Yes
No
Yes

SRS
Yes
NA
No

Hij
real
complex
real-quaternion

U
orthogonal
unitary
symplectic

Several definitions of a real Wigner matrix have since appeared in the literature. When we say that “Hn is
a Wigner matrix,” what we mean is that Hn is a member of a family of random symmetric matrices that form
a Wigner ensemble. This family generally consists of symmetric matrices with independent entries, where
the off-diagonal entries are iid and the diagonal entries are iid, and the diagonal and off-diagonal entries may
be drawn from different distributions. A special type of real Wigner matrix (Wigner, 1955) occurs when it
is a member of the GOE (see Section 3), in which case, it is defined as a symmetric (i.e., Hn = Hτn ), random
 2
iid
2
(n × n)-matrix, where the ijth entry is real-valued with distribution Hij ∼ N 0, σij
, σij = 1 + δij , where
δij = 1 if i = j and 0 otherwise. An analogous definition (see Section 3) has been given for a complex Wigner
matrix if it is a member of the GUE.
Remark 1. If we assume that Hn is a real symmetric Wigner matrix with independent entries, iid
diagonal entries and iid off-diagonal entries, both types having mean zero, then a Gaussian assumption for
the Wigner matrix Hn is not necessary, unless Hn is required to be a member of the GOE. In general, it could
be replaced by a distribution with finite variance σ 2 for entries above the diagonal, and a distribution with no
specific moment requirement along the diagonal (Wigner, 1955). See also Paul and Aue (2014). Some early
articles did not distinguish between diagonal and off-diagonal distributions. For example, distributional
assumptions are stated as having all entries iid with finite moments of all orders (Grenander, 1963), or
all entries having finite 6th moment (Arnold, 1967). In the case of a complex Wigner matrix, similar
relaxations of the Gaussian requirements can be found in the literature. Bai (1999), for example, sets up
the Hermitian matrix to have iid off-diagonal entries with variance σ 2 and iid diagonal entries without any
moment condition, while Tao (2012, Section 2.4) requires the diagonal entries of the Hermitian matrix to
have bounded mean and variance.
Studying the behavior of real or complex Wigner matrices, which play important roles in nuclear and
mathematical physics, finance, and communication theory, forms a large part of RMT.
5.1.1 Finite n: Exact Distribution. Let λ1 > λ2 > · · · > λn be the ordered eigenvalues of a real
Wigner matrix Hn and let U be the matrix of associated eigenvectors.
Then, Hn = UΛUτ , where
Pn
Λ = diag{λ1 , . . . , λn }. Now, from (2), we see that tr[V (Hn )] = j=1 V (λj ) depends only on the eigenvalues. Thus, the distribution p(Hn ) in (2) is independent of the eigenvectors, which can be viewed as being
uniformly distributed over the members of each matrix ensemble. The exact joint probability distribution
of the eigenvalues of an (n × n) Wigner matrix is then found by multiplying p(Hn ) by the Jacobian of the
transformation from the matrix to its eigenvalues and eigenvectors.
The exact distribution of the eigenvalues, therefore, has the form,
Y
1
(6)
p(λ1 , . . . , λn ) = cn e− 4 tr{Hn }
|λj − λk |,
1≤j<k≤n

where
(7)

tr{H2n } =

n
X
j=1

and the normalizing constant, cn , is dependent upon n.
7

λ2j ,

For general β-Gaussian-Hermite ensembles, where β = 1 (GOE), 2 (GUE), or 4 (GSE) form the Dyson
index, the joint probability density of the eigenvalues of Hn is given by
Y
β
2
(8)
pβ (λ1 , · · · , λn ) = cn,β e− 4 tr{Hn }
|λj − λk |β ,
1≤j<k≤n

where the normalizing constant,
(9)

cn,β =

n
Y
Γ(1 + β2 )

1
(2π)n/2 β n/2+βn(n−1)/4

i=1

Γ(1 +

βi
2 )

,

is dependent upon n and β (Mehta, 2004, p. 58). The distribution (8) is often referred to as Dyson’s βensemble. In some treatments of this topic, β is replaced by α = 2/β, so that for GOE, α = 2; for GUE,
α = 1; and for GSE, α = 1/2 (Edelman and Rao, 2005).
5.1.2 Large n: Wigner’s Semicircle Law. Next, consider the empirical distribution of the eigenvalues of
a real (n × n) Wigner matrix n−1/2 Hn (usually referred to as the empirical spectral distribution or ESD of
n−1/2 Hn ) as n tends to infinity. Let #{·} denote the number of elements in the set indicated, and let IA
denote the indicator function of the event A (IA = 1 if A is true and 0 otherwise).
Wigner’s result says that Gn (λ), the ESD of n−1/2 Hn , converges a.s. to a nonrandom limiting distribution
G(λ),
n

(10)

Gn (λ) =

1X
1
a.s.
#{i : λi ≤ λ} =
I[λ ≤λ] → G(λ), n → ∞,
n
n i=1 i

where G(k) has density
(11)

g(λ) =

1 p
4 − λ2 ,
2π

|λ| ≤ 2,

and zero for |λ| > 2. This limiting density is a semicircle with radius 2 (Wigner, 1955, 1958) and is referred
to as Wigner’s semicircle law. In free probability theory, Wigner’s semicircle law can be viewed as a matrix
analogue of the standard Gaussian distribution (see, e.g., Anderson, Guionnet, and Zeitouni, 2009).
The 2k-th moment of g(λ) is the kth Catalan number,
 
2k
1
,
(12)
Ck =
k+1 k
and, by symmetry, the 2k + 1-st moment is zero, k = 0, 1, 2, . . ., where C0 = 1 by convention.
Pk The Catalan
numbers, which are 1, 1, 2, 5, 14, 42, 132, . . ., satisfy the recursion formula, Ck+1 = i=1 Ci−1 Ck−i . It
turns out that Wigner’s semicircle law is the unique distribution for which the even moments are the Catalan
numbers.
There are several ways of proving results (10)-(11), including:
• The Method of Moments: This was the original proof by Wigner (1955). Let gn (λ) denote the empirical
spectral density function of n−1/2 Hn . This method uses the fact that the kth moment of gn (λ) can be
written as
Z 2
1
1
λk gn (λ)dλ = tr{(n−1/2 Hn )k } = 1+k/2 tr{Hkn }.
n
n
−2
As n → ∞, the moments of gn (λ), expressed above as the normalized trace of powers of Hn , converge
to the Catalan numbers (12), which are the even moments of the semicircle law g(λ).
• The Stieltjes Transform Method (also known as the resolvent method): The finite-n Stieltjes transform
of a single realization of n−1/2 Hn can be expressed as
Z ∞
gn (λ)
1
sn (z) =
dλ = tr{(n−1/2 Hn − zIn )−1 },
λ
−
z
n
−∞
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Fig. 1. Illustration of the convergence to Wigner’s Semicircle Law. Normalized histograms of the eigenvalues
from a single (n × n) Wigner matrix. Left panel: n = 1, 000. Right panel: n = 25, 000. For each n, there
are 100 bins.
where z is not in the support of gn (λ) (i.e., z ∈
/ [−2, 2]). The quantity (n−1/2 Hn − zIn )−1 is the
normalized resolvent of Hn , which is singular at the eigenvalues of n√−1/2 Hn . As n → ∞, for each
z, E{sn (z)} converges almost surely to the function s(z) = 21 {−z + z 2 − 4}, which is the Stieltjes
transform of the semi-circular law g(λ). Then, g(λ) can be recovered by the inverse Stieltjes transform.
See, e.g., Tao (2012, Section 2.4), Anderson, Guionnet, and Zeitouni (2009, Chapter 2), and Bai (1999) for
details.
Remark 2. For (10) and (11) to hold, we only need the existence of second moments for the off-diagonal
entries; we do not need such a moment requirement for the diagonal entries (Wigner, 1955).
Remark 3. Wigner’s semicircle law also holds for a much bigger class of random matrices. This follows
because the limiting distribution (11) is independent of the distribution of the entries of Hn . If the Gaussian
assumption in the definition of the real Wigner’s matrix Hn is replaced by any distribution (discrete or
continuous) with mean zero, finite variance σ 2 , and finite higher moments, then Wigner’s semicircle law still
holds. The limiting density (11) is then rescaled as
1 p 2
(13)
gσ (λ) =
4σ − λ2 , |λ| ≤ 2σ,
2πσ 2
and is zero otherwise (see, e.g., Bai, 1999, Theorem 2.1). The limiting distribution (11) obtains by setting
σ = 1. There are two other versions of the semicircle law that have appeared in the RMT literature,
√ and
which correspond to different values of σ. If σ = 12 , then the limiting distribution is g1/2 (λ) = π2 1 − λ2 ,
√
√
|λ| ≤ 1, and if σ = √12 , then the limiting distribution is g1/√2 (λ) = π1 2 − λ2 , |λ| ≤ 2. See Erdős and Yau
(2017) for further discussion.
Figure 1 shows an illustration of the convergence to Wigner’s semicircle law for a single (n × n) Wigner
matrix. We sampled n = 1, 000 (left panel) and n = 25, 000 (right panel) iid standard Gaussian deviates,
computed A and then Hn , and found the eigenvalues of Hn . The histograms of the eigenvalues of Hn for
both cases are given in Figure 1.
5.1.3 Large n: Largest Eigenvalue. Bai and Yin (1988) gave necessary and sufficient conditions for
a.s. convergence, as n → ∞, of the largest eigenvalue, λ1 , of the normalized Wigner matrix, n−1/2 Hn , to a
finite constant. The conditions were that diagonal entries have finite second moment and off-diagonal entries
have mean (at most) zero and finite fourth moment, The necessity part of the proof used a novel approach
that involved graph theory to obtain intermediate results.
5.2 Single Wishart Matrix
In multivariate statistical analysis, we are often interested in a random r-vector X that is distributed with
mean vector µ and covariance matrix Σ, where
(14)

