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Some Developments in the Theory of

Shape

Constrained Inference

Piet Groeneboom and Geurt Jongbloed

Abstract. Shape constraints enter in many statistical models. Sometimes
these constraints emerge naturally from the origin of the data. In other situ-
ations, they are used to replace parametric models by more versatile models
retaining qualitative shape properties of the parametric model. In this paper,
we sketch a part of the history of shape constrained statistical inference in a
nutshell, using landmark results obtained in this area. For this, we mainly use
the prototypical problems of estimating a decreasing probability density on
[0, o0) and the estimation of a distribution function based on current status
data as illustrations.

Key words and phrases: Isotonic regression, Grenander estimator, inverse
problem, monotonicity, interval censoring, current status regression, single

index model, bootstrap, Chernoff’s distribution, Airy functions.

REFERENCES

AYER, M., BRUNK, H. D., EWING, G. M., REID, W. T. and
SILVERMAN, E. (1955). An empirical distribution function for
sampling with incomplete information. Ann. Math. Stat. 26
641-647. MR0073895

AZADBAKHSH, M., JANKOWSKI, H. and GAo, X. (2014). Com-
puting confidence intervals for log-concave densities. Comput.
Statist. Data Anal. 75 248-264. MR3178372

BALABDAOUI, F. and DUROT, C. (2015). Marshall lemma in
discrete convex estimation. Statist. Probab. Lett. 99 143-148.
MR3321508

BALABDAOUI, F., GROENEBOOM, P. and HENDRICKX, K.
(2017). Score estimation in the monotone single index model.
Submitted.

BALABDAOUI, F. and PITMAN, J. (2011). The distribution of the
maximal difference between a Brownian bridge and its concave
majorant. Bernoulli 17 466-483. MR2798000

BALABDAOUI, F., RUFIBACH, K. and WELLNER, J. A. (2009).
Limit distribution theory for maximum likelihood estimation of
alog-concave density. Ann. Statist. 37 1299-1331. MR2509075

BaLaBpAoul, F.,, JANKOWSKI, H., RUFIBACH, K. and
PAVLIDES, M. (2013). Asymptotics of the discrete log-concave
maximum likelihood estimator and related applications. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 75 769-790. MR3091658

BANERJEE, M. and WELLNER, J. A. (2001). Likelihood ra-
tio tests for monotone functions. Ann. Statist. 29 1699-1731.
MR1891743

BARLOW, R. E., BARTHOLOMEW, D. J., BREMNER, J. M. and
BRUNK, H. D. (1972). Statistical Inference Under Order Re-
strictions. The Theory and Application of Isotonic Regression.
Wiley Series in Probability and Mathematical Statistics. Wiley,
London. MR0326887

BIRGE, L. (1999). Interval censoring: A nonasymptotic point of
view. Math. Methods Statist. 8 285-298. MR1735467

BOHNING, D. (1986). A vertex-exchange-method in D-optimal
design theory. Metrika 33 337-347. MR0868043

CAROLAN, C. and DYKSTRA, R. (2001). Marginal densities of
the least concave majorant of Brownian motion. Ann. Statist. 29
1732-1750. MR1891744

CATOR, E. (2011). Adaptivity and optimality of the monotone
least-squares estimator. Bernoulli 17 714-735. MR2787612

CHERNOFF, H. (1964). Estimation of the mode. Ann. Inst. Statist.
Math. 16 31-41. MR0172382

CINLAR, E. (1992). Sunset over Brownistan. Stochastic Process.
Appl. 40 45-53. MR1145458

COSSLETT, S. R. (2007). Efficient estimation of semiparametric
models by smoothed maximum likelihood. Internat. Econom.
Rev. 48 1245-1272. MR2375624

CULE, M. and SAMWORTH, R. (2010). Theoretical properties of
the log-concave maximum likelihood estimator of a multidi-
mensional density. Electron. J. Stat. 4 254-270. MR2645484

CULE, M., SAMWORTH, R. and STEWART, M. (2010). Maxi-
mum likelihood estimation of a multi-dimensional log-concave
density. J. R. Stat. Soc. Ser. B. Stat. Methodol. 72 545-607.
MR2758237

Piet Groeneboom is Emeritus Professor of Statistics, Delft Institute of Applied Mathematics, Delft University of Technology,
Van Mourik Broekmanweg 6, 2628 XE Delft, Netherlands (e-mail: P.Groeneboom@tudelft.nl). Geurt Jongbloed is Professor
of Statistics, Delft Institute of Applied Mathematics, Delft University of Technology, Van Mourik Broekmanweg 6, 2628 XE

Delft, Netherlands (e-mail: G.Jongbloed @tudelft.nl).


http://www.imstat.org/sts/
https://doi.org/10.1214/18-STS657
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=0073895
http://www.ams.org/mathscinet-getitem?mr=3178372
http://www.ams.org/mathscinet-getitem?mr=3321508
http://www.ams.org/mathscinet-getitem?mr=2798000
http://www.ams.org/mathscinet-getitem?mr=2509075
http://www.ams.org/mathscinet-getitem?mr=3091658
http://www.ams.org/mathscinet-getitem?mr=1891743
http://www.ams.org/mathscinet-getitem?mr=0326887
http://www.ams.org/mathscinet-getitem?mr=1735467
http://www.ams.org/mathscinet-getitem?mr=0868043
http://www.ams.org/mathscinet-getitem?mr=1891744
http://www.ams.org/mathscinet-getitem?mr=2787612
http://www.ams.org/mathscinet-getitem?mr=0172382
http://www.ams.org/mathscinet-getitem?mr=1145458
http://www.ams.org/mathscinet-getitem?mr=2375624
http://www.ams.org/mathscinet-getitem?mr=2645484
http://www.ams.org/mathscinet-getitem?mr=2758237
mailto:P.Groeneboom@tudelft.nl
mailto:G.Jongbloed@tudelft.nl

DANIELS, H. E. and SKYRME, T. H. R. (1985). The maximum of
a random walk whose mean path has a maximum. Adv. in Appl.
Probab. 17 85-99. MR0778595

DEMPSTER, A. P., LAIRD, N. M. and RUBIN, D. B. (1977). Max-
imum likelihood from incomplete data via the EM algorithm.
J. Roy. Statist. Soc. Ser. B 39 1-38. MR0501537

DUMBGEN, L. and RUFIBACH, K. (2011). logcondens: Compu-
tations related to univariate log-concave density estimation.
J. Stat. Softw. 39 1-28.

