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An Introduction to Proximal Causal Inference
Eric J. Tchetgen Tchetgen, Andrew Ying, Yifan Cui, Xu Shi, and Wang Miao

Abstract. A standard assumption for causal inference from observational
data is that one has measured a sufficiently rich set of covariates to ensure
that within covariate strata, subjects are exchangeable across observed treat-
ment values. Skepticism about the exchangeability assumption in observa-
tional studies is often warranted because it hinges on investigators’ ability to
accurately measure covariates capturing all potential sources of confound-
ing. Realistically, confounding mechanisms can rarely if ever, be learned
with certainty from measured covariates. One can therefore only ever hope
that covariate measurements are at best proxies of true underlying confound-
ing mechanisms operating in an observational study, thus invalidating causal
claims made on basis of standard exchangeability conditions. Causal infer-
ence from proxies is a challenging inverse problem which has to date re-
mained unresolved. In this paper, we introduce a formal potential outcome
framework for proximal causal inference, which while explicitly acknowl-
edging covariate measurements as imperfect proxies of confounding mecha-
nisms, offers an opportunity to learn about causal effects in settings where ex-
changeability on the basis of measured covariates fails. The proposed frame-
work is closely related to the emerging literature on the use of proxies or
negative control variables for nonparametric identification of causal effects
in presence of hidden confounding bias (Biometrika 105 (2018) 987–993).
However, while prior literature largely focused on point treatment settings,
here we consider the more challenging setting of a complex longitudinal
study with time-varying treatments and both measured and unmeasured time-
varying confounding. Upon reviewing existing results for proximal identifi-
cation in the point treatment setting, we provide new identification results for
the time-varying setting, leading to the proximal g-formula and correspond-
ing proximal g-computation algorithm for estimation. These may be viewed
as generalizations of Robins’ foundational g-formula and g-computation al-
gorithm, which account explicitly for bias due to unmeasured confounding.
Applications of proximal g-computation of causal effects are given for illus-
tration in both point treatment and time-varying treatment settings.

Key words and phrases: Causality, counterfactual outcomes, proxies, con-
founding, negative control.
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A General Construction of Multivariate
Dependence Structures with Nonmonotone
Mappings and Its Applications
Jean-François Quessy

Abstract. A famous theorem by Sklar (1959) provides an elegant and use-
ful way to look at multivariate dependence structures. This paper explores
the construction of copulas from nonmonotone transformations applied to
the components of random vectors whose marginals are uniform on (0,1).
This approach allows the creation of new families of multivariate copulas
that generalize the chi-square, Fisher, squared and V-copulas, to name a few.
The properties of the resulting dependence structures are studied, including
tail dependence and tail asymmetry. The usefulness of the models created
is illustrated for standard multivariate dependence modeling, nonmonotone
copula regression and spatial dependence.

Key words and phrases: Semiparametric inference, tail asymmetry, tail de-
pendence, V- and squared copulas, uniform-to-uniform transformations.
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Studentization Versus Variance Stabilization:
A Simple Way Out of an Old Dilemma
Dimitris N. Politis

Abstract. Assume θ̂n is a statistic used to estimate a parameter θ on the
basis of data X1, . . . ,Xn. Further assume that θ̂n is consistent and asymptoti-
cally normal, with asymptotic variance given by σ 2(θ). Even if the functional
form of σ 2(·) is known, its dependence on the unknown parameter θ creates
a dilemma as regards the construction of a confidence interval for θ . Should
the interval be based on the normal quantiles with estimated variance, that is,
studentization, or shall we transform the statistic θ̂n to Yn = g(θ̂n) such that
the asymptotic variance of Yn does not depend on θ , that is, variance stabi-
lization? We show how this dilemma can be bypassed by a straightforward
construction that applies rather generally, and just hinges on solving simple
algebraic equations. We illustrate the new approach on a host of numeri-
cal examples, including two examples in nonparametric function estimation.
In the latter, a different sort of dilemma arises: employing undersmoothing
versus an explicit bias correction. This paper is dedicated to the memory of
Dr. Dimitrios Gatzouras (1962–2020).