µ = E{X}, Σ = E{(X − µ)(X − µ)τ }.
9

We may sometimes need to assume that X is also Gaussian. Many topics in multivariate analysis, (e.g.,
principal component analysis, factor analysis, and multidimensional scaling) deal with dimensionality reduction and the study of functions of Σ, such as its eigenvalues and associated eigenvectors (see, e.g., Izenman,
2013).
Typically, Σ is unknown, and so has to be estimated using a sample of data. Given a set of independent
random r-vectors, Xi , i = 1, 2, . . . , n, drawn from the same underlying distribution as X, the usual estimate
of Σ is given by
(15)

b = n−1
Σ

n
X

(Xi − X̄)(Xi − X̄)τ = n−1 Xc Xcτ ,

i=1

Pn
where the sample mean vector, X̄ = n−1 i=1 Xi , is an estimator of the population mean vector µ. In (15),
X = (X1 , · · · , Xn ) and Xc = X (In − n−1 Jn ), where Jn = 1n 1τn and 1n is an n-vector of 1s. We can make
b an unbiased estimator of Σ by replacing 1/n by 1/(n − 1) in the averaging operation in (15). We are
Σ
b under different assumptions on the number of
interested in studying the behavior of the eigenvalues of nΣ
variables r and the number of observations n.
5.2.1 A Distributional Result. We will need the following result below. Let A be an (r × r) positivedefinite matrix with density function p(A). The joint density of the eigenvalues λ1 > λ2 > · · · > λr of A is
given by (Muirhead, 1982, Theorem 3.2.17)
2

(16)

p(λ1 , . . . , λr ) =

π r /2
Γr (r/2)

Z

Y

|λj − λk |

p(QLQτ )(dQ),

O(r)

1≤j<k≤r

where L = diag{λ1 , . . . , λr } is a diagonal matrix and
R (dQ) is the Haar invariant measure on the set O(r)
of (r × r) orthogonal matrices, normalized so that O(r) (dQ) = 1. In (16), the function Γr is a multivariate
gamma function defined by (Muirhead, 1982, Section 2.1.2)
(17)

Γr (x) = π r(r−1)/4

r
Y



j−1
r−1
Γ x−
, Re(x) >
.
2
2
j=1

A sketch of the proof of (16) involves, first, obtaining the spectral decomposition of A as A = QLQτ , where
the ith column of Q is the normalized eigenvector of A corresponding to the eigenvalue λi in L, suitably
adjusted to make it 1–1, and then finding the Jacobian of that transformation. The derivative of A is given
by
(18)

dA = (dQ)LQτ + H(dL)Qτ + QL(dQτ ),

and the Jacobian is found by determining expressions for each of the three terms in (18). The product in
(16) involving the pairwise differences of eigenvalues is the Jacobian term, and is the determinant of the
Vandermonde matrix,


1 λ1 λ21 · · · λr−1
1
 1 λ2 λ22 · · · λr−1

2


 1 λ3 λ2 · · · λr−1 
3
3
(19)
Vr = 
;
 .
..
..
.. 
.
.
.
 .
.
.
.
. 
1

λn

λ2n

···

λr−1
n

the determinant of (19) is also known as the Vandermonde determinant (see, e.g., Bellman, 1960, p. 193).
5.2.2 Fixed r, Finite n, and r < n: Exact Distributions. Prior to the public availability of high-speed
computation and large data storage facilities, the number of variables r was kept reasonably small and the
number of observations n, though larger than r, was still small by modern standards. Distribution theory
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was either exact (fixed r and finite n) or asymptotic with a fixed r and n → ∞. These are the two cases we
deal with first.
iid

Without loss of generality, suppose µ = 0. Suppose also that Xi ∼ Nr (0, Σ), i = 1, 2, . . . , n, and set
X = (X1 , · · · , Xn ). Then,
S = X X τ ∼ Wr (n, Σ)

(20)

(Wishart, 1928). The distribution (20) is known as the Wishart distribution (or Wishart ensemble) with
n degrees of freedom and covariance matrix Σ. If Σ = Ir , then this is the so-called real white Wishart
distribution.
When S ∼ Wr (n, Σ), we substitute into (16) the form of the Wishart density,
(21)

−1

1

p(S|n, Σ) = cr,n |Σ|−n/2 |S|(n−r−1)/2 e− 2 tr(Σ

S)

,

where
c−1
r,n

(22)

nr/2 r(r−1)/4

=2

π



r
Y
n−i+1
Γ
,
2
i=1

to obtain the exact joint distribution of the eigenvalues, λ1 > λ2 > · · · > λr , of S (James, 1964),
(23)

p(λ1 , . . . , λr ) = cr,n

r
Y

(n−r−1)/2

Y

λj

j=1

Z

1

−1

e− 2 tr(Σ

|λj − λk |

QLQτ )

(dQ),

O(r)

1≤j<k≤r

Qr
where L = diag{λ1 , · · · , λr }, |L| = j=1 λj , (dQ) is the Haar invariant measure on the set O(r) of (r × r)
R
orthogonal matrices, normalized so that O(r) (dQ) = 1, and cr,n is the normalization constant,
2

(24)

cr,n =

π r /2
.
2nr/2 |Σ|n/2 Γr (r/2)Γr (n/2)

The integral in (23) over the orthogonal group O(r) is difficult to evaluate in the case of general Σ. Some
efforts in this direction have been made using infinite series expansions in zonal polynomials, but these have
not yielded practical results.
If µ 6= 0, then Xc Xcτ has the Wishart distribution Wr (n − 1, n−1 Σ). In this case, the previous results,
(23) and (24), for the eigenvalue density can be modified by substituting n − 1 for n and nλi for λi .
In the P
white Wishart case (i.e., Σ = Ir ), the integral over the orthogonal group O(r) is easily evaluated
− 12
j λj . The resulting density (23) reduces to
to be e
(25)

p(λ1 , . . . , λr ) = cr,n

r
Y

[wn,r (λj )]1/2

j=1

Y

|λj − λk |,

1≤j<k≤r

where
(26)

wn,r (λ) = λn−r−1 e−λ , λ ∈ [0, ∞), n > r,

is the weight function for a generalized Laguerre family of orthogonal polynomials (Abromowitz and Stegun,
1970, Table 22.2), and cr,n is a normalizing constant dependent upon r and n. For a proof, see Anderson
(1984, Section 13.3). The second product in (25) involving the pairwise differences of eigenvalues is, as
before, the Jacobian term, and is the determinant of the Vandermonde matrix (19). The eigenvalue density
(25) was found independently and simultaneously by Fisher, Girshick, Hsu, and Roy in 1939, and in 1951
independently by Mood.
As a result, the Wishart ensemble is often known as the Wishart-Laguerre ensemble, and a real parameter
β > 0 is incorporated into its formulation to account for the spectral properties of different types of ensembles.
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For β-Wishart-Laguerre ensembles, where β = 1, 2, or 4 for real, complex, or quaternian Gaussian entries
of X , respectively, the joint probability density of the eigenvalues of S is given by
(27)

pβ (λ1 , · · · , λr ) = c0n,r,β

r
Y

Y

[wn,r,β (λj )]1/2

j=1

|λj − λk |β ,

1≤j<k≤r

where
wn,r,β (λ) = λβ(n−r+1)−2 e−βλ , λ ∈ [0, ∞),

(28)

and c0n,r,β is a normalizing constant,
c0n,r,β = 2−βnr/2

(29)

n
Y
i=1

Γ(1 + β2 )
Γ(1 +

βi
β
2 )Γ( 2 (r

− n + i))