DUMBGEN, L., RUFIBACH, K. and WELLNER, J. A. (2007). Mar-
shall’s lemma for convex density estimation. In Asymptotics:
Farticles, Processes and Inverse Problems. Institute of Math-
ematical Statistics Lecture Notes—Monograph Series 55 101—
107. IMS, Beachwood, OH. MR2459933

GRENANDER, U. (1956). On the theory of mortality measurement.
11. Skand. Aktuarietidskr. 39 125-153 (1957). MR0093415

GROENEBOOM, P. (1983). The concave majorant of Brownian mo-
tion. Ann. Probab. 11 1016-1027. MR0714964

GROENEBOOM, P. (1984). Brownian motion with a parabolic drift
and Airy functions. CWI Technical Report, Dept. Mathematical
Statistics-R 8413, CWI. Available at http://oai.cwi.nl/oai/asset/
6435/6435A..pdf.

GROENEBOOM, P. (1985). Estimating a monotone density. In
Proceedings of the Berkeley Conference in Honor of Jerzy
Neyman and Jack Kiefer, Vol. Il (Berkeley, Calif., 1983).
Wadsworth Statist./Probab. Ser. 539-555. Wadsworth, Belmont,
CA. MR0822052

GROENEBOOM, P. (1987). Asymptotics for incomplete censored
observations. Report 8§7-18, Mathematical Institute, Univ. Am-
sterdam.

GROENEBOOM, P. (1991). Nonparametric maximum like-
lihood estimators for interval censoring and deconvo-
lution. Technical Report 378, Dept. Statistics, Stanford
Univ. Available at https://statistics.stanford.edu/research/
nonparametric-maximum-likelihood-estimators-interval-
censoring-and-deconvolution.

GROENEBOOM, P. (1996). Lectures on inverse problems. In
Lectures on Probability Theory and Statistics (Saint-Flour,
1994). Lecture Notes in Math. 1648 67-164. Springer, Berlin.
MR1600884

GROENEBOOM, P. (2010). The maximum of Brownian mo-
tion minus a parabola. Electron. J. Probab. 15 1930-1937.
MR2738343

GROENEBOOM, P. (2011). Vertices of the least concave majorant
of Brownian motion with parabolic drift. Electron. J. Probab.
16 2234-2258. MR2861676

GROENEBOOM, P. (2013). Nonparametric (smoothed) likelihood
and integral equations. J. Statist. Plann. Inference 143 2039—
2065. MR3106623

GROENEBOOM, P. (2015). Repp scripts and C++ code. Available
at https://github.com/pietg/book.

GROENEBOOM, P. (2018). Chernoff’s distribution and differential
equations of parabolic and Airy type. Talk at meeting Shape-
Constrained Methods: Inference, Applications, and Practice.
Banff, 1-28 to 2-2, 2018.

GROENEBOOM, P. and HENDRICKX, K. (2017a) curstatCI.
R package, 2017a. Available at https://cran.r-project.org/web/
packages/curstatCl/index.html. Version 0.1.1.

GROENEBOOM, P. and HENDRICKX, K. (2017b). The nonpara-
metric bootstrap for the current status model. Electron. J. Stat.
11 3446-3484. MR3709860

GROENEBOOM, P. and HENDRICKX, K. (2018a). Confidence in-
tervals for the current status model. Scand. J. Stat. 45 135-163.
MR3764289

GROENEBOOM, P. and HENDRICKX, K. (2018b). Current status
linear regression. Ann. Statist. 46 1415-1444. MR3819105

GROENEBOOM, P., HOOGHIEMSTRA, G. and LOPUHAA, H. P.
(1999). Asymptotic normality of the L error of the Grenander
estimator. Ann. Statist. 27 1316-1347. MR1740109

GROENEBOOM, P. and JONGBLOED, G. (2014). Nonparametric
Estimation Under Shape Constraints: Estimators, Algorithms
and Asymptotics. Cambridge Series in Statistical and Proba-
bilistic Mathematics 38. Cambridge Univ. Press, New York.
MR3445293

GROENEBOOM, P. and JONGBLOED, G. (2015). Nonparametric
confidence intervals for monotone functions. Ann. Statist. 43
2019-2054. MR3375875

GROENEBOOM, P., JONGBLOED, G. and WELLNER, J. A.
(2001a). Estimation of a convex function: Characterizations and
asymptotic theory. Ann. Statist. 29 1653—-1698. MR1891742

GROENEBOOM, P., JONGBLOED, G. and WELLNER, J. A.
(2001b). A canonical process for estimation of convex func-
tions: The “invelope” of integrated Brownian motion +t*. Ann.
Statist. 29 1620-1652. MR1891741

GROENEBOOM, P., JONGBLOED, G. and WITTE, B. 1. (2010).
Maximum smoothed likelihood estimation and smoothed max-
imum likelihood estimation in the current status model. Ann.
Statist. 38 352-387. MR2589325

GROENEBOOM, P. and KETELAARS, T. (2011). Estimators for
the interval censoring problem. Electron. J. Stat. 5 1797-1845.
MR2870151

GROENEBOOM, P., LALLEY, S. and TEMME, N. (2015). Cher-
noff’s distribution and differential equations of parabolic and
Airy type. J. Math. Anal. Appl. 423 1804-1824. MR3278229

GROENEBOOM, P., MAATHUIS, M. H. and WELLNER, J. A.
(2008a). Current status data with competing risks: Consistency
and rates of convergence of the MLE. Ann. Statist. 36 1031—
1063. MR2418648

GROENEBOOM, P., MAATHUIS, M. H. and WELLNER, J. A.
(2008b). Current status data with competing risks: Limiting dis-
tribution of the MLE. Ann. Statist. 36 1064—-1089. MR2418649

GROENEBOOM, P. and PYKE, R. (1983). Asymptotic normality of
statistics based on the convex minorants of empirical distribu-
tion functions. Ann. Probab. 11 328-345. MR0690131

GROENEBOOM, P. and TEMME, N. M. (2011). The tail of the max-
imum of Brownian motion minus a parabola. Electron. Com-
mun. Probab. 16 458-466. MR2831084

GROENEBOOM, P. and WELLNER, J. A. (1992). Information
Bounds and Nonparametric Maximum Likelihood Estimation.
DMV Seminar 19. Birkhduser, Basel. MR1180321

GROENEBOOM, P. and WELLNER, J. A. (2001). Computing Cher-
noff’s distribution. J. Comput. Graph. Statist. 10 388-400.
MR1939706

JANSON, S. (2013). Moments of the location of the maximum
of Brownian motion with parabolic drift. Electron. Commun.
Probab. 18 no. 15, 8. MR3037213

JANSON, S., LOUCHARD, G. and MARTIN-LOF, A. (2010). The
maximum of Brownian motion with parabolic drift. Electron. J.
Probab. 15 1893-1929. MR2738342

