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Asymptotics of two-point correlations in the multi-species q-TAZRP

Jeffrey Kuana and Zhengye Zhou
Texas A&M University, College Station, United States, ajkuan@tamu.edu

Abstract. A previous paper by the authors found explicit contour integral
formulas for certain joint moments of the multi-species q-TAZRP (totally
asymmetric zero range process), using algebraic methods. These contour in-
tegral formulas have a “pseudo–factorized” form which makes asymptotic
analysis simpler. In this brief note, we use those contour integral formulas to
find the asymptotics of the two-point correlations. As expected, the term aris-
ing from the “shift–invariance” makes a non-trivial asymptotic contribution.
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A new regression model for the analysis of bimodal censored data:
A comparison with random survival forest

Gabriela M. Rodrigues1,a , Edwin M. M. Ortega1,b , Roberto Vila2,c and Rafael De
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Abstract. We propose a new regression model based on the extension of
the generalized Rayleigh distribution. This regression model can be used to
model survival data where the hazard rate function is increasing, decreasing,
bathtub or unimodal-shaped. We employ a frequentist estimation procedure
for the parameters of the proposed model. The predictive performance of the
new model is compared with a machine learning approach based on random
survival forests, where we explore model validation and computational as-
pects. We carry out simulation studies for different parameter settings, sam-
ple sizes, and censoring percentages, considering the new regression model
and the machine learning methodology. Finally, we showcase our methods
using real data from a medical case study.

References

Adham, D., Abbasgholizadeh, N. and Abazari, M. (2017). Prognostic factors for survival in patients with gastric
cancer using a random survival forest. Asian Pacific journal of cancer prevention. APJCP 18, 129.

Alizadeh, M., Tahmasebi, S. and Haghbin, H. (2020). The exponentiated odd log-logistic family of distributions:
Properties and applications. Journal of Statistical Modelling: Theory and Applications 1, 29–52. MR3945455
https://doi.org/10.1556/012.2019.56.1.1420

Alonso, L. and Renard, F. (2020). A new approach for understanding urban microclimate by integrating comple-
mentary predictors at different scales in regression and machine learning models. Remote Sensing 12, 2434.

Alzaatreh, A., Lee, C. and Famoye, F. (2013). A new method for generating families of continuous distributions.
Metron 71, 63–79. MR3080620 https://doi.org/10.1007/s40300-013-0007-y

Babaei Rikan, S., Sorayaie Azar, A., Naemi, A., Bagherzadeh Mohasefi, J., Pirnejad, H. and Wiil, U. K. (2024).
Survival prediction of glioblastoma patients using modern deep learning and machine learning techniques.
Scientific Reports 14, 2371.

Borra, S. and Di Ciaccio, A. (2010). Measuring the prediction error. A comparison of cross-validation, boot-
strap and covariance penalty methods. Computational Statistics & Data Analysis 54, 2976–2989. MR2727727
https://doi.org/10.1016/j.csda.2010.03.004

Breiman, L. (1984). Classification and regression trees. Routledge.
Breiman, L. (2001). Random forests. Machine Learning 45, 5–32. MR3874153
Burman, P. (1989). A comparative study of ordinary cross-validation, v-fold cross-validation and the repeated

learning-testing methods. Biometrika 76, 503–514. MR1040644 https://doi.org/10.1093/biomet/76.3.503
Cavalcante, T., Ospina, R., Leiva, V., Cabezas, X. and Martin-Barreiro, C. (2023). Weibull regression and machine

learning survival models: Methodology, comparison, and application to biomedical data related to cardiac
surgery. Biology 12, 442.

Cerono, G. and Chicco, D. (2024). Ensemble machine learning reveals key features for diabetes duration from
electronic health records. PeerJ Computer Science 10, e1896.