,

which is dependent upon n, r, and β. Proofs and discussions of these results may be found in Anderson,
Guionnet, and Zeitouni (2009, Chapter 2). Note that if any two eigenvalues, λj and λk , j 6= k, say, in (27)
(and (25)) are such that λj = λk , the density vanishes, indicating that the eigenvalues repel each other,
ensuring that they are, a.s., distinct.
In the case of general Σ, when the population eigenvalues are not all equal, the exact joint distribution
of the sample eigenvalues is known (James, 1960, 1961) but is extremely complicated, involving zonal polynomials (i.e., power-series expansions in hypergeometric functions). For large n, the zonal polynomial series
converges very slowly (Muirhead, 1982, Section 9.5), and so the results have “very limited value” in that a
large number of terms of the series would be needed to be of use (James, 1964). More recently, Mo (2011)
used zonal polynomials for an algebraic proof of the distribution of a rank-1 real Wishart spiked model, but
made no comments as to convergence properties.
5.2.3 Fixed r, Large n. For fixed r and large n, and Xi ∼ Nr (0, Σ), i = 1, 2, . . . , n, the sample eigenvalues,
b
λj , j = 1, 2, . . . , r, of n−1 S are jointly asymptotically independently distributed according to
(30)

√

D

bj − λj ) ⇒ N (0, 2λ2 ), as n → ∞, j = 1, 2, . . . , r,
n(λ
j

where the {λj } are the distinct eigenvalues of Σ (Anderson, 1963). This result shows that the jth sample
bj is a consistent estimator of the jth population eigenvalue, λj , j = 1, 2, . . . , r.
eigenvalue, λ
5.2.4 Large r, Large n: The Marc̆enko–Pastur’s Quarter-Circle Law. One of the most important results
of RMT for use in multivariate analysis is the Marc̆enko–Pastur Law, which is an analogue of Wigner’s
semicircle Law. The Marc̆enko–Pastur Law gives the limiting distribution of the eigenvalues of a sample
covariance matrix (as the size of the matrix grows without bound) in the null case when S ∼ Wr (n, Ir ). In
the null case, all the eigenvalues of the population covariance matrix Ir are equal to one. Although n−1 S is
a good approximation to Σ for fixed r and large n, that does not hold when r and n are both large.
If we let r → ∞ and n → ∞ in such a way that the matrix aspect ratio converges to a non-zero constant,
bi , i = 1, 2, . . . , r, of n−1 S follows
i.e., r/n → γ ∈ (0, ∞), then the empirical distribution of the eigenvalues, λ
the Marc̆enko–Pastur Law:
1
bi ≤ x} a.s.
#{i : λ
→ G(x),
r

(31)

where the limiting distribution G(x) has density g(x) = G0 (x) and
(32)

g(x) =

1 p
√
(b+ − x)(x − b− ) I[b− ,b+ ] (x), b± = (1 ± γ)2 ,
2πγx

where I[b− ,b+ ] (x) is the indicator function that is equal to 1 for b− < x < b+ and 0 otherwise (Marc̆enko and
Pastur, 1967). This is the so-called Quarter-Circle Law. Note that the limiting density only depends upon
γ. If γ ∈ (0, 1), then r < n; in this case, the spectra of X X τ and X τ X differ by n − r zero eigenvalues, and
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so there is an additional point mass at the origin x = 0 with weight 1 − γ. Except for this point mass at the
origin, the results given here for the nonzero eigenvalues hold regardless of whether r or n is larger.
A visual representation of the Marc̆enko–Pastur Law is given in Figure 2, where we have separated the
values of γ by γ ≤ 1 (left panel) and γ ≥ 1 (right panel). We see that even though all the population
eigenvalues are equal to 1, the spread of the sample eigenvalues varies directly with the ratio γ = r/n: the
larger the ratio (i.e., the bigger r is relative to n), the more spread out are the sample eigenvalues. For
example, when γ = 1/4, the density is supported on the interval [ 41 , 94 ], when γ = 1 (i.e., n = r), the density
is supported on [0, 4], and when γ = 4, the density is supported on [1, 9].
The a.s. result is fascinating, but for statistical inference purposes we would also like to have some insight
into second-order information (i.e., variability) about the bulk of the sample eigenvalues, especially the
largest eigenvalue, which is of importance in principal component analysis.
5.2.5 Large r, Large n: Extreme Eigenvalues. Much of the research work in RMT has focused on the
convergence of extreme eigenvalues (i.e., largest and smallest eigenvalues) of sample covariance matrices.
b1 , of a sample covariance matrix
Geman (1980) was the first to prove that the largest eigenvalue, λ
√ 2
converges a.s. to the right-hand support point b+ = (1 + γ) , where he assumed a certain growth condition
on all the moments of the underlying distribution. Yin, Bai, and Krishnaiah (1988) then proved the same
convergence result, where they assumed that the entries of X had zero mean and finite fourth moment, which
Bai, Silverstein, and Yin (1988) showed was also necessary for the existence of the limit.
b1 is not a consistent estimator of the largest eigenvalue, λ1 , of Σ, and if both r and n are large,
So, λ
b
λ1 can be severely biased when Σ = Ir . For example, in the case when r = n (i.e., γ = 1) and Σ = Ir ,
where all eigenvalues equal 1, the largest population eigenvalue λ1 = 1, while the largest sample eigenvalue,
b1 , of Σ
b converges to the value b+ = (1 + √γ)2 = 4 (see El Karoui, 2008, for further discussion). If r > n,
λ
bn+1 = · · · = λ
br = 0. The results (31) and (32), unfortunately, remained obscure for a while (see, e.g.,
then λ
Wachter, 1978, who derived similar results apparently unaware of the Marc̆enko-Pastur paper).
br , of the sample covariance matrix, n−1 S. Silverstein (1985)
We next turn to the smallest eigenvalue, λ
br converged a.s. to the leftshowed that if the diagonal entries of X were distributed as N (0, 1), then λ
√ 2
hand support point b− = (1 − γ) . His proof, however, is too dependent upon the underlying Gaussian
assumption and is difficult to extend. Tikhomirov (2015) proved the a.s. convergence of the smallest singular
value of the (r × n) matrix X (square-root of the smallest eigenvalue of S = X X τ ) assuming only that the
entries of X are iid with finite second moment, while higher moments could be infinite.
Then, in a unified approach, Bai and Yin (1993) were able to show that, assuming all entries in X are iid
b1 and λ
br converge simultaneously and
with a finite fourth moment and r/n → γ ∈ (0, 1) as r, n → ∞, both λ
br was proved by, first, truncating the variables so
a.s. to their respective limits, b+ and b− . Their result for λ
that von Neumann’s inequality (von Neumann, 1937) can be used to show that the difference between the
square-root of the smallest eigenvalue of the truncated sample covariance matrix and that of the truncated
and then centralized version converges to 0 as n → ∞; next, the entries of X are identified with the edges
in a graph (as used in Bai and Yin, 1988, for the Wigner matrix), and then graph theory is used to prove
b1 was found as a by-product. If the finite fourth moment condition
the convergence result. The result for λ
is weakened, they also showed that convergence to the same limits holds, but instead convergence is in
probability.
In related work, Livshyts, Tikhomirov, and Vershynin (2019) studied the invertability of an inhomogeneous square random matrix A, say, by deriving a new probability inequality that yields a lower bound on
the smallest singular value of A (i.e., square-root of the smallest eigenvalue of Aτ A).
5.3 A Spiked Covariance Matrix
As a specific alternative to the “null” model of a white Wishart distribution, where Σ = Ir , Johnstone
(2001) introduced the “non-null” concept of a “spiked” covariance model, where the covariance matrix Σ
has most of the eigenvalues equal to 1 (which we refer to as “unit” eigenvalues) and a fixed number, m ≥ 1,
of eigenvalues greater than 1 (i.e., “non-unit” eigenvalues). The spiked covariance model has been proposed
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Fig. 2.
Density of eigenvalues from the Marc̆enko-Pastur Law.
Left panel:
γ
0.04, 0.09, 0.16, 0.25, 0.36, 0.49, 0.64, 0.81, 1 (i.e., r ≤ n). Right panel: γ = 1, 1.5, 2, 3, 4 (i.e., r ≥ n).