JONGBLOED, G. (1998). The iterative convex minorant algorithm
for nonparametric estimation. J. Comput. Graph. Statist. 7 310—
321. MR1646718


http://www.ams.org/mathscinet-getitem?mr=0778595
http://www.ams.org/mathscinet-getitem?mr=0501537
http://www.ams.org/mathscinet-getitem?mr=2459933
http://www.ams.org/mathscinet-getitem?mr=0093415
http://www.ams.org/mathscinet-getitem?mr=0714964
http://oai.cwi.nl/oai/asset/6435/6435A.pdf
http://www.ams.org/mathscinet-getitem?mr=0822052
https://statistics.stanford.edu/research/nonparametric-maximum-likelihood-estimators-interval-censoring-and-deconvolution
https://statistics.stanford.edu/research/nonparametric-maximum-likelihood-estimators-interval-censoring-and-deconvolution
http://www.ams.org/mathscinet-getitem?mr=1600884
http://www.ams.org/mathscinet-getitem?mr=2738343
http://www.ams.org/mathscinet-getitem?mr=2861676
http://www.ams.org/mathscinet-getitem?mr=3106623
https://github.com/pietg/book
https://cran.r-project.org/web/packages/curstatCI/index.html
http://www.ams.org/mathscinet-getitem?mr=3709860
http://www.ams.org/mathscinet-getitem?mr=3764289
http://www.ams.org/mathscinet-getitem?mr=3819105
http://www.ams.org/mathscinet-getitem?mr=1740109
http://www.ams.org/mathscinet-getitem?mr=3445293
http://www.ams.org/mathscinet-getitem?mr=3375875
http://www.ams.org/mathscinet-getitem?mr=1891742
http://www.ams.org/mathscinet-getitem?mr=1891741
http://www.ams.org/mathscinet-getitem?mr=2589325
http://www.ams.org/mathscinet-getitem?mr=2870151
http://www.ams.org/mathscinet-getitem?mr=3278229
http://www.ams.org/mathscinet-getitem?mr=2418648
http://www.ams.org/mathscinet-getitem?mr=2418649
http://www.ams.org/mathscinet-getitem?mr=0690131
http://www.ams.org/mathscinet-getitem?mr=2831084
http://www.ams.org/mathscinet-getitem?mr=1180321
http://www.ams.org/mathscinet-getitem?mr=1939706
http://www.ams.org/mathscinet-getitem?mr=3037213
http://www.ams.org/mathscinet-getitem?mr=2738342
http://www.ams.org/mathscinet-getitem?mr=1646718
http://oai.cwi.nl/oai/asset/6435/6435A.pdf
https://statistics.stanford.edu/research/nonparametric-maximum-likelihood-estimators-interval-censoring-and-deconvolution
https://cran.r-project.org/web/packages/curstatCI/index.html

JONGBLOED, G. (2001). Sieved maximum likelihood estimation in
Wicksell’s problem and related deconvolution problems. Scand.
J. Stat. 28 161-183. MR 1844355

KEIDING, N., HANSEN, O. K. H., SGRENSEN, D. N. and
SLAMA, R. (2012). The current duration approach to estimating
time to pregnancy. Scand. J. Stat. 39 185-204. MR2927018

KIEFER, J. and WOLFOWITZ, J. (1976). Asymptotically mini-
max estimation of concave and convex distribution functions.
Z. Wahrsch. Verw. Gebiete 34 73—85. MR0397974

KiMm, A. K. H. and SAMWORTH, R. J. (2016). Global rates of
convergence in log-concave density estimation. Ann. Statist. 44
2756-2779. MR3576560

KLEIN, R. W. and SPADY, R. H. (1993). An efficient semipara-
metric estimator for binary response models. Econometrica 61
387-421. MR1209737

Kosorok, M. R. (2008). Bootstrapping in Grenander esti-
mator. In Beyond Parametrics in Interdisciplinary Research:
Festschrift in Honor of Professor Pranab K. Sen. Inst.
Math. Stat. (IMS) Collect. 1 282-292. IMS, Beachwood, OH.
MR2462212

KUCHIBHOTLA, A. K., PATRA, R. K. and SEN, B. (2017). Score
estimation in the convex single index models. Submitted. Avail-
able at https://arxiv.org/abs/1708.00145.

L1, G. and ZHANG, C.-H. (1998). Linear regression with interval
censored data. Ann. Statist. 26 1306-1327. MR1647661

MARSHALL, A. W. (1969). Discussion on Barlow and van Zwet’s
paper. In Nonparametric Techniques in Statistical Inference.
Proceedings of the First International Symposium on Nonpara-
metric Techniques Held at Indiana Univ. 174-176.

MURPHY, S. A., VAN DER VAART, A. W. and WELLNER, J. A.
(1999). Current status regression. Math. Methods Statist. 8 407—
425. MR1735473

PETO, R. (1973). Experimental survival curves for interval-
censored data. J. R. Stat. Soc. Ser. C. Appl. Stat. 22 86-91.

PIMENTEL, L. P. R. (2014). On the location of the maximum of
a continuous stochastic process. J. Appl. Probab. 51 152-161.
MR3189448

PITMAN, J. W. (1983). Remarks on the convex minorant of
Brownian motion. In Seminar on Stochastic Processes, 1982
(Evanston, Ill., 1982). Progr. Probab. Statist. 5 219-227.
Birkhéuser, Boston, MA. MR0733673

PITMAN, J. and ROSS, N. (2012). The greatest convex minorant of
Brownian motion, meander, and bridge. Probab. Theory Related
Fields 153 771-807. MR2948693

PITMAN, J. and URIBE BRAVO, G. (2012). The convex minorant
of a Lévy process. Ann. Probab. 40 1636-1674. MR2978134

PRAKASA RAO, B. L. S. (1969). Estkmation of a unimodal den-
sity. Sankhya Ser. A 31 23-36. MR0267677

ROBERTSON, T., WRIGHT, F. T. and DYKSTRA, R. L. (1988).
Order Restricted Statistical Inference. Wiley Series in Probabil-
ity and Mathematical Statistics: Probability and Mathematical
Statistics. Wiley, Chichester. MR0961262

SEN, B., BANERJEE, M. and WOODROOFE, M. (2010). Inconsis-
tency of bootstrap: The Grenander estimator. Ann. Statist. 38
1953-1977. MR2676880

SEN, B. and XU, G. (2015). Model based bootstrap methods for
interval censored data. Comput. Statist. Data Anal. 81 121-129.
MR3257405

SLAMA, R., HANSEN, O. K. H., Ducot, B., BOHET, A.,
SORENSEN, D., ALLEMAND, L., EUKEMANS, M. J.,
ROSETTA, L., THALABARD, J. C., KEIDING, N. et al. (2012).
Estimation of the frequency of involuntary infertility on a
nation-wide basis. Hum. Reprod. 27 1489-1498.

TANAKA, H. (2008). Semiparametric least squares estimation of
monotone single index models and its application to the itera-
tive least squares estimation of binary choice models.