Key words and phrases: Bias correction, confidence intervals, Edgeworth
expansion, finite-sample coverage, probability density estimation, under-
smoothing.
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Nonparametric Quantile Regression for Time
Series with Replicated Observations and Its
Application to Climate Data
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Abstract. This paper proposes a model-free nonparametric estimator of
conditional quantile of a time-series regression model where the covariate
vector is repeated many times for different values of the response. This
type of data abounds in climate studies. Although the use of quantile re-
gression is standard in such studies, the opportunity to improve the results
using the replicated nature of data is increasingly realized. The proposed
method exploits this feature of the data and improves on the restrictive lin-
ear model structure of conventional quantile regression. Relevant asymptotic
theories for the nonparametric estimators of the mean and variance func-
tion of the model are derived under a very general framework. We conduct a
detailed simulation study that demonstrates the gain in efficiency of the pro-
posed method over other benchmark models, especially when the actual data-
generating process entails a nonlinear mean function and heteroskedastic pat-
tern with time-dependent covariates. The predictive accuracy of the nonpara-
metric method is remarkably high compared to other approaches when atten-
tion is on the higher quantiles of the variable of interest. The usefulness of
the proposed method is then illustrated with two climatological applications,
one with a well-known tropical cyclone wind-speed data and the other with
an air pollution data.

Key words and phrases: Air pollution data, cyclone data, Nadaraya–Watson
estimators, asymptotic theory.
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Abstract. In multiple domains such as malware detection, automated driv-
ing systems, or fraud detection, classification algorithms are susceptible to
being attacked by malicious agents willing to perturb the value of instance
covariates to pursue certain goals. Such problems pertain to the field of adver-
sarial machine learning and have been mainly dealt with, perhaps implicitly,
through game-theoretic ideas with strong underlying common knowledge as-
sumptions. These are not realistic in numerous application domains in rela-
tion to security and business competition. We present an alternative Bayesian
decision theoretic framework that accounts for the uncertainty about the at-
tacker’s behavior using adversarial risk analysis concepts. In doing so, we
also present core ideas in adversarial machine learning to a statistical audi-
ence. A key ingredient in our framework is the ability to sample from the dis-
tribution of originating instances given the, possibly attacked, observed ones.
We propose an initial procedure based on approximate Bayesian computa-
tion usable during operations; within it, we simulate the attacker’s problem
taking into account our uncertainty about his elements. Large-scale problems
require an alternative scalable approach implementable during the training
stage. Globally, we are able to robustify statistical classification algorithms
against malicious attacks.

Key words and phrases: Classification, Bayesian methods, adversarial ma-
chine learning, adversarial risk analysis, deep models.

REFERENCES

BANKS, D. L., RIOS, J. and RÍOS INSUA, D. (2016). Adversarial Risk
Analysis. CRC Press, Boca Raton, FL. MR3409217

BARRENO, M., NELSON, B., SEARS, R., JOSEPH, A. D. and TY-
GAR, J. D. (2006). Can machine learning be secure? In Proceed-
ings of the 2006 ACM Symposium on Information, Computer and
Communications Security 16–25. ACM, New York.

BIGGIO, B. and ROLI, F. (2018). Wild patterns: Ten years after the rise
of adversarial machine learning. Pattern Recognit. 84 317–331.

BISHOP, C. M. (2006). Pattern Recognition and Machine Learn-
ing. Information Science and Statistics. Springer, New York.
MR2247587 https://doi.org/10.1007/978-0-387-45528-0

BORTOT, P., COLES, S. G. and SISSON, S. A. (2007). Inference
for stereological extremes. J. Amer. Statist. Assoc. 102 84–92.
MR2345549 https://doi.org/10.1198/016214506000000988

BOTTOU, L. (2010). Large-scale machine learning with stochastic
gradient descent. In Proceedings of COMPSTAT’2010 177–186.
Physica-Verlag, Heidelberg. MR3362066

BREIMAN, L. (2001). Random forests. Mach. Learn. 45 5–32.
MR3874153

CABALLERO, W. N., RIOS INSUA, D. and NAVEIRO, R. (2023).
Some statistical challenges in automated driving systems. Appl.
Stoch. Models Bus. Ind. 39 629–652. MR4662205

CARLINI, N. and WAGNER, D. (2017). Towards evaluating the robust-
ness of neural networks. In 2017 IEEE Symposium on Security and
Privacy (SP) 39–57. IEEE Press, New York.