=

for a variety of applications, including speech recognition, wireless communication, signal processing, and
mathematical finance.
The spiked covariance matrix is given by
Σm = diag{λ1 , . . . , λm , 1. . . . , 1}, λ1 > λ2 > · · · > λm > 1,

(33)

where we assume the first m eigenvalues are distinct and that m is known, often being referred to as the
number of spikes. Let Jm = {λ1 , · · · , λm }. In the null model, λ1 = λ2 = · · · = λm = 1. In the nonnull model, the population covariance matrix Σm is a finite-rank perturbation of the identity matrix. In a
different specification of the non-null model, a rescaling of the spiked covariance model has been proposed
(Donoho, Gavish, and Johnstone, 2018, Birnbaum, Johnstone, Nadler, and Paul, 2013) in which the set of
smallest eigenvalues, λm+1 , . . . , λr , take the common (known or unknown) value of σ 2 instead of the value
1.
A major discovery by Baik, Ben Arous, and Péché (2005) is that a phase transition exists for the spiked
covariance model. The main features of this phase transition for the real and complex cases are as follows.
Real case. In the following discussion, we assume that Xi , i = 1, 2, . . . , n, represent a collection of n real
random r-vectors, each iid as Nr (0, Σm ), and X = (X1 , · · · , Xn ) denotes the (r × n) random matrix whose
columns are formed from the independent random vectors. We assume that r/n → γ, where γ > 0 is a positive
constant, although we often take γ ∈ (0, 1). From (20), we are interested in the distribution of the largest
few eigenvalues of the (r × r) sample covariance matrix n−1 S when n → ∞, where S = X X τ ∼ Wr (n, Σm ).
bj }, of
It has been shown that the asymptotic behavior of the sample eigenvalues, which we denote by {λ
−1
n S depends upon the values of those population eigenvalues (i.e., the {λj }) that are larger than one. For
λj ∈ Jm , under real Gaussian assumption on the {Xi }, Paul (2004) proved for real Gaussian samples the
following three results:
1. If the population eigenvalues that are greater than 1 are actually near 1, then the sample eigenvalues
will behave as if Σ = Ir .
√
√
bj a.s.
2. If λj ≤ 1 + γ and r/n → γ ∈ (0, 1), then λ
→ (1 + γ)2 as n → ∞.
3. If λj > 1 +

√

bj a.s.
γ and r/n → γ ∈ (0, 1), then λ
→ ρj = λ j +

γλj
λj −1

as n → ∞.

See also Baik and Silverstein (2006) and Paul (2007). From these results, as Donoho, Gavish, and Johnstone
bj are biased estimates of their corresponding
(2018) point out, for large r and n, the sample eigenvalues λ
population eigenvalues λj , and, in the third scenario, the amount of bias, γ · λj /(λj − 1), is asymptotically
bj a.s.
larger than γ. If γ = 1, then, in the second scenario, λ
→ 4 as n → ∞, and in the third scenario,
2
λj
a.s.
λj
b
λj → λj +
=
as n → ∞.
λj −1

λj −1
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b1 , suitably centered and scaled, are given
The asymptotic distributions of the largest sample eigenvalue λ
√
by (Soshnikov, 2002; Baik and Silverstein, 2006): in the second scenario, when λ1 < 1 + γ, the asymptotic
√
b1 is the Tracy–Widom distribution, and when λ1 = 1 + γ, the asymptotic distribution
distribution of λ
b1 is a certain generalization of the Tracy–Widom distribution; and in the third scenario, λ
bj (assuming
of λ
multiplicity 1) is asymptotically Gaussian distributed (Paul, 2007); that is,


√
γ
D
2
2
2
b
(34)
n(λj − ρj ) ⇒ N (0, σ (λj )), σ (λj ) = 2λj 1 −
.
(λj − 1)2
For the second scenario, Soshnikov showed that when γ = 1, the limiting Tracy–Widom distribution does not
depend upon the Gaussian assumption. Furthermore, although the Marc̆enko–Pastur Law (32) holds also for
the spiked covariance model, it does not necessarily follow for that model that the largest sample eigenvalue,
b1 , and the smallest sample eigenvalue, λ
br , converge to the right and left support points b+ = (1 + √γ)2
λ
√ 2
and b− = (1 − γ) , respectively (see Section 5.2.4).
Complex case. In the case of samples from the complex Gaussian distribution NrC (µ, Σ), Péché (2003)
b1 , of the sample covariance matrix Σ
b = n−1 Xc X ∗ where Xc X ∗ is
showed that the largest eigenvalue, λ
c
c
∗
Hermitian and Xc is the conjugate transpose of the centered Xc , converged to the Tracy–Widom distribution,
provided the spiked eigenvalues were not too large. Baik, Ben Arous, and Péché (2005), who studied the
b1 from Σ,
b were particularly interested in the case when both r, n → ∞, while
limiting distribution of λ
r/n → γ ∈ (0, 1), and the population covariance matrix is the nonnull spiked version Σm , where a small
number, m, of the population eigenvalues, λ1 , . . . , λm , are larger than 1, and the remaining eigenvalues each
equal 1. They showed that, like the real case, there exists a phase transition phenomenon for the complex
√
Gaussian case, where the phase transition threshold is 1 + γ:
b1 will asymptotically separate from the remaining sample eigenvalues iff at least one of the non-unit
1. λ
√
b1 is separated from the remaining eigenvalues, λ
b1 exhibits
eigenvalues of Σm is greater than 1+ γ. If λ
√
1/2
2/3
a fluctuation of order n
rather than n . If none of the non-unit eigenvalues is greater than 1 + γ,
b1 will not be separated from the other sample eigenvalues.
then λ
√
b1 , after centering and scaling by n1/2 ,
2. If λ1 > 1 + γ, and has multiplicity k, then the distribution of λ
converges in distribution to the distribution of the largest eigenvalue of a k × k GUE. If k = 1, then
b1 , appropriately centered and scaled by n2/3 , converges in distribution to the Tracy–Widom F2 law.
λ
√
b1 exhibits an n2/3 scaling. If one
3. If a non-unit eigenvalue λj < 1 + γ, the asymptotic distribution of λ
or more non-unit eigenvalues are greater than 2, then the scaling becomes n1/2 .
Further treatments of the phase transition phenomenon can be found in Nadler (2008) and Wang and Fan
(2017).
The study of spiked covariance matrices and the estimation of spiked eigenvalues has become a popular
research topic in recent years. See, for example, Dobriban (2017), Wang and Fan (2017), Wang and Yao
(2017), Bloemendal, Knowles, Yau, and Yin (2015), Birnbaum, Johnstone, Nadler, and Paul (2013), Bai and
Ding (2012), and Capitaine, Donati-Martin, and Féral (2009).
The spiked covariance model has proved to be helpful in understanding the behavior of multivariate
statistical techniques such as principal component analysis (PCA) and related methods when both dimensionality r and sample size n are large. When both r and n are large and of the same order of magitude, the
sample covariance matrix n−1 S fails to be a good estimator of Σ. This complements the work of Charles
Stein, who observed that the sample covariance matrix from a multivariate Gaussian sample turns out to be
a poor estimate of Σ. In the large r, large n case, Donoho, Gavish, and Johnstone (2018), building upon a
large existing statistical literature on shrinkage estimation, sought to improve estimation of Σ in the spiked
covariance model by optimal shrinkage of the entire spectrum of Σ, where optimality was shown to depend
upon the type of loss function used.
When r is very large and r/n → γ > 0, the sample principal components derived from the standard
version of PCA turn out to be inconsistent estimates of the population principal components. Although one
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can argue from this result that PCA cannot be a reliable dimensionality reduction technique (Johnstone and
Lu, 2009, Paul, 2007), it has been applied successfully to many high-dimensional situations. This can be
explained by the fact that the size of the error reflects eigenvalue size: in practical situations, the eigenvalues
may be very large, in which case PCA becomes more precise. In PCA, m is the number of significant
principal components and is usually unknown. To estimate m, Bai, Choi, and Fujikoshi (2018a) develop an
approach based upon the AIC (Akaike, 1973) and BIC (Schwartz, 1978) estimation criteria when both r
and n are large, and they give conditions under which these criteria produce consistent estimates without
assuming an underlying Gaussian distribution.
Other approaches. There has been a lot of interest by statistical physicists and statisticians (and others)
that the spiked covariance model could be used to investigate the presence of low-dimensional structure
in data. Classical approaches to this dimensionality reduction problem include the use of PCA. Early
treatments of the spiked model include Deshpande and Montanari (2014), who studied PCA for the spiked
Wigner and Wishart models when sparsity constraints are added to the dimensionality reduction problem,
and Montanari and Richard (2016), who studied PCA when it is known that the entries of the vector v (see
(35)) are nonnegative (with applications to gene expression data, neural signal processing, and approximate
message passing). Both of these articles showed the existence of a phase transition for the eigenvector
corresponding to the largest eigenvalue of their specific models that occurred at a certain critical value of
the SNR. Miolane (2019) gives a survey of Bayesian approaches to the problem of phase transitions in the
spiked model.
Onatski, Moreira, and Hallin (2013) introduced a spiked model in the form of signal-plus-noise that
enabled them to apply an hypothesis-testing approach to PCA and related methods, such as sparse PCA
and nonnegative PCA. They specified an alternative hypothesis (H1 ) as a “rank-m perturbation of the
null” in which the population covariance matrix is proportional to a sum of the identity matrix (the null
hypothesis H0 ) and a matrix of rank m. In other words, if the data are Xj , j = 1, 2, . . . , n, and if m = 1,
then, conditional on an r-vector v with norm one, the rank-1 spiked covariance model is
(35)