VAN DER VAART, A. (1991). On differentiable functionals. Ann.
Statist. 19 178-204. MR1091845

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Con-
vergence and Empirical Processes. Springer Series in Statistics.
Springer, New York. MR1385671

VAN EEDEN, C. (1956). Maximum likelihood estimation of or-
dered probabilities. Nederl. Akad. Wetensch. Proc. Ser. A 18
444-455. MR0083859

VARDI, Y. (1982). Nonparametric estimation in the presence of
length bias. Ann. Statist. 10 616-620. MR0653536

VARDI, Y. (1989). Multiplicative censoring, renewal processes, de-
convolution and decreasing density: Nonparametric estimation.
Biometrika 76 751-761. MR1041420

WALTHER, G. (2001). Multiscale maximum likelihood analysis
of a semiparametric model, with applications. Ann. Statist. 29
1297-1319. MR1873332

WATSON, G. S. (1971). Estimating functionals of particle size dis-
tributions. Biometrika 58 483-490. MR0312639

WELLNER, J. A. and ZHAN, Y. (1997). A hybrid algorithm for
computation of the nonparametric maximum likelihood estima-
tor from censored data. J. Amer. Statist. Assoc. 92 945-959.
MR1482125

WRIGHT, S. J. (1997). Primal-Dual Interior-Point Methods.
SIAM, Philadelphia, PA. MR1422257


http://www.ams.org/mathscinet-getitem?mr=1844355
http://www.ams.org/mathscinet-getitem?mr=2927018
http://www.ams.org/mathscinet-getitem?mr=0397974
http://www.ams.org/mathscinet-getitem?mr=3576560
http://www.ams.org/mathscinet-getitem?mr=1209737
http://www.ams.org/mathscinet-getitem?mr=2462212
https://arxiv.org/abs/1708.00145
http://www.ams.org/mathscinet-getitem?mr=1647661
http://www.ams.org/mathscinet-getitem?mr=1735473
http://www.ams.org/mathscinet-getitem?mr=3189448
http://www.ams.org/mathscinet-getitem?mr=0733673
http://www.ams.org/mathscinet-getitem?mr=2948693
http://www.ams.org/mathscinet-getitem?mr=2978134
http://www.ams.org/mathscinet-getitem?mr=0267677
http://www.ams.org/mathscinet-getitem?mr=0961262
http://www.ams.org/mathscinet-getitem?mr=2676880
http://www.ams.org/mathscinet-getitem?mr=3257405
http://www.ams.org/mathscinet-getitem?mr=1091845
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=0083859
http://www.ams.org/mathscinet-getitem?mr=0653536
http://www.ams.org/mathscinet-getitem?mr=1041420
http://www.ams.org/mathscinet-getitem?mr=1873332
http://www.ams.org/mathscinet-getitem?mr=0312639
http://www.ams.org/mathscinet-getitem?mr=1482125
http://www.ams.org/mathscinet-getitem?mr=1422257

Statistical Science

2018, Vol. 33, No. 4, 493-509
https://doi.org/10.1214/18-STS666

© Institute of Mathematical Statistics, 2018

Recent Progress in Log-Concave Density

Estimation

Richard J. Samworth

Abstract.

In recent years, log-concave density estimation via maximum

likelihood estimation has emerged as a fascinating alternative to traditional
nonparametric smoothing techniques, such as kernel density estimation,
which require the choice of one or more bandwidths. The purpose of this
article is to describe some of the properties of the class of log-concave den-
sities on R¢ which make it so attractive from a statistical perspective, and to
outline the latest methodological, theoretical and computational advances in

the area.
Key words and phrases:
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Shape Constrained Density Estimation Via

Penalized Rényi Divergence

Roger Koenker and Ilvan Mizera

Abstract.  Shape constraints play an increasingly prominent role in nonpara-
metric function estimation. While considerable recent attention has been fo-
cused on log concavity as a regularizing device in nonparametric density es-
timation, weaker forms of concavity constraints encompassing larger classes
of densities have received less attention but offer some additional flexibil-
ity. Heavier tail behavior and sharper modal peaks are better adapted to
such weaker concavity constraints. When paired with appropriate maximal
entropy estimation criteria, these weaker constraints yield tractable, convex
optimization problems that broaden the scope of shape constrained density
estimation in a variety of applied subject areas.

In contrast to our prior work, Koenker and Mizera [Ann. Statist. 38 (2010)
2998-3027], that focused on the log concave (o = 1) and Hellinger (o = 1/2)
constraints, here we describe methods enabling imposition of even weaker,
o < 0 constraints. An alternative formulation of the concavity constraints for
densities in dimension d > 2 also significantly expands the applicability of
our proposed methods for multivariate data. Finally, we illustrate the use of
the Rényi divergence criterion for norm-constrained estimation of densities
in the absence of a shape constraint.

Key words and phrases:
tropy, convex optimization.
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Shape Constraints in Economics and
Operations Research

Andrew L. Johnson and Daniel R. Jiang

Abstract. Shape constraints, motivated by either application-specific as-
sumptions or existing theory, can be imposed during model estimation to
restrict the feasible region of the parameters. Although such restrictions may
not provide any benefits in an asymptotic analysis, they often improve fi-
nite sample performance of statistical estimators and the computational effi-
ciency of finding near-optimal control policies. This paper briefly reviews an
illustrative set of research utilizing shape constraints in the economics and
operations research literature. We highlight the methodological innovations
and applications, with a particular emphasis on utility functions, production
economics and sequential decision making applications.

Key words and phrases: Shape constraints, multivariate convex regres-
sion, nonparametric regression, production economics, consumer prefer-
ences, revealed preferences, approximate dynamic programming, reinforce-

ment learning.
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Abstract. We give an overview of the different concepts and methods that
are commonly used when studying the asymptotic properties of isotonic es-
timators. After introducing the inverse process, we illustrate its use in estab-
lishing weak convergence of the estimators at a fixed point and also weak
convergence of global distances, such as the IL.,-distance and supremum dis-
tance. Furthermore, we discuss the developments on smooth isotonic estima-
tion.

Key words and phrases: Cox model, current status model, isotonic estima-
tion, limit theory, IL,-distance, maximum likelihood estimators, monotone
density, monotone failure rate, monotone regression, supremum distance.