CASELLA, G., ROBERT, C. P. and WELLS, M. T. (2004). Gen-
eralized accept–reject sampling schemes. In A Festschrift for
Herman Rubin. Institute of Mathematical Statistics Lecture
Notes—Monograph Series 45 342–347. IMS, Beachwood, OH.
MR2126910 https://doi.org/10.1214/lnms/1196285403

CHAI, X., DENG, L., YANG, Q. and LING, C. X. (2004). Test-cost
sensitive naive Bayes classification. In Fourth IEEE International
Conference on Data Mining (ICDM’04) 51–58. IEEE Press, New
York.

CHUNG, K. L. (2001). A Course in Probability Theory, 3rd ed. Aca-
demic Press, San Diego, CA. MR1796326

COMITER, M. (2019). Attacking artificial intelligence. Belfer Center
paper.

EUROPEAN COMMISSION (2022). Laying down harmonised rules on
artificial intelligence (artificial intelligence act) and amending cer-
tain Union Legislative acts. European Commission.

CSILLÉRY, K., BLUM, M. G. B., GAGGIOTTI, O. E. and
FRANÇOIS, O. (2010). Approximate Bayesian Compu-
tation (ABC) in practice. Trends Ecol. Evol. 25 410–418.
https://doi.org/10.1016/j.tree.2010.04.001

Víctor Gallego is PhD, Komorebi AI Technologies, Madrid, Spain. Roi Naveiro is Assistant Professor, CUNEF Universidad,
Madrid, Spain (e-mail: roi.naveiro@cunef.edu). Alberto Redondo is PhD, Institute of Mathematical Sciences (ICMAT-CSIC),
Madrid, Spain. David Ríos Insua is Research Professor, Institute of Mathematical Sciences (ICMAT-CSIC), Madrid, Spain. Fabrizio
Ruggeri is Senior Fellow, CNR-IMATI, Milano, Italy.

https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/24-STS922
https://www.imstat.org
https://mathscinet.ams.org/mathscinet-getitem?mr=3409217
https://mathscinet.ams.org/mathscinet-getitem?mr=2247587
https://doi.org/10.1007/978-0-387-45528-0
https://mathscinet.ams.org/mathscinet-getitem?mr=2345549
https://doi.org/10.1198/016214506000000988
https://mathscinet.ams.org/mathscinet-getitem?mr=3362066
https://mathscinet.ams.org/mathscinet-getitem?mr=3874153
https://mathscinet.ams.org/mathscinet-getitem?mr=4662205
https://mathscinet.ams.org/mathscinet-getitem?mr=2126910
https://doi.org/10.1214/lnms/1196285403
https://mathscinet.ams.org/mathscinet-getitem?mr=1796326
https://doi.org/10.1016/j.tree.2010.04.001
mailto:roi.naveiro@cunef.edu


DALVI, N., DOMINGOS, P., MAUSAM, S. S. and VERMA, D.
(2004). Adversarial classification. In Proceedings of the Tenth ACM
SIGKDD International Conference on Knowledge Discovery and
Data Mining. KDD ’04 99–108.

EKIN, T., NAVEIRO, R., RÍOS INSUA, D. and TORRES-BARRÁN, A.
(2023). Augmented probability simulation methods for sequen-
tial games. European J. Oper. Res. 306 418–430. MR4522449
https://doi.org/10.1016/j.ejor.2022.06.042

FEARNHEAD, P. and PRANGLE, D. (2012). Constructing summary
statistics for approximate Bayesian computation: Semi-automatic
approximate Bayesian computation. J. R. Stat. Soc. Ser. B.
Stat. Methodol. 74 419–474. MR2925370 https://doi.org/10.1111/
j.1467-9868.2011.01010.x

FRENCH, S. and RIOS INSUA, D. (2000). Statistical Decision Theory.
Wiley, New York.

GALLEGO, V. and INSUA, D. R. (2018). Stochastic gradient MCMC
with repulsive forces. Bayesian Deep Learning Workshop, Neural
Information and Processing Systems (NIPS). arXiv preprint, avail-
able at arXiv:1812.00071.

GALLEGO, V. and RÍOS INSUA, D. (2022). Current advances in
neural networks. Annu. Rev. Stat. Appl. 9 197–222. MR4394906
https://doi.org/10.1146/annurev-statistics-040220-112019

GOODFELLOW, I., BENGIO, Y. and COURVILLE, A. (2016). Deep
Learning. Adaptive Computation and Machine Learning. MIT
Press, Cambridge, MA. MR3617773

GOODFELLOW, I., POUGET-ABADIE, J., MIRZA, M., XU, B.,
WARDE-FARLEY, D., OZAIR, S., COURVILLE, A. and BEN-
GIO, Y. (2014). Generative adversarial nets. In Advances in Neural
Information Processing Systems 27 (Z. Ghahramani, M. Welling,
C. Cortes, N. D. Lawrence and K. Q. Weinberger, eds.) 2672–2680.
Curran Associates, Red Hook.