iid

Xj |v ∼ Nr (0, σ 2 (Ir + θvvτ )), j = 1, 2, . . . , n,

where σ and θ are constants (σ = 1 is assumed), and θ is a signal-to-noise ratio (SNR). Sample size n and
dimensionality r are assumed to satisfy the condition that r/n → γ for large r and n. This model is a sparse
spiked covariance model. It is also referred to as the detection problem. The question is how would one test
for the presence of a signal spike in the data. In this formulation, the competing hypotheses are H0 : θ = 0
(the pure noise case) versus H1 : θ > 0 (there is a spike). This leads, in turn, to the study of the likelihood
ratio, which is the ratio of the density with θ 6= 0 to that when θ = 0. The likelihood ratio is represented
as a contour integral, which is approximated using Laplace’s method, and then used to ensure convergence
of the log-likelihood ratio to a Gaussian process. These results were then used to establish the asymptotic
power of various sphericity tests.
Building on Onatski et al.’s rank-1 spiked covariance model, Perry, Wein, Bandeira, and Moitra (2018)
considered a Bayesian approach to the problem of whether PCA can detect low-rank structure in data
when noise is also present. They defined a “spike” as the r-vector v in (35) (whereas Miolane (2019) calls
vvτ the spike and Johnstone and Onatski (2019) calls θ the spike). For a spiked (Gaussian) Wishart, the
columns of the (r × n)-matrix X = (X1 , · · · , Xn ) are assumed to have been randomly sampled from the
distribution (35) with σ 2 = 1. The vector v is assumed to have been drawn from some arbitrary, but known,
prior distribution. The priors considered are the spherical√prior (v is iid uniform on the r-dimensional unit
sphere), the Rademacher prior (v is iid uniform on {±1/ r}), and the sparse Rademacher prior (v is iid,
√
where each entry is 0 with probability 1 − ρ and otherwise uniform on {±1/ ρr}). Given the prior and the
SNR (i.e., the Bayes optimal case), the posterior distribution of the signal spike given the observations was
studied. Contiguity was used (following Onatski et al.) as a means of comparing the joint distributions of
the eigenvalues under the unspiked (H0 ) distribution Pr and the spiked (H1 ) distribution Qr .
5.4 Two Wishart Matrices
5.4.1 Fixed r, Finite n: Exact Distribution.
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iid

Real case. Let Xi ∼ Nr (0, Σ), i = 1, 2, . . . , n, and let X = (X1 , · · · , Xn ) be an (r × n)-matrix. Let
A = X X τ ∼ Wr (n, Σ). Suppose we have another (r × r)-matrix B ∼ Wr (m, Σ) that is independent of A.
Because we are interested in the eigenvalues of A−1 B and because the distribution of those eigenvalues does
not depend upon Σ, without loss of generality, we can take Σ = Ir .
So, suppose we have two independent white Wishart matrices, A ∼ Wr (n, Ir ) and B ∼ Wr (m, Ir ), If
m, n ≥ r, then both A and B are invertable as is also their sum A + B. We are interested in solving (for λ)
the following generalized eigenvalue problem,
|B − λ(A + B)| = 0.

(36)

That is, we are interested in the eigenvalues of (A + B)−1 B. Because A is positive definite, it follows that
0 < λ < 1 in (36). The eigenequation (36) can be reexpressed as
|B − θA| = 0,

(37)

and, in this form, we are interested in the eigenvalues of A−1 B (or of the symmetric version A−1/2 BA−1/2 ).
The eigenvalues λ and θ are related by λ = θ/(1 + θ) or θ = λ/(1 − λ).
The exact joint distribution of the eigenvalues of the generalized eigenequation (36) is given by
Y
Y
(38)
p(λ1 , . . . , λr ) = cm,n,r
[wa,b (λi )]1/2
|λi − λj |,
i

i<j

where
(39)

wa,b (λ) = λa (1 − λ)b , a = n − r − 1, b = m − r − 1,

is a weight function for the Jacobi family of orthogonal polynomials (Abromowitz and Stegun, 1970, Table
22.2), and c is a normalizing constant that depends upon m, n, and r.
The general β-form of (38) is given by
(40)

pβ (λ1 , . . . , λr ) = cm,n,r,β

Y
Y
[wr,m,n,β (λi )]1/2
|λi − λj |β ,
i

i<j

where
(41)

wr,m,n,β (λ) = λa (1 − λ)b , a = β(n − r + 1) − 2, b = β(m − r + 1) − 2,

and cm,n,r,β is a normalizing constant that depends upon m, n, r, and β. As before, β = 1 for the real case,
β = 2 for the complex case, and β = 4 for the quaternion case.
Setting λi = θi /(1 + θi ), the joint distribution of the eigenvalues of the generalized eigenequation (37) is
given by
Y
Y
(42)
p(θ1 , . . . , θr ) = cm,n,r
[wa,b (θi )]1/2
|θi − θj |,
i

i<j

where
(43)

wa,b (θ) = θa (1 + θ)b , a = n − r − 1, b = m + n.

Proofs of these classical results can be found in Anderson (1984, Section 13.2) or Muirhead (1982, Section
3.3).
If we carry out a change of variable in (42) and (43) by setting θ = (1 + x)/2, we obtain the Jacobi
orthogonal ensemble,
Y
Y
(44)
p(x1 , · · · , xr ) = cm,n,r
[wa,b (xi )]1/2
|xi − xj |,
i
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i<j

Table 2
Families of orthogonal polynomials and their weight functions w(x).
Case
Gaussian
Wishart
Two Wisharts

w(x)
2
e−x
xa e−x
a
x (1 − x)b

Interval
(−∞, ∞)
[0, ∞)
(0, 1)

OrthoPoly
Hermite
Laguerre
Jacobi

where
(45)

wa,b (x) = (1 − x)a (1 + x)b , a = n − r − 1, b = m − r − 1,

is the weight function for the Jacobi family of orthogonal polynomials (Abromowitz and Stegun, 1970, Table
22.2).
Complex case. We write X ∼ NrC (0, Σ), for a complex-valued random r-vector having a multivariate
iid

Gaussian distribution with mean 0 and covariance matrix Σ. If Xi ∼ NrC (0, Σ), i = 1, 2, . . . , n, then
(46)

XX∗ =

n
X

Xi X∗i ∼ WrC (n, Σ),

i=1

where X ∗ denotes the complex-conjugate transpose of X = (X1 , · · · , Xn ).
Suppose now that we have two independent complex-Wishart (r × r) random matrices, A ∼ WrC (n, Ir )
and B ∼ WrC (m, Ir ). Then, the exact joint density of the eigenvalues 1 ≥ λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 0 of
(A + B)−1 B is given by (Khatri, 1964; James, 1964)
Y
Y
(47)
p(λ1 , · · · , λr ) = cm,n,r
w(λi )
|λi − λj |2 .
i

i<j

where
(48)

wa,b (λ) = λa (1 − λ)b , a = n − r, b = m − r,

and
(49)

cm,n,r =

r
Y

Γ(m + n + r + i)
.
Γ(i)Γ(i + m)Γ(i + n)
i=1

See also Johnstone (2008).
5.4.2 Application to Multivariate Analysis. The eigenproblem (37) is of interest in multivariate reducedrank regression (Izenman, 2013, Chapter 6), which includes as special cases canonical variate and correlation
analysis, and linear discriminant analysis. See Johnstone (2008) and Kargin (2015). Related work on estimation and hypothesis-testing situations in multivariate analysis of variance (MANOVA) has also appeared
recently.
Multivariate Regression. Suppose Xc is an (r ×n)-matrix and Yc is an (s×n)-matrix, where the subscript
c indicates that both X and Y are centered (by subtracting out row means from each row), and where we
assume s ≤ r. Set SXX = Xc Xcτ , SY Y = Yc Ycτ , and SXY = Xc Ycτ = SτY X . Then set B = SY X S−1
XX SXY
to be the variation due to the multivariate regression and A = SY Y − SY X S−1
S
to
be
the
residual
XY
XX
variation, so that A + B = SY Y . We have that B ∼ Ws (r, ΣY Y ) and A ∼ Ws (n − r − 1, ΣY Y ). The
eigenequation (36), thus, boils down to the following:
(50)

|SY X S−1
XX SXY − λSY Y | = 0,
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−1/2