REFERENCES [11] BARLOW, R. E., BARTHOLOMEW, D. J., BREMNER, J. M.
[1] AKAKPO, N.. BALABDAOUL F. and DUROT, C. (2014), and B.Rl'JNK, H. D. (1972). Statisti?al {nference Un.der Order
Testing monotonicity via local least concave majorants. R.estrlct.wns. The Theory and Application of Isotonic Regres-
Bernoulli 20 514-544. MR3178508 sion. Wiley, New York. MR0326887 N
[2] ANEVSKI, D. and HOSSJER, O. (2002). Monotone regres- [12] BEARE, B. K. and SCHMIDT, L. D. W. (2016). An empirical
sion and density function estimation at a point of discontinu- test of pricing kernel monotonicity. J. Appl. Econometrics 31
ity. J. Nonparametr. Stat. 14 279-294. MR1905752 338-356. MR3481366
[3] ANEVSKI, D. and HOSSIER, O. (2006). A general asymp- [13] BELLEC, P. C. (2018). Optimal bounds for aggregation of
totic scheme for inference under order restrictions. Ann. affine estimators. Ann. Statist. 46 30-59. MR3766945
Statist. 34 1874—1930. MR2283721 [14] BRUNK, H. D. (1955). Maximum likelihood estimates
[4] ANEVSKI, D. and SOULIER, P. (2011). Monotone spectral of monotone parameters. Ann. Math. Stat. 26 607-616.
density estimation. Ann. Statist. 39 418-438. MR2797852 MRO0073894
[5] BAGCHI, P., BANERIEE, M. and STOEV, S. A. (2016). In- [15] CAROLAN, C. and DYKSTRA, R. (1999). Asymptotic behav-
ference for monotone functions under short- and long-range ior of the Grenander estimator at density flat regions. Canad.
dependence: Confidence intervals and new universal limits. 7. Statist. 27 557-566. MR1745821
J. Amer. Statist. Assoc. 111 1634-1647. MR3601723 [16] CARROLL, R.J., DELAIGLE, A. and HALL, P. (2011). Test-
(6] BALABDAOUI, }T" D_UR(?T’ C.and JANKO_WSKF H. (2016). ing and estimating shape-constrained nonparametric density
Least.squares. estimation in the monotone single index model. and regression in the presence of measurement error. J. Amer.
Preprint. Available at arXiv:1610.06026. Statist. Assoc. 106 191-202. MR2816713
(7] BALABDAOUL F., JANKOWSKI, H., PAVLIDES, M., SERE- [17] CHATTERIEE, S., GUNTUBOYINA, A. and SEN, B. (2015).
GIN, A. and WELLNER, J. (2011). On the Grenander estima- . L. . .
tor at zero. Statist. Sinica 21 873-899. MR2829859 Qn risk bounds in 1soton'1c and other shape restricted regres-
(8] BANERJEE, M., DUROT, C. and SEN, B. (2016). Divide and sion problems. Ann. Statist. 43 1774-1800. MR3357878
conquer in non-standard problems and the super-efficiency [18] CHATTERJEE, .S" .GUI\.ITUBOYINA’ A. .a.nd SEN’V B.
phenomenon. Preprint. Available at arXiv:1605.04446. (2018). On matrix estimation under monotonicity constraints.
[9] BANERJEE, M. and WELLNER, J. A. (2001). Likelihood ra- Bernoulli 24 1072-1100. MR3706788
tio tests for monotone functions. Ann. Statist. 29 1699-1731. [19] CHENG, K. F. and LIN, P. E. (1981). Nonparametric estima-
MR1891743 tion of a regression function. Z. Wahrsch. Verw. Gebiete 57
[10] BANERJEE, M. and WELLNER, J. A. (2005). Confidence in- 223-233. MR0626817
tervals for current status data. Scand. J. Stat. 32 405-424. [20] CHERNOFF, H. (1964). Estimation of the mode. Ann. Inst.

MR2204627

Statist. Math. 16 31-41. MR0172382

Cécile Durot is Professor, Université Paris Nanterre, 200, avenue de la République, 92000 Nanterre, France (e-mail:
cecile.durot@gmail.com). Hendrik P. Lopuhad is Associate Professor, Delft University of Technology, van Mourik
Broekmanweg 6, 2628 XE Delft, The Netherlands (e-mail: h.p.lopuhaa @tudelft.nl).


http://www.imstat.org/sts/
https://doi.org/10.1214/18-STS664
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3178508
http://www.ams.org/mathscinet-getitem?mr=1905752
http://www.ams.org/mathscinet-getitem?mr=2283721
http://www.ams.org/mathscinet-getitem?mr=2797852
http://www.ams.org/mathscinet-getitem?mr=3601723
http://arxiv.org/abs/arXiv:1610.06026
http://www.ams.org/mathscinet-getitem?mr=2829859
http://arxiv.org/abs/arXiv:1605.04446
http://www.ams.org/mathscinet-getitem?mr=1891743
http://www.ams.org/mathscinet-getitem?mr=2204627
http://www.ams.org/mathscinet-getitem?mr=0326887
http://www.ams.org/mathscinet-getitem?mr=3481366
http://www.ams.org/mathscinet-getitem?mr=3766945
http://www.ams.org/mathscinet-getitem?mr=0073894
http://www.ams.org/mathscinet-getitem?mr=1745821
http://www.ams.org/mathscinet-getitem?mr=2816713
http://www.ams.org/mathscinet-getitem?mr=3357878
http://www.ams.org/mathscinet-getitem?mr=3706788
http://www.ams.org/mathscinet-getitem?mr=0626817
http://www.ams.org/mathscinet-getitem?mr=0172382
mailto:cecile.durot@gmail.com
mailto:h.p.lopuhaa@tudelft.nl

(21]

(22]

(23]

[24]

(25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]
[37]
(38]

[39]

[40]

[41]

DEDECKER, J., MERLEVEDE, F. and PELIGRAD, M. (2011).
Invariance principles for linear processes with application to
isotonic regression. Bernoulli 17 88-113. MR2797983

Du, P., PARMETER, C. F. and RACINE, J. S. (2013). Non-
parametric kernel regression with multiple predictors and
multiple shape constraints. Statist. Sinica 23 1347-1371.
MR3114717

DuURroT, C. (2002). Sharp asymptotics for isotonic regression.
Probab. Theory Related Fields 122 222-240. MR1894068
Duror, C. (2003). A Kolmogorov-type test for monotonicity
of regression. Statist. Probab. Lett. 63 425-433. MR1996191
Durot, C. (2007). On the Lp-error of monotonicity con-
strained estimators. Ann. Statist. 35 1080-1104. MR2341699
Duror, C. (2008). Monotone nonparametric regression
with random design. Math. Methods Statist. 17 327-341.
MR2483461

DurorT, C. (2008). Testing convexity or concavity of a cu-
mulated hazard rate. I[EEE Trans. Reliab. 57 465-473.
DUROT, C., GROENEBOOM, P. and LOPUHAA, H. P. (2013).
Testing equality of functions under monotonicity constraints.
J. Nonparametr. Stat. 25 939-970. MR3174305

DuURoOT, C., KULIKOV, V. N. and LOPUHAA, H. P. (2012).
The limit distribution of the Lso-error of Grenander-type es-
timators. Ann. Statist. 40 1578-1608. MR3015036

Duror, C. and LOPUHAA, H. P. (2014). A Kiefer—
Wolfowitz type of result in a general setting, with an appli-
cation to smooth monotone estimation. Electron. J. Stat. 8
2479-2513. MR3285873