GOODFELLOW, I., SHLENS, J. and SZEGEDY, C. (2014). Explaining
and harnessing adversarial examples. arXiv preprint, available at
arXiv:1412.6572.

GRATHWOHL, W., WANG, K.-C., JACOBSEN, J.-H., DUVE-
NAUD, D., NOROUZI, M. and SWERSKY, K. (2019). Your clas-
sifier is secretly an energy based model and you should treat it like
one. In International Conference on Learning Representations.

HAMPEL, F. R., RONCHETTI, E. M., ROUSSEEUW, P. J. and STA-
HEL, W. A. (1986). Robust Statistics: The Approach Based on
Influence Functions. Wiley Series in Probability and Mathemati-
cal Statistics: Probability and Mathematical Statistics. Wiley, New
York. MR0829458

HANEA, A. M., NANE, G. F., BEDFORD, T. and FRENCH, S.,
eds. (2021). Expert Judgement in Risk and Decision Analysis. In-
ternational Series in Operations Research & Management Sci-
ence 293. Springer, Cham. MR4238538 https://doi.org/10.1007/
978-3-030-46474-5

HARGREAVES-HEAP, S. and VAROUFAKIS, Y. (2004). Game Theory:
A Critical Introduction. Routledge, London.

HASTIE, T., TIBSHIRANI, R. and FRIEDMAN, J. (2009). The Ele-
ments of Statistical Learning: Data Mining, Inference, and Pre-
diction, 2nd ed. Springer Series in Statistics. Springer, New York.
MR2722294 https://doi.org/10.1007/978-0-387-84858-7

HE, K., ZHANG, X., REN, S. and SUN, J. (2016). Deep residual learn-
ing for image recognition. In Proceedings of the IEEE Conference
on Computer Vision and Pattern Recognition 770–778.

HUANG, L., JOSEPH, A. D., NELSON, B., RUBINSTEIN, B. I. P. and
TYGAR, J. D. (2011). Adversarial machine learning. In Proceed-
ings of the 4th ACM Workshop on Security and Artificial Intelli-
gence. AISec ’11 43–58.

JOSEPH, A., MELSON, B., RUBISNTEIN, B. and TYGAR, J. D.
(2019). Adversarial Machine Learning. Cambridge Univ. Press,
Cambridge.

JOSHI, C., ALIAGA, J. R. and INSUA, D. R. (2021). Insider threat
modeling: An adversarial risk analysis approach. IEEE Trans.
Inform. Forensics Secur. 16 1131–1142. https://doi.org/10.1109/
TIFS.2020.3029898

KADANE, J. B. and LARKEY, P. D. (1982). Subjective probability
and the theory of games. Manage. Sci. 28 113–125. MR0652016
https://doi.org/10.1287/mnsc.28.2.113

KANNAN, H., KURAKIN, A. and GOODFELLOW, I. (2018). Adver-
sarial logit pairing. arXiv preprint, available at arXiv:1803.06373.

KATZ, G., BARRETT, C., DILL, D. L., JULIAN, K. and KOCHEN-
DERFER, M. J. (2017). Towards proving the adversarial ro-
bustness of deep neural networks. arXiv preprint, available at
arXiv:1709.02802.

KIM, J.-H. (2009). Estimating classification error rate: Repeated
cross-validation, repeated hold-out and bootstrap. Comput. Statist.
Data Anal. 53 3735–3745. MR2749918 https://doi.org/10.1016/j.
csda.2009.04.009

KINGMA, D. P., MOHAMED, S., REZENDE, D. J. and WELLING, M.
(2014). Semi-supervised learning with deep generative models. In
Advances in Neural Information Processing Systems 3581–3589.

KOTZIAS, D., DENIL, M., DE FREITAS, N. and SMYTH, P. (2015).
From group to individual labels using deep features. In Proceedings
of the 21th ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining 597–606.

KRIZHEVSKY, A., SUTSKEVER, I. and HINTON, G. E. (2012). Ima-
genet classification with deep convolutional neural networks. Adv.
Neural Inf. Process. Syst. 1097–1105.