−1/2

−1
−1
so that we are interested in the eigenvalues of S−1
Y Y SY X SXX SXY (or of SY Y SY X SXX SXY SY Y , its symmetric version,). The joint distribution of the eigenvalues of the generalized eigenequation (36) is given
by

(51)

p(λ1 , . . . , λs ) = cn,r,s

s
Y

[wa,b (λi )]1/2

i=1

s
Y

|λi − λj |,

i<j

where
(52)

wa,b (λ) = λa (1 − λ)b ,

(53)

a = r − s − 1, b = n − r − s − 2,

and c is a normalizing constant that depends upon n, r, and s (Anderson, 1984, Section 13.4).
Multivariate Analysis of Variance. In Section 5.2.4, we saw the Marc̆enko-Pastur result for a single
Wishart matrix that the sample eigenvalues tend to be more spread out than their corresponding population
eigenvalues in high-dimensional situations, which indicates that the largest sample eigenvalues are biased
upwards. This phenomenon has also been observed in a highly structured genetics application by Fan and
Johnstone (2019), who studied MANOVA estimators of certain variance component covariance matrices in
multivariate random (and mixed) effects models. They show that, in an asymptotic sense, the spectra of
these estimators are closely approximated by a certain generalization of the Marc̆enko-Pastur result, from
which the bias effect can be removed from the sample eigenvalues.
Bai, Choi, and Fujikoshi (2018b) also studied the one-way MANOVA model. The r-dimensional observations form q independent samples or groups, the ith group having ni observations and the underlying
distribution for the ith group is Gaussian with mean vector µi and common covariance matrix Σ. Let
Sb denote the between-groups covariance matrix and Se denote the within-groups covariance matrix. The
total-variation covariance matrix is St = Sb + Se . Under the null hypothesis of equal group means (i.e.,
µ1 = · · · = µq+1 ), Sb and Se are independent Wishart matrices. Bai et al. derived the asymptotic joint
distributions of the (normalized) eigenvalues of Sb S−1
under null and nonnull formulations, when both
e
r, n → ∞ and r/n → γ ∈ (0, 1), without assuming an underlying Gaussian distribution. They then applied
those results to obtain the high-dimensional asymptotic distributions of some classical MANOVA test criteria
−1
that are defined in terms of functions of the eigenvalues of either Sb S−1
e or Sb St . They showed that each
of the suitably normalized versions of those test statistics converges in distribution to N (0, 2q/(1 − γ)). See
also Han, Pan, and Zhang (2016), who determined Tracy–Widom-type universality for the largest eigenvalue
(suitably centered and scaled) in a MANOVA setting.
6. EDGES OF THE SPECTRUM
Perhaps the most exciting results to have been derived from RMT are the Tracy–Widom laws for the
distribution of the appropriately-normalized largest eigenvalue of a random matrix.
6.1 Largest Eigenvalue: Gaussian Ensembles
Complex case. In the GUE case, the distributional results turn out to be quite simple. Suppose that an (n×n)
iid

complex Gaussian Wigner matrix X is Hermitian (i.e., X = X∗ ) with diagonal elements Xjj ∼ N (0, 2), and
the real and imaginary parts of the off-diagonal entries Xij , i < j, each iid N (0, 21 ). Tracy–Widom (1994)
showed that the largest eigenvalue of X has the limiting distribution,

o
n√
√ 
b1 − 2n ≤ t = F2 (t),
2n1/6 λ
(54)
lim P
n→∞

where F2 is the Tracy–Widom law of order 2 with distribution function,
 Z ∞

2
(55)
F2 (t) = exp −
(x − t)[q(x)] dx ,
t
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Table 3
Percentage points of the Tracy–Widom distributions for β = 1, 2, 4. Tabulated is the value of x such that
Fβ (x) = P {Wβ < x} = p. (Adapted from Table 1 of Bejan, 2005.)
β
1
2
4

0.005
–4.1505
–3.9139
–4.0531

0.025
–3.5166
–3.4428
–3.6608

0.05
–3.1808
–3.1945
–3.4556

0.95
0.9703
–0.2325
–1.0904

0.975
1.4538
0.0915
–0.8405

0.99
2.0234
0.4776
–0.5447

0.995
2.4224
0.7462
–0.3400

0.999
3.2724
1.3141
0.0906

and q uniquely solves the Painlevé II ordinary differential equation,
(56)

q 00 (x) = xq(x) + 2[q(x)]3 , q(x) ∼ Ai(x) as x → ∞

for all x. The Airy function Ai(x) satisfies
Ai00 (x) = x · Ai(x),

(57)

where Ai00 (x) = d2 Ai(x)/dx2 , with the boundary condition,
2

3/2

e− 3 x
Ai(x) ∼ √ 1/4 as x → ∞.
2 πx

(58)

q(x)
In (56), q(x) ∼ Ai(x) as x → ∞ means that limx→∞ Ai(x)
= 1 (Tracy and Widom, 1996). See also Johnstone
and Ma (2012, Theorem 1). Table 3 gives the percentage points of the Tracy–Widom distributions for
β = 1, 2, 4.

Let K(x, y) denote the Airy kernel, which is defined as
(59)

K(x, y) =

Ai(x)Ai0 (y) − Ai0 (x)Ai(y)
,
x−y

Ai0 (x) =

dAi(x)
.
dx

Then, Tracy and Widom (1994) showed that the F2 distribution can be expressed as a determinant:
F2 (t) = det(Ir − Kt ),

(60)

where Kt denotes the operator acting on L2 (t, ∞) with kernel K(x, y). See also Johnstone (2001).
Real case. For the GOE case, an ((n + 1) × (n + 1)) real Gaussian Wigner matrix X is symmetric (i.e.,
Xτ = X), where, following Johnstone and Ma, n + 1 is taken to be even, and its elements are distributed as
Xij ∼ N (0, 1 + δij ), i ≤ j, where δij = 1 if i = j, and 0 otherwise. Using results from the GUE case, Tracy
and Widom (1996) established the asymptotic distribution of the largest eigenvalue for the GOE case. They
showed that for the GOE case that
n√


o
√
b1 − 2n + 1 ≤ t = F1 (t),
(61)
lim P
2n1/6 λ
n→∞

where
(62)

 Z
[F1 (t)]2 = F2 (t) · exp −

∞


q(x)dx ,

t

F2 (t) is given by (55), and q(x) satisfies the Painlevé II differential equation that appears in (56). Johnstone
and Ma (2012, Theorem 2) then determined centering and scaling constants that achieve O(n−2/3 ) rates of
convergence to the Tracy–Widom limiting distributions of the largest eigenvalues for both GOE and GUE
cases.
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6.2 Largest Eigenvalue: Wishart–Laguerre Ensembles
Fill an (r × n)-matrix X with iid N (0, 1) deviates. Then, S = X X τ has the white Wishart distribution
Wr (n, Ir ) and represents the null case (i.e., Σ = Ir ). The eigenvalues of S are real and nonnegative. Denote
b1 .
the largest eigenvalue of S by λ
b1 in the null case was found
6.2.1 Fixed r, Finite n: Exact Distribution. The exact distribution of λ
by Constantine (1963) and is expressed as an infinite expansion in zonal polynomials (i.e., hypergeometric
functions of two matrix arguments). See Muirhead (1982, Chapter 7) for a detailed exposition of zonal
polynomials. Unfortunately, such a series representation, which converges very slowly, is impractical for
numerical computation and statistical usage.
6.2.2 Large r, Large n: The Tracy–Widom Laws. The development of RMT has provided us with the
following useful results concerning the limiting distribution of the largest eigenvalue when the dimensions n
and r of the matrix X are both very large.
Real case. Let
√
√
(63)
µnr = ( n − 1 + r)2 ,
and
(64)

σnr

√
√
= ( n − 1 + r)