DuRroT, C. and REBOUL, L. (2010). Goodness-of-fit test for
monotone functions. Scand. J. Stat. 37 422-441. MR2724504
DUROT, C. and TOCQUET, A.-S. (1998). Goodness of fit test
for isotonic regression. C. R. Acad. Sci. Paris Sér. I Math. 327
199-204. MR1645120

DurorT, C. and TOCQUET, A.-S. (2001). Goodness of fit
test for isotonic regression. ESAIM Probab. Stat. 5 119-140.
MR1875667

DUROT, C. and TOCQUET, A.-S. (2003). On the distance be-
tween the empirical process and its concave majorant in a
monotone regression framework. Ann. Inst. Henri Poincaré
Probab. Stat. 39 217-240. MR1962134

EGGERMONT, P. P. B. and LARICCIA, V. N. (2000). Max-
imum likelihood estimation of smooth monotone and uni-
modal densities. Ann. Statist. 28 922-947. MR1792794
FRIEDMAN, J. and TIBSHIRANI, R. (1984). The monotone
smoothing of scatter plots. Technometrics 26 243-350.
GRENANDER, U. (1956). On the theory of mortality mea-
surement. II. Skand. Aktuarietidskr. 39 125-153. MR0093415
GROENEBOOM, P. (1983). The concave majorant of Brown-
ian motion. Ann. Probab. 11 1016-1027. MR0714964
GROENEBOOM, P. (1984). Brownian Motion With
a Parabolic Drift and Airy Functions. CWI technical report,
Dept. Mathematical Statistics-R 8413, CWI, Amsterdam.
GROENEBOOM, P. (1985). Estimating a monotone density.
In Proceedings of the Berkeley Conference in Honor of Jerzy
Neyman and Jack Kiefer, Vol. Il (Berkeley, Calif., 1983). 539—
555. Wadsworth, Belmont, CA. MR0822052
GROENEBOOM, P. (1989). Brownian motion with a parabolic
drift and Airy functions. Probab. Theory Related Fields 81
79-109. MR0981568

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

GROENEBOOM, P. (2013). Nonparametric (smoothed) likeli-
hood and integral equations. J. Statist. Plann. Inference 143
2039-2065. MR3106623

GROENEBOOM, P. and HENDRICKX, K. (2018). Cur-
rent status linear regression. Ann. Statist. 46 1415-1444.
MR3819105

GROENEBOOM, P., HOOGHIEMSTRA, G. and LoP-
UHAA, H. P. (1999). Asymptotic normality of the L error
of the Grenander estimator. Ann. Statist. 27 1316-1347.
MR1740109

GROENEBOOM, P. and JONGBLOED, G. (2010). Generalized
continuous isotonic regression. Statist. Probab. Lett. 80 248—
253. MR2575453

GROENEBOOM, P. and JONGBLOED, G. (2013). Smooth and
non-smooth estimates of a monotone hazard. In From Prob-
ability to Statistics and Back: High-Dimensional Models and
Processes. Inst. Math. Stat. (IMS) Collect. 9 174-196. IMS,
Beachwood, OH. MR3202633

GROENEBOOM, P. and JONGBLOED, G. (2013). Testing
monotonicity of a hazard: Asymptotic distribution theory.
Bernoulli 19 1965-1999. MR3129041

GROENEBOOM, P. and JONGBLOED, G. (2014). Nonpara-
metric Estimation Under Shape Constraints: Estimators, Al-
gorithms and Asymptotics. Cambridge Series in Statistical
and Probabilistic Mathematics 38. Cambridge Univ. Press,
New York. MR3445293

GROENEBOOM, P. and JONGBLOED, G. (2015). Nonpara-
metric confidence intervals for monotone functions. Ann.
Statist. 43 2019-2054. MR3375875

GROENEBOOM, P., JONGBLOED, G. and WITTE, B. I.
(2010). Maximum smoothed likelihood estimation and
smoothed maximum likelihood estimation in the current sta-
tus model. Ann. Statist. 38 352-387. MR2589325
GROENEBOOM, P. and LOPUHAA, H. P. (1993). Isotonic es-
timators of monotone densities and distribution functions: Ba-
sic facts. Stat. Neerl. 47 175-183. MR1243853
GROENEBOOM, P. and WELLNER, J. A. (1992). Information
Bounds and Nonparametric Maximum Likelihood Estimation.
DMV Seminar 19. Birkhiuser, Basel. MR1180321
GROENEBOOM, P. and WELLNER, J. A. (2001). Computing
Chernoft’s distribution. J. Comput. Graph. Statist. 10 388—
400. MR1939706

HAN, Q., WANG, T., CHATTERJEE, S. and SAM-
WORTH, R. J. (2017). Isotonic regression in general dimen-
sions. Preprint. Available at arXiv:1708.09468.
HOOGHIEMSTRA, G. and LOPUHAA, H. P. (1998). An
extremal limit theorem for the argmax process of Brown-
ian motion minus a parabolic drift. Extremes 1 215-240.
MR1814624

HUANG, J. and WELLNER, J. A. (1995). Estimation of a
monotone density or monotone hazard under random censor-
ing. Scand. J. Stat. 22 3-33. MR1334065

HUANG, Y. and ZHANG, C.-H. (1994). Estimating a mono-
tone density from censored observations. Ann. Statist. 22
1256-1274. MR1311975

JANKOWSKI, H. (2014). Convergence of linear functionals of
the Grenander estimator under misspecification. Ann. Statist.
42 625-653. MR3210981

JANKOWSKI, H. K. and WELLNER, J. A. (2009). Estima-
tion of a discrete monotone distribution. Electron. J. Stat. 3
1567-1605. MR2578839