LAKSHMINARAYANAN, B., PRITZEL, A. and BLUNDELL, C. (2017).
Simple and scalable predictive uncertainty estimation using deep
ensembles. Adv. Neural Inf. Process. Syst. 30 6402–6413.

LECUN, Y., CORTES, C. and BURGES, C. (1998). THE MNIST
DATABASE of handwritten digits. Available at http://yann.lecun.
com/exdb/mnist/.

MA, Y.-A., CHEN, T. and FOX, E. (2015). A complete recipe for
stochastic gradient MCMC. Adv. Neural Inf. Process. Syst. 2917–
2925.

MADRY, A., MAKELOV, A., SCHMIDT, L., TSIPRAS, D. and
VLADU, A. (2018). Towards deep learning models resistant to ad-
versarial attacks. In International Conference on Learning Repre-
sentations.

MARTIN, G. M., FRAZIER, D. T. and ROBERT, C. P. (2024). Ap-
proximating Bayes in the 21st century. Statist. Sci. 39 20–45.
MR4718525 https://doi.org/10.1214/22-sts875

MCCULLAGH, P. and NELDER, J. A. (1989). Generalized Linear
Models. Monographs on Statistics and Applied Probability. CRC
Press, London. Second edition of [MR0727836]. MR3223057
https://doi.org/10.1007/978-1-4899-3242-6

MICRO, T. (2020). Exploiting AI: How cybercriminals misuse and
abuse AI and ML. Trend micro.

MILLER, J. W. and DUNSON, D. B. (2019). Robust Bayesian in-
ference via coarsening. J. Amer. Statist. Assoc. 114 1113–1125.
MR4011766 https://doi.org/10.1080/01621459.2018.1469995

MORRIS, D., OAKLEY, J. and CROWE, J. (2014). A web-based tool
for eliciting probability distributions from experts. Environ. Model.
Softw. 52 1–4.

MÜLLER, P. and INSUA, D. R. (1998). Issues in Bayesian anal-
ysis of neural network models. Neural Comput. 10 749–770.
https://doi.org/10.1162/089976698300017737

NAVEIRO, R., REDONDO, A., RÍOS INSUA, D. and RUGGERI, F.
(2019). Adversarial classification: An adversarial risk analysis ap-
proach. Internat. J. Approx. Reason. 113 133–148. MR3983223
https://doi.org/10.1016/j.ijar.2019.07.003

NIST (2022). AI risk management framework: Second draft. NIST.
PAPAMAKARIOS, G. and MURRAY, I. (2016). Fast ε-free inference of

simulation models with Bayesian conditional density estimation.
Adv. Neural Inf. Process. Syst. 29.

https://mathscinet.ams.org/mathscinet-getitem?mr=4522449
https://doi.org/10.1016/j.ejor.2022.06.042
https://mathscinet.ams.org/mathscinet-getitem?mr=2925370
https://doi.org/10.1111/j.1467-9868.2011.01010.x
http://arxiv.org/abs/1812.00071
https://mathscinet.ams.org/mathscinet-getitem?mr=4394906
https://doi.org/10.1146/annurev-statistics-040220-112019
https://mathscinet.ams.org/mathscinet-getitem?mr=3617773
http://arxiv.org/abs/1412.6572
https://mathscinet.ams.org/mathscinet-getitem?mr=0829458
https://mathscinet.ams.org/mathscinet-getitem?mr=4238538
https://doi.org/10.1007/978-3-030-46474-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2722294
https://doi.org/10.1007/978-0-387-84858-7
https://doi.org/10.1109/TIFS.2020.3029898
https://mathscinet.ams.org/mathscinet-getitem?mr=0652016
https://doi.org/10.1287/mnsc.28.2.113
http://arxiv.org/abs/1803.06373
http://arxiv.org/abs/1709.02802
https://mathscinet.ams.org/mathscinet-getitem?mr=2749918
https://doi.org/10.1016/j.csda.2009.04.009
http://yann.lecun.com/exdb/mnist/
https://mathscinet.ams.org/mathscinet-getitem?mr=4718525
https://doi.org/10.1214/22-sts875
https://mathscinet.ams.org/mathscinet-getitem?mr=3223057
https://doi.org/10.1007/978-1-4899-3242-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4011766
https://doi.org/10.1080/01621459.2018.1469995
https://doi.org/10.1162/089976698300017737
https://mathscinet.ams.org/mathscinet-getitem?mr=3983223
https://doi.org/10.1016/j.ijar.2019.07.003
https://doi.org/10.1111/j.1467-9868.2011.01010.x
https://doi.org/10.1007/978-3-030-46474-5
https://doi.org/10.1109/TIFS.2020.3029898
https://doi.org/10.1016/j.csda.2009.04.009
http://yann.lecun.com/exdb/mnist/


PLATT, J. et al. (1999). Probabilistic outputs for support vector ma-
chines and comparisons to regularized likelihood methods. Adv.
Larg. Margin Classif. 10 61–74.