√

1
1
+√
r
n−1

1/3

be centering and scaling factors, respectively. Suppose both r and n are large and that r/n → γ ∈ (0, ∞).
Johnstone (2001, 2007) showed that under the null model,
(65)

b1 − µnr D
λ
⇒ W1 ∼ F1 ,
σnr

where F1 is the Tracy–Widom law of order 1 and has distribution function,


Z
1 ∞
2
F1 (t) = exp −
[q(x) + (x − t)(q(x)) ]dx
2 t


Z
1 ∞
1/2
= [F2 (t)] exp −
(66)
q(x)dx .
2 t
From (65), some authors write T W1 (n, r) for the Tracy–Widom F1 distribution of µnr + σnr W1 , which can
b1 . Johnstone showed that the asymptotic distribution result
be used to approximate the distribution of λ
(65) is still useful for n and r as small as 10.
Remark 4. El Karoui (2003) extended the assumption r/n → γ ∈ (0, ∞) to include γ = 0 and γ = ∞.
The extension to γ = ∞ is important in that it allows applications where r  n.
Remark 5. It turns out that the Gaussian assumption is not necessary. Soshnikov (2002) showed
that if the Gaussian assumption on the elements of X is replaced by an assumption that n − r = O(r1/3 ) as
r → ∞, and an assumption that the elements of the matrix X are symmetrically distributed with finite even
moments and sufficiently light tails (i.e., a subGaussian distribution), then the Tracy–Widom Law (65) still
holds. Under those conditions, the asymptotic distribution of the largest eigenvalue (suitably centered and
scaled) is


 γ 1/6 n2/3
b1 − (1 + √γ)2
≤
x
→ F1 (x), x ∈ R,
(67)
P
λ
√
(1 + γ)4/3
as r → ∞. See also Baik, Ben Arous, and Péché (2005), Péché (2008), and Tao and Vu (2011a, 2011b).
Tracy and Widom (2000) and Johnstone (2001) show that F1 has the following properties:
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1. The F1 distribution does not depend upon any parameters and, therefore, its role can be viewed in the
same light as the role of the standard Gaussian distribution in the central limit theorem.
2. The F1 density function is not symmetric, but is unimodal with mean approximately −1.21, standard
deviation approximately 1.27, and different decay rates depending upon whether x → −∞ or x → +∞.
3. The standard deviation, σnr , increases with n as n1/2 .
4. Approximately 83% of the distribution lies below µnr .
5. Approximately 95% of the distribution lies below µnr + σnr .
6. Approximately 99% of the distribution lies below µnr + 2σnr .
The limiting distribution F1 was discovered by Tracy and Widom to be one of a family of distributions, Fβ ,
where β = 1 (real case), 2 (complex case), and 4 (real-quaternion case),
Complex case. The asymptotic distribution of the largest eigenvalue of an (r ×r) complex Wishart matrix
was actually found (Johansson, 2000) before the real-case result given by Johnstone (2001). Johansson
showed that, for an (r × r) Hermitian (e.g., complex Wishart) matrix, as the size, r, of the matrix increases
to ∞,
b1 − µnr D
λ
⇒ W2 ∼ F2 ,
σnr

(68)

where F2 is the Tracy-Widom law of order 2 given by (55),
√
√
(69)
µnr = ( n + r)2 ,
and
√
√
σnr = ( n + r)

(70)



1
1
√ +√
n
r

1/3
.

In other words,
(
(71)

P

b1 − µnr
λ
≤x
σnr

)
→ F2 (x), as r → ∞, x ∈ R.

The real case with limiting distribution F1 was found by Johnstone (2001) by using an independent approach
with a different construction than was used in the complex case.
Remark 6. Ramı́rez, Rider, and Virág (2008) extended the Tracy–Widom Laws to all β > 0.
6.4 Largest Eigenvalue: Two Wishart Matrices
The problem of approximating the distribution of either the largest eigenvalue λ of (A + B)−1 B or the
largest eigenvalue θ of A−1 B when A and B are both (r × r)-matrices and m, n, and r are large has been
studied in detail by Johnstone (2008). Johnstone shows that with appropriate centering and scaling of the
logit transform of λ, the Tracy-Widom laws F1 and F2 continue to hold, F1 for the real case and F2 for the
complex case, as in the single-Wishart case above.
6.3.1 Large r, Large m and n: The Tracy–Widom Laws.
Real case. Suppose A ∼ Wr (m, Ir ) and B ∼ Wr (n, Ir ) are independent white Wishart matrices. Assume
that n ≥ r. Then, A is positive definite. If λ1r is the largest eigenvalue of (A + B)−1 B, then, 0 < λ1r < 1.
The following results have been proved for r even only, but empirical results indicate that they may also
hold for general r.
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Following Johnstone (2008), let

(72)

µr = 2 log tan

φ+γ
2



and
(73)

σr3 =

16
1
(m + n − 1)2 sin2 (φ + γ) sin φ sin γ

be centering and scaling factors, respectively, for

(74)

Wr = logit(λ1r ) = log

λ1r
1 − λ1r


,

where the angle parameters, γ and φ, are defined by
(75)
(76)

γ 
=
sin2
2
 
φ
=
sin2
2

min(r, m) − 1/2
m+n−1
max(r, m) − 1/2
,
m+n−1

respectively. If m = mr , n = nr → ∞ as r → ∞ in such a way that limr→∞ min(r, m)/(m + n) > 0 and
r/n → ξ < 1, then,
Wr − µr D
⇒ Z1 ∼ F1 ,
σr

(77)

where F1 is the Tracy-Widom law of order 1 given by (64).
A more precise convergence result can be made: As mr , nr → ∞ as r → ∞ through the even integers,
then there exists a constant C > 0 depending upon (φ, γ) such that for large x,


Wr − µr
P
(78)
≤ x − F1 (x) ≤ Cr−2/3 e−x/2 .
σr
Complex case. Suppose that we have two independent complex-Wishart random matrices, A ∼ WrC (m, Ir )
and B ∼ WrC (n, Ir ). We are interested in the distribution of the largest eigenvalue of (A + B)−1 B.
Let
(79)

W C = logit(λC
r ) = log



λC
r
1 − λC
r


.

C
Assume that mr , nr → ∞ as r → ∞ in the same way as for the real case. Defining µC
r and σr as appropriate
centering and scaling constants, Johnstone (2008) showed that

WrC − µC
D
r
⇒ Z2 ∼ F2 ,
σrC

(80)

where F2 is the Tracy-Widom distribution of order 2 given by (55). Let
(81)

N = min(m, r), α = n − r, β = |m − r|.

The centering and scaling constants in (80) are given by
(82)

µC
r

=

(83)

1
σrC

=

−1
−1
τN
uN + τN
−1 uN −1
−1
−1
τN
+ τN
−1

1 −1
−1
(τ + τN
−1 ),
4 N
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where


(84)

uN

=

(85)

3
τN

=

(86)
(87)


φN + γN
2
1
16
,
2
2
(2N + α + β + 1) sin (φN + γN ) sin φN sin γN

2 log tan

γ 
N
=
sin2
2


φN
sin2
=
2

N + 1/2
,
2N + α + β + 1
N + β + 1/2
.
2N + α + β + 1

Moreover, for large enough x, there exists a constant C depending upon (φ, γ) such that
 C

Wr − µC
r
(88)
P
≤
x
− F2 (x) ≤ Cr−2/3 e−x/2 .
σrC
Remark 7. The Tracy-Widom laws have been found to be of such great importance in RMT that they
have been said to play a similar role as that of the Gaussian distribution in classical statistical theory (see,
e.g., Diaconis, 2003).
6.5 Some Applications of Random Matrix Theory
Each of the following examples in this Section have been modeled by RMT.
Example 1. The length of the longest increasing subsequence of a random permutation of n objects as
n → ∞. Consider a permutation π of the first n integers {1, 2, . . . , n}. We can write π as {π1 , π2 , . . . , πn }.
Then, π has an increasing subsequence `n (π) of length k if there exist indices 1 ≤ ii < i2 < · · · < ik ≤ n
such that πi1 < πi2 < · · · < πik . (By switching the directions of the inequality signs, a similar definition can
be given for a decreasing subsequence of length k.)
Assume the n! permutations each of length n are equally likely. For each such permutation, find the length
Ln = `n (π) of the longest increasing subsequence. For example, let n = 8 and consider the permutation
π = {2, 5, 1, 3, 4, 8, 6, 7}; the length of the longest increasing subsequence is L8 = 5, given by {2, 3, 4, 6, 7}
and {1, 3, 4, 6, 7}. Thus, Ln is a random variable, but the actual subsequence may not be unique. The main
questions are: what is the distribution of Ln , and what is its mean, E{Ln }, and its variance, var{Ln }, for
large n?
It has been shown that limn→∞ √1n E{Ln } exists (Ulam, 1961; Hammersley, 1972) and has the value 2
√
(Vershik and Kerov, 1977). Thus, for large n, E(Ln ) ∼ 2 n. Recent work has also showed that
√
E{Ln } − 2 n
(89)
lim
= −1.711
n→∞
n1/6
and
(90)

lim

N →∞

var{Ln }
= 0.902,
n1/3

where the limiting constants on the rhs of (89) and (90) were obtained by Baik, Deift, and Johansson (1999).
Furthermore, the large-n distribution of Ln has been shown (Baik, Deift, and Johansson, 1999) to be