http://www.ams.org/mathscinet-getitem?mr=2797983
http://www.ams.org/mathscinet-getitem?mr=3114717
http://www.ams.org/mathscinet-getitem?mr=1894068
http://www.ams.org/mathscinet-getitem?mr=1996191
http://www.ams.org/mathscinet-getitem?mr=2341699
http://www.ams.org/mathscinet-getitem?mr=2483461
http://www.ams.org/mathscinet-getitem?mr=3174305
http://www.ams.org/mathscinet-getitem?mr=3015036
http://www.ams.org/mathscinet-getitem?mr=3285873
http://www.ams.org/mathscinet-getitem?mr=2724504
http://www.ams.org/mathscinet-getitem?mr=1645120
http://www.ams.org/mathscinet-getitem?mr=1875667
http://www.ams.org/mathscinet-getitem?mr=1962134
http://www.ams.org/mathscinet-getitem?mr=1792794
http://www.ams.org/mathscinet-getitem?mr=0093415
http://www.ams.org/mathscinet-getitem?mr=0714964
http://www.ams.org/mathscinet-getitem?mr=0822052
http://www.ams.org/mathscinet-getitem?mr=0981568
http://www.ams.org/mathscinet-getitem?mr=3106623
http://www.ams.org/mathscinet-getitem?mr=3819105
http://www.ams.org/mathscinet-getitem?mr=1740109
http://www.ams.org/mathscinet-getitem?mr=2575453
http://www.ams.org/mathscinet-getitem?mr=3202633
http://www.ams.org/mathscinet-getitem?mr=3129041
http://www.ams.org/mathscinet-getitem?mr=3445293
http://www.ams.org/mathscinet-getitem?mr=3375875
http://www.ams.org/mathscinet-getitem?mr=2589325
http://www.ams.org/mathscinet-getitem?mr=1243853
http://www.ams.org/mathscinet-getitem?mr=1180321
http://www.ams.org/mathscinet-getitem?mr=1939706
http://arxiv.org/abs/arXiv:1708.09468
http://www.ams.org/mathscinet-getitem?mr=1814624
http://www.ams.org/mathscinet-getitem?mr=1334065
http://www.ams.org/mathscinet-getitem?mr=1311975
http://www.ams.org/mathscinet-getitem?mr=3210981
http://www.ams.org/mathscinet-getitem?mr=2578839

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

JONKER, M. A. and VAN DER VAART, A. W. (2001).
A semi-parametric model for censored and passively regis-
tered data. Bernoulli 7 1-31. MR1811742

KIEFER, J. and WOLFOWITZ, J. (1976). Asymptotically
minimax estimation of concave and convex distribution func-
tions. Z. Wahrsch. Verw. Gebiete 34 73—-85. MR0397974
KiMm, J. and POLLARD, D. (1990). Cube root asymptotics.
Ann. Statist. 18 191-219. MR1041391

KoMLOS, J., MAJOR, P. and TUSNADY, G. (1975). An
approximation of partial sums of independent RV’s and
the sample DF. 1. Z. Wahrsch. Verw. Gebiete 32 111-131.
MRO0375412

KoSOROK, M. R. (2008). Bootstrapping in Grenander esti-
mator. In Beyond Parametrics in Interdisciplinary Research:
Festschrift in Honor of Professor Pranab K. Sen. Inst.
Math. Stat. (IMS) Collect. 1 282-292. IMS, Beachwood, OH.
MR2462212

KuLikov, V. N. and LOPUHAA, H. P. (2005). Asymptotic
normality of the L-error of the Grenander estimator. Ann.
Statist. 33 2228-2255. MR2211085

KULIKOV, V. N. and LOPUHAA, H. P. (2006). The behavior
of the NPMLE of a decreasing density near the boundaries of
the support. Ann. Statist. 34 742-768. MR2283391
KULIKOV, V. N. and LOPUHAA, H. P. (2006). The limit pro-
cess of the difference between the empirical distribution func-
tion and its concave majorant. Statist. Probab. Lett. 76 1781—
1786. MR2274141

KULIKOV, V. N. and LOPUHAA, H. P. (2008). Distribution
of global measures of deviation between the empirical distri-
bution function and its concave majorant. J. Theoret. Probab.
21 356-377. MR2391249

LEURGANS, S. (1982). Asymptotic distributions of slope-
of-greatest-convex-minorant estimators. Ann. Statist. 10 287—
296. MR0642740

LoPUHAA, H. P. and MUSTA, E. (2016). A central limit
theorem for the Hellinger loss of Grenander type estimators.
Available at arXiv:1612.06647.

LOPUHAA, H. P. and MUSTA, E. (2017). Isotonized smooth
estimators of a monotone baseline hazard in the Cox model.
J. Statist. Plann. Inference 191 43—-67. MR3679108
LOPUHAA, H. P. and MUSTA, E. (2017). Smooth estimation
of a monotone hazard and a monotone density under random
censoring. Stat. Neerl. 71 58-82. MR3605364

LoPUHAA, H. P. and MusTA, E. (2018). Smoothed iso-
tonized estimators of a monotone baseline hazard in the Cox
model. Scand. J. Stat. 45 753-791.

LoPUHAA, H. P. and MUSTA, E. (2018). The distance be-
tween a naive cumulative estimator and its least concave ma-
jorant. Statist. Probab. Lett. 139 119-128. MR3802192
LopruHAA, H. P. and NANE, G. F. (2013). Shape con-
strained non-parametric estimators of the baseline distribu-
tion in Cox proportional hazards model. Scand. J. Stat. 40
619-646. MR3091700

MAMMEN, E. (1991). Estimating a smooth monotone regres-
sion function. Ann. Statist. 19 724-740. MR1105841
MARSHALL, A. W. and PROSCHAN, F. (1965). Maximum
likelihood estimation for distributions with monotone failure
rate. Ann. Math. Stat. 36 69-77. MR0170436

[78]
[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

(91]

[92]

[93]

[94]

[95]
[96]

[97]

MEYER, M. C. (2008). Inference using shape-restricted re-
gression splines. Ann. Appl. Stat. 2 1013-1033. MR2516802
MUKERJEE, H. (1988). Monotone nonparameteric regres-
sion. Ann. Statist. 16 741-750. MR0947574

MURPHY, S. A., VAN DER VAART, A. W. and WELL-
NER, J. A. (1999). Current status regression. Math. Methods
Statist. 8 407-425. MR1735473

NANE, G. F. (2015). A likelihood ratio test for monotone
baseline hazard functions in the Cox model. Statist. Sinica
25 1163-1184. MR3410303

PAL, J. K. and WOODROOFE, M. (2006). On the distance
between cumulative sum diagram and its greatest convex mi-
norant for unequally spaced design points. Scand. J. Stat. 33
279-291. MR2279643

PRAKASA RAO, B. L. S. (1969). Estkmation of a unimodal
density. Sankhya Ser. A 31 23-36. MR0267677

PRAKASA RAO, B. L. S. (1970). Estimation for distribu-
tions with monotone failure rate. Ann. Math. Stat. 41 507—
519. MR0260133

RAMSAY, J. O. (1998). Estimating smooth monotone func-
tions. J. R. Stat. Soc. Ser. B. Stat. Methodol. 60 365-375.
MR1616049

SEN, B., BANERJEE, M. and WOODROOFE, M. (2010).
Inconsistency of bootstrap: The Grenander estimator. Ann.
Statist. 38 1953—-1977. MR2676880

SOHL, J. (2015). Uniform central limit theorems for
the Grenander estimator. Electron. J. Stat. 9 1404-1423.
MR3360732

SUN, J. and WOODROOFE, M. (1996). Adaptive smoothing
for a penalized NPMLE of a non-increasing density. J. Statist.
Plann. Inference 52 143—-159. MR1392133
TANTIYASWASDIKUL, C. and WOODROOFE, M. B.
(1994). Isotonic smoothing splines under sequential designs.
J. Statist. Plann. Inference 38 75-87. MR1256849