RAIFFA, H. (1982). The Art and Science of Negotiation. Harvard Univ.
Press, Cambridge.

RÍOS INSUA, D., GONZÁLEZ-ORTEGA, J., BANKS, D. and RÍOS, J.
(2018). Concept uncertainty in adversarial statistical decision the-
ory. In The Mathematics of the Uncertain. Stud. Syst. Decis. Con-
trol 142 527–542. Springer, Cham. MR3793229

RÍOS INSUA, D. and RUGGERI, F., eds. (2000). Robust Bayesian
Analysis. Lecture Notes in Statistics 152. Springer, New York.
MR1795206 https://doi.org/10.1007/978-1-4612-1306-2

RIOS INSUA, I., RIOS, J. and BANKS, D. (2009). Adversarial
risk analysis. J. Amer. Statist. Assoc. 104 841–854. MR2541597
https://doi.org/10.1198/jasa.2009.0155

RIOS, J. and RIOS INSUA, D. (2012). Adversarial risk analysis for
counterterrorism modeling. Risk Anal. 32 894–915. MR2946741
https://doi.org/10.1287/deca.1110.0225

ROBBINS, H. and MONRO, S. (1951). A stochastic approxi-
mation method. Ann. Math. Stat. 22 400–407. MR0042668
https://doi.org/10.1214/aoms/1177729586

STAHL, D. O. and WILSON, P. W. (1995). On players’ mod-
els of other players: Theory and experimental evidence. Games
Econom. Behav. 10 218–254. MR1347938 https://doi.org/10.1006/
game.1995.1031

SU, J., VARGAS, V. and KOUICHI, S. (2017). One pixel attack for
fooling deep neural networks. Available at arXiv:1710.08864.

SZEGEDY, C., ZAREMBA, W., SUTSKEVER, I., BRUNA, J., ER-
HAN, D., GOODFELLOW, I. and FERGUS, R. (2014). Intrigu-
ing properties of neural networks. arXiv preprint, available at
arXiv:1312.6199.

TABASSI, E., BURNS, K., HADJIMICHAEL, M., MOLINA-
MARKHAM, A. and SEXTON, J. (2020). A taxonomy and
terminology of adversarial machine learning. NIST-MITRE.

THE WHITE HOUSE (2023). Executive order on the safe, secure, and
trustworthy development and use of artificial intelligence. Briefing
Room, Presidential Actions.

VOROBEICHYK, Y. and KANTARCIOGLU, M. (2019). Adversarial
Machine Learning. Morgan & Claypool, CA.

WELLING, M. and TEH, Y. W. (2011). Bayesian learning via stochas-
tic gradient Langevin dynamics. In Proceedings of the 28th Inter-
national Conference on Machine Learning (ICML-11) 681–688.

WIPER, M., RIOS INSUA, D. and RUGGERI, F. (2001). Mix-
tures of gamma distributions with applications. J. Comput.
Graph. Statist. 10 440–454. MR1939034 https://doi.org/10.1198/
106186001317115054

YANG, R. and BERGER, J. (1997). A catalog of noninformative priors.
ISDS Discussion paper 97-42.