√
Ln − 2 n
(91)
P
≤
x
→ F2 (x), as n → ∞, x ∈ <,
n1/6
where F2 is the Tracy–Widom law. Thus, for large n, the distribution of the length of the longest increasing subsequence of a permutation π of {1, 2, . . . , n}, appropriately centered and scaled, is identical to the
distribution of the largest eigenvalue of a random GUE matrix.
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The longest increasing subsequence problem is related to the asymptotics of certain non-intersecting
paths that describe a random tiling (by closed rectangles called dominoes) of the Aztec diamond of size n.
An Aztec diamond is the union of lattice squares [m, m + 1] × [`, ` + 1], m, ` ∈ Z, that lie inside the region
{(x, y) : |x| + |y| ≤ n + 1}; It is called an Aztec diamond because its boundary looks like a Mexican pyramid;
for details, see, e.g., Johansson (2002).
Example 2. Patience-Sorting card game. Patience sorting is an algorithm that derives from a variation
of a one-person card game in Britain (called solitaire in the United States). It was named by Colin Mallows
in 1962 (see Mallows, 1973), who attributed its invention to A.S.C. Ross. The resulting algorithm was
developed by John Hammersley (in 1962 but not published until Hammersley, 1972), who recognized that it
could be used to compute the length of the longest increasing subsequence (see Example 1 above). It also
motivated the development of subadditive ergodic theory. See also Burstein and Lankham (2005).
As explained by Aldous and Diaconis (1999), the game starts out with a “deck” of cards labelled
1, 2, 3, . . . , n, and then the deck is shuffled and a card is drawn from the top of the deck and placed into a
“pile” according to the following rule. A newly turned-up card can be placed on a card at the top of an
existing pile only if its value is lower than that of the top card; otherwise, the new card starts another pile
to the right of all existing piles. For example, a 3 can be placed on top of a 5, but a 6 starts a new pile. The
game continues until all cards are dealt and placed into piles. The objective is to complete the game with
as few piles as possible.
Consider the ordered eight cards from Example 1: 2, 5, 1, 3, 4, 8, 6, 7. Start the first pile with the 2;
the 5 is bigger than the 2, so the 5 starts a new pile; the 1 goes on top of the 2, and the 3 goes on top of the
5; the 4 starts a new pile; the 8 starts a new pile; the 6 goes on top of the 8; and the 7 starts a new pile.
The piles are as follows:
1 3
6
2 5 4 8 7
This “greedy” strategy, which places each card on top of the most-leftwise pile possible, is the optimal
strategy. In this example, we obtained five piles, which is the same result we obtained above for the longest
increasing subsequence of the given permutation. In general, the number of piles using the optimal greedy
strategy will always equal the length of the longest increasing subsequence.
Note that the top cards in the resulting piles (shown above in boldface) will not necessarily be in permutation order and, hence, will not be an increasing subsequence. For example, consider the sequence 8, 6, 1,
3, 4, 7, 5, 2. The piles are:
1
6 2
5
8 3 4 7
Clearly, the boldface numbers 1, 2, 4, 5 do not form an increasing subsequence of the original sequence.
However, the number of piles (4) is equal to the length (4) of the subsequences 1, 3, 4, 5 or 1, 3, 4, 7.
This correspondence between patience sorting and the length of the longest increasing subsequence yields
a very efficient algorithm for computing Ln = `n (π).
Example 3. The spacings of consecutive zeroes of the Riemann zeta function. Riemann’s zeta function
is defined by adding up inverse powers of the positive integers:
(92)

ζ(s) =

∞
X

n−s = 1 +

n=1

1
1
1
+ s + s + ···
2s
3
4

If we set s = 2, for example, we have that ζ(2) = π 2 /6, a result discovered by Leonhard Euler. Euler showed
that the zeta function could also be reexpressed as a product over the prime numbers:
Y
1
(93)
ζ(s) =
(1 − p−s )−1 =
1
1
(1
−
)(1
−
)(1
− 51s )(1 − 71s ) · · ·
s
s
2
3
p
This is known as the Euler product formula. Thus, the zeta function has properties that are intimately
connected to the distribution of prime numbers. However, more is true. Riemann showed that the zeta
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function could be written as a product over its zeroes in the complex plane:




s
s
s
(94)
ζ(s) = f (s) 1 −
1−
1−
··· ,
ρ1
ρ2
ρ3
where ρ1 , ρ2 , . . . are the complex numbers for which ζ(s) = 0, and f (s) is a simple “fudge factor.”
The zeta function has “trivial” zeroes at the negative even integers (i.e., at s = −2, −4, −6, . . .). Riemann
showed that all the nontrivial zeroes can be found in an infinite “critical” strip lying above and below the
unit interval 0 < Re(s) < 1 in the complex plane. Moreover, the zeroes are symmetrically located: each zero
lying above the unit interval has a mirror-image zero lying below the unit interval. The Riemann Hypothesis
says that all the zeroes of the zeta function lie on the vertical line through Re(s) = 21 , in which case a
zeta zero can be written as ρn = 12 ± iγn , for an ordered sequence of real, positive constants {γn }, where
γn ∼ 2πn/(log n) as n → ∞. George Pólya conjectured around 1913 that the {γn } are the eigenvalues
of a certain type of self-adjoint operator and, hence, are real. David Hilbert entered into the discussion
and introduced the term “spectrum” for the set of eigenvalues of a Hermitian operator analogous to that
of optical spectra found in atoms. In 1972, an important meeting between Hugh Montgomery and Freeman
Dyson revealed a surprising connection between spacings of the zeroes of the Riemann zeta function and
RMT in the form of GUE eigenvalues (Montgomery, 1973).
Over the next few decades, attempts were made to check the Riemann Hypothesis using numerical methods. Andrew Odlyzko developed extremely efficient algorithms for computing zillions of zeroes in the critical
strip, and showed that they all satisfy the Riemann Hypothesis. Odlyzko’s data showed that the spacings
between consecutive zeroes of the zeta function behave, statistically, like the spacings between consecutive
eigenvalues of large, random matrices from the GUE, which added much credibility to Montgomery’s proof
(Odlyzko, 1987). In other words, the zeroes of the zeta function can be viewed as having a “spectral”
interpretation, which agrees with the belief (by physicists) that the zeroes of the zeta function can be interpreted as energy levels in some quantum chaos system. In fact, Hilbert and Pólya had conjectured that
the Riemann Hypothesis is true precisely because the zeroes of the zeta function correspond to eigenvalues
of a positive linear (Hermitian) operator. For special cases of the zeta function that have been proved, the
statistical properties of the eigenvalue spacings and the spacings of the zeroes of the zeta function turn out
to be identical.
7. DISCUSSION
This paper reviewed the main ideas and applications of RMT, of which there has been an enormous
amount of interest and research in recent years. We now provide some information on software implementations for computing the various types of laws and simulating from the appropriate distributions. We also
provide a brief list of recent books and monographs that focus on RMT. We note that there is also a journal
Random Matrices: Theory and Applications devoted to this topic at the website
worldscientific.com/worldscinet/rmta.
Several computational packages include routines for computing Marc̆enko–Pastur “semicircle”-type laws,
Wishart-matrix simulations, eigenvalues of a white Wishart matrix, and Tracy–Widom distributions. Iain
Johnstone’s R package RMTstat (Johnstone, Ma, Perry, and Shahram, 2014) is available at
CRAN.R-project.org/package=RMTstat. There is also N. Raj Rao’s RMTool (Rao and Edelman, 2007), a
publicly available Matlab symbolic toolbox, which is used to compute the limiting spectral density of a large
class of random matrices and can be downloaded from the website www.mit.edu/~raj/rmtool. Computation
in Matlab of the Tracy-Widom distributions is slow and cubic spline approximations are preferred (Bejan,
2005).
The classic book in this area is Mehta (2004), now in its third edition. Although it deals at great
length with Gaussian ensembles, it does not mention Laguerre ensembles and Wishart matrices and their
important roles in mathematical statistics. The book by Porter (1965) is a collection of all the important
papers published on RMT prior to 1965. More recent books and monographs include Guionnet (2008), Bai
and Silverstein (2010), Anderson, Guionnet, and Zeitouni (2009), Tao (2012), and Erdős and Yau (2017).
Edited volumes on RMT include Mezzadri and Snaith (2010) and Akemann, Baik, and Di Francesco (2011).
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The entire issue of The Annals of Statistics for December 2008 was taken up with the topic of RMT and its
use in high-dimensional inference.
An excellent historical account of RMT can be found in Forrester, Snaith, and Verbaarschot (2003),
which is acually a Preface to an special issue of the Journal of Physics on RMT. For a more technical review
of RMT, see Bai (1999). Other excellent reviews of this field include Edelman and Rao (2005) and Paul and
Aue (2014).
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