VAN DER VAART, A. W. and VAN DER LAAN, M. J. (2003).
Smooth estimation of a monotone density. Statistics 37 189—
203. MR1986176

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak
Convergence and Empirical Processes: With Applications to
Statistics. Springer, New York. MR1385671

WELLNER, J. A. (2015). Musings about shape constrained
estimation and inference: Some problems. Presentation at
workshop Shape Constrained Inference: Open Problems and
New Directions, Lorentz Centre, Leiden, The Netherlands.
WELLNER, J. A. and ZHANG, Y. (2000). Two estimators of
the mean of a counting process with panel count data. Ann.
Statist. 28 779-814. MR1792787

WOODROOFE, M. and SUN, J. (1993). A penalized maxi-
mum likelihood estimate of f(0+) when f is nonincreasing.
Statist. Sinica 3 501-515. MR1243398

WRIGHT, F. T. (1981). The asymptotic behavior of monotone
regression estimates. Ann. Statist. 9 443-448. MR0606630
WRIGHT, F. T. (1982). Monotone regression estimates for
grouped observations. Ann. Statist. 10 278-286. MR0642739
ZHAO, O. and WOODROOFE, M. (2012). Estimating a mono-
tone trend. Statist. Sinica 22 359-378. MR2933180


http://www.ams.org/mathscinet-getitem?mr=1811742
http://www.ams.org/mathscinet-getitem?mr=0397974
http://www.ams.org/mathscinet-getitem?mr=1041391
http://www.ams.org/mathscinet-getitem?mr=0375412
http://www.ams.org/mathscinet-getitem?mr=2462212
http://www.ams.org/mathscinet-getitem?mr=2211085
http://www.ams.org/mathscinet-getitem?mr=2283391
http://www.ams.org/mathscinet-getitem?mr=2274141
http://www.ams.org/mathscinet-getitem?mr=2391249
http://www.ams.org/mathscinet-getitem?mr=0642740
http://arxiv.org/abs/arXiv:1612.06647
http://www.ams.org/mathscinet-getitem?mr=3679108
http://www.ams.org/mathscinet-getitem?mr=3605364
http://www.ams.org/mathscinet-getitem?mr=3802192
http://www.ams.org/mathscinet-getitem?mr=3091700
http://www.ams.org/mathscinet-getitem?mr=1105841
http://www.ams.org/mathscinet-getitem?mr=0170436
http://www.ams.org/mathscinet-getitem?mr=2516802
http://www.ams.org/mathscinet-getitem?mr=0947574
http://www.ams.org/mathscinet-getitem?mr=1735473
http://www.ams.org/mathscinet-getitem?mr=3410303
http://www.ams.org/mathscinet-getitem?mr=2279643
http://www.ams.org/mathscinet-getitem?mr=0267677
http://www.ams.org/mathscinet-getitem?mr=0260133
http://www.ams.org/mathscinet-getitem?mr=1616049
http://www.ams.org/mathscinet-getitem?mr=2676880
http://www.ams.org/mathscinet-getitem?mr=3360732
http://www.ams.org/mathscinet-getitem?mr=1392133
http://www.ams.org/mathscinet-getitem?mr=1256849
http://www.ams.org/mathscinet-getitem?mr=1986176
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=1792787
http://www.ams.org/mathscinet-getitem?mr=1243398
http://www.ams.org/mathscinet-getitem?mr=0606630
http://www.ams.org/mathscinet-getitem?mr=0642739
http://www.ams.org/mathscinet-getitem?mr=2933180

Statistical Science

2018, Vol. 33, No. 4, 568-594
https://doi.org/10.1214/18-STS665

© Institute of Mathematical Statistics, 2018

Nonparametric Shape-Restricted
Regression

Adityanand Guntuboyina and Bodhisattva Sen

Abstract. We consider the problem of nonparametric regression under
shape constraints. The main examples include isotonic regression (with re-
spect to any partial order), unimodal/convex regression, additive shape-
restricted regression and constrained single index model. We review some
of the theoretical properties of the least squares estimator (LSE) in these
problems, emphasizing on the adaptive nature of the LSE. In particular, we
study the behavior of the risk of the LSE, and its pointwise limiting distribu-
tion theory, with special emphasis to isotonic regression. We survey various
methods for constructing pointwise confidence intervals around these shape-
restricted functions. We also briefly discuss the computation of the LSE and
indicate some open research problems and future directions.

Key words and phrases: ~ Adaptive risk bounds, bootstrap, Chernoff’s distri-
bution, convex regression, isotonic regression, likelihood ratio test, monotone
function, order preserving function estimation, projection on a closed convex
set, tangent cone.
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Abstract. Methodology for the partial linear generalized additive model is
presented, where components for continuous predictors may be modeled with
shape-constrained regression splines, and components for ordinal predictors
may have partial orderings. The estimated mean function is obtained through
a projection (or iteratively reweighted projections) onto a polyhedral convex
cone; this is key for formally derived inference procedures. Pointwise confi-
dence bands and hypothesis tests for the individual components, as well as a
model selection method, are proposed. These methods are available in the R

package cgam.
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Abstract.

In the framework of shape constrained estimation, we review

methods and works done in convex set estimation. These methods mostly
build on stochastic and convex geometry, empirical process theory, functional
analysis, linear programming, extreme value theory, etc. The statistical prob-
lems that we review include density support estimation, estimation of the
level sets of densities or depth functions, nonparametric regression, etc. We
focus on the estimation of convex sets under the Nikodym and Hausdorff
metrics, which require different techniques and, quite surprisingly, lead to
very different results, in particular in density support estimation. Finally, we
discuss computational issues in high dimensions.
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Abstract.  Jon August Wellner was born in Portland, Oregon, in August
1945. He received his Bachelor’s degree from the University of Idaho in 1968
and his PhD degree from the University of Washington in 1975. From 1975
until 1983, he was an Assistant Professor and Associate Professor at the Uni-
versity of Rochester. In 1983, he returned to the University of Washington,
and has remained at the UW as a faculty member since that time. Over the
course of a long and distinguished career, Jon has made seminal contributions
to a variety of areas including empirical processes, semiparametric theory
and shape-constrained inference, and has co-authored a number of extremely
influential books. He has been honored as the Le Cam lecturer by both the
IMS (2015) and the French Statistical Society (2017). He is a Fellow of the
IMS, the ASA and the AAAS, and an elected member of the International
Statistical Institute. He has served as co-Editor of The Annals of Statistics
(2001-2003) and Editor of Statistical Science (2010-2013), and President of
IMS (2016-2017). In 2010, he was made a Knight of the Order of the Nether-
lands Lion. In his free time, Jon enjoys mountain climbing and backcountry
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