ZHOU, Y., KANTARCIOGLU, M. and XI, B. (2018). A survey of game
theoretic approach for adversarial machine learning. Wiley interdis-
ciplinary reviews: Data mining and knowledge discovery e1259.

https://mathscinet.ams.org/mathscinet-getitem?mr=3793229
https://mathscinet.ams.org/mathscinet-getitem?mr=1795206
https://doi.org/10.1007/978-1-4612-1306-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2541597
https://doi.org/10.1198/jasa.2009.0155
https://mathscinet.ams.org/mathscinet-getitem?mr=2946741
https://doi.org/10.1287/deca.1110.0225
https://mathscinet.ams.org/mathscinet-getitem?mr=0042668
https://doi.org/10.1214/aoms/1177729586
https://mathscinet.ams.org/mathscinet-getitem?mr=1347938
https://doi.org/10.1006/game.1995.1031
http://arxiv.org/abs/1710.08864
http://arxiv.org/abs/1312.6199
https://mathscinet.ams.org/mathscinet-getitem?mr=1939034
https://doi.org/10.1198/106186001317115054
https://doi.org/10.1006/game.1995.1031
https://doi.org/10.1198/106186001317115054


Statistical Science
2024, Vol. 39, No. 3, 469–492
https://doi.org/10.1214/24-STS923
© Institute of Mathematical Statistics, 2024

The Matérn Model: A Journey Through
Statistics, Numerical Analysis and
Machine Learning
Emilio Porcu, Moreno Bevilacqua, Robert Schaback and Chris J. Oates

Abstract. The Matérn model has been a cornerstone of spatial statistics for
more than half a century. More recently, the Matérn model has been ex-
ploited in disciplines as diverse as numerical analysis, approximation the-
ory, computational statistics, machine learning, and probability theory. In
this article, we take a Matérn-based journey across these disciplines. First,
we reflect on the importance of the Matérn model for estimation and predic-
tion in spatial statistics, establishing also connections to other disciplines in
which the Matérn model has been influential. Then, we position the Matérn
model within the literature on big data and scalable computation: the SPDE
approach, the Vecchia likelihood approximation, and recent applications in
Bayesian computation are all discussed. Finally, we review recent devlop-
ments, including flexible alternatives to the Matérn model, whose perfor-
mance we compare in terms of estimation, prediction, screening effect, com-
putation, and Sobolev regularity properties.

Key words and phrases: Approximation theory, compact support, covari-
ance, kernel, kriging, machine learning, maximum likelihood, reproducing
kernel Hilbert spaces, spatial statistics, Sobolev spaces.
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Antoine Gombaud, Chevalier de Méré
David R. Bellhouse  iD and Christian Genest  iD

Abstract. In 1654, Antoine Gombaud, Chevalier de Méré, approached
Blaise Pascal with a question about the throw of dice and drew his atten-
tion to the problem of points, which had been around for 250 years or more
in the Italian “abbaco” literature. A correspondence ensued between Pascal
and Pierre de Fermat which is widely regarded as marking the birth of prob-
ability calculus. While historians of probability have rightfully focused on
Pascal and Fermat, they have generally ignored Gombaud’s part, portraying
him only as a gambler, sometimes an avid one. Through a careful examina-
tion of Gombaud’s life and philosophy, it is argued here that his role was
more important than has usually been attributed to him. In addition, a review
of the historical background to the problem of points shows that gambling
was not as central to the early development of probability theory as has often
been assumed.

Key words and phrases: Antoine Gombaud, Blaise Pascal, Chevalier de
Méré, Pierre de Fermat, problem of points.
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Abstract. Raymond J. Carroll is Distinguished Professor of Statistics, Nu-
trition and Toxicology at Texas A& M University, USA. He has made funda-
mental contributions to numerous statistical and health science areas, includ-
ing measurement error models, data transformation and weighting in regres-
sion, nonparametric and semiparametric regression, longitudinal data analy-
sis, and statistical methods and applications in nutrition, epidemiology and
molecular biology. Carroll has received many distinguished honors. Some
highlights are the 1988 Presidents’ Award of the Committee of Presidents’ of
Statistical Societies (COPSS), the 2002 COPSS Fisher Lectureship Award,
American Statistial Association and Institute of Mathematical Statistics fel-
lows. He was the first statistician given a Method to Extend Research in Time
(MERIT) Award from the US National Cancer Institute. Carroll has provided
outstanding professional services, including editor of Biometrics, the Journal
of the American Statistical Association (Theory and Methods), and found-
ing chair of the Biostatistical Methods and Research Design study section of
the US National Institutes of Health. Carroll is an inspirational and success-
ful teacher and mentor. He has won a College of Science Teaching Award
from Texas A&M University, and has trained over 45 Ph.D. students. He has
also been an outstanding mentor and supporter to many junior researchers
in the statistical community, including the two authors of this article. In this
interview, Carroll talks about his career, including his passion for mentoring
junior researchers, and offers some helpful advice.
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surement error, nonparametric and semiparametric regression, nutrition,
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