Choudhury, A. (2005). A simple derivation of moments of the exponentiated Weibull distribution. Metrika 62,
17–22. MR2236293 https://doi.org/10.1007/s001840400351

Cordeiro, G. M. and de Castro, M. (2011). A new family of generalized distributions. Journal of Statistical Com-
putation and Simulation 81, 883–898. MR2806932 https://doi.org/10.1080/00949650903530745

Key words and phrases. Survival analysis, cross validation, epidemiological data, random forests, decision
tree.

https://imstat.org/journals-and-publications/brazilian-journal-of-probability-and-statistics/
https://doi.org/10.1214/24-BJPS609
https://www.redeabe.org.br/
https://orcid.org/0000-0002-1985-8141
https://orcid.org/0000-0003-3999-7402
https://orcid.org/0000-0003-1073-0114
https://orcid.org/0000-0002-0875-3563
mailto:gabrielar@usp.br
mailto:edwin@usp.br
mailto:rovig161@unb.br
mailto:rafael.deandrademoral@mu.ie
https://mathscinet.ams.org/mathscinet-getitem?mr=3945455
https://doi.org/10.1556/012.2019.56.1.1420
https://mathscinet.ams.org/mathscinet-getitem?mr=3080620
https://doi.org/10.1007/s40300-013-0007-y
https://mathscinet.ams.org/mathscinet-getitem?mr=2727727
https://doi.org/10.1016/j.csda.2010.03.004
https://mathscinet.ams.org/mathscinet-getitem?mr=3874153
https://mathscinet.ams.org/mathscinet-getitem?mr=1040644
https://doi.org/10.1093/biomet/76.3.503
https://mathscinet.ams.org/mathscinet-getitem?mr=2236293
https://doi.org/10.1007/s001840400351
https://mathscinet.ams.org/mathscinet-getitem?mr=2806932
https://doi.org/10.1080/00949650903530745


Dagum, C. (1975). A model of income distribution and the conditions of existence of moments of finite order.
Bulletin of the International Statistical Institute 46, 199–205.

Díaz, I., Hoffman, K. L. and Hejazi, N. S. (2024). Causal survival analysis under competing risks using longitu-
dinal modified treatment policies. Lifetime Data Analysis 30, 213–236. MR4684790 https://doi.org/10.1007/
s10985-023-09606-7

Eugene, N., Lee, C. and Famoye, F. (2002). Beta-normal distribution and its applications. Communications in
Statistics - Theory and Methods 31, 497–512. MR1902307 https://doi.org/10.1081/STA-120003130

Gleaton, J. and Lynch, J. (2006). Properties of generalized log-logistic families of lifetime distributions. Journal
of Probability and Statistical Science 4, 51–64. MR2240301

Harrell, F. E., Califf, R. M., Pryor, D. B., Lee, K. L. and Rosati, R. A. (1982). Evaluating the yield of medical
tests. JAMA 247, 2543–2546.

Ishwaran, H., Kogalur, U. B., Blackstone, E. H. and Lauer, M. S. (2008). Random survival forests. Annals of
Applied Statistics 2, 841–860. MR2516796 https://doi.org/10.1214/08-AOAS169

Ishwaran, H., Kogalur, U. B. and Kogalur, M. U. B. (2023). Package ‘randomForestSRC’. Breast 6 854.
Jung, S. Y., Papp, J. C., Sobel, E. M., Yu, H. and Zhang, Z.-F. (2019). Breast cancer risk and insulin resistance:

Post genome-wide gene–environment interaction study using a random survival forest. Cancer Research 79,
2784–2794.

Khan, M. A., Shah, M. I., Javed, M. F., Khan, M. I., Rasheed, S., El-Shorbagy, M., El-Zahar, E. R. and Malik, M.
(2022). Application of random forest for modelling of surface water salinity. Ain Shams Engineering Journal
13, 101635.

Kundu, D. and Raqab, M. Z. (2005). Generalized Rayleigh distribution: Different methods of estimations. Com-
putational Statistics & Data Analysis 49, 187–200. MR2129172 https://doi.org/10.1016/j.csda.2004.05.008

Lanjoni, B. R., Ortega, E. M. and Cordeiro, G. M. (2016). Extended Burr XII regression models: Theory and ap-
plications. Journal of Agricultural, Biological, and Environmental Statistics 21, 203–224. MR3459302 https://
doi.org/10.1007/s13253-015-0236-z

LeBlanc, M. and Crowley, J. (1993). Survival trees by goodness of split. Journal of the American Statistical
Association 88, 457–467. MR1224370

Lux, T. and Papapantoleon, A. (2017). Improved Fréchet–Hoeffding bounds on d-copulas and applications in
model-free finance. The Annals of Applied Probability 27, 3633–3671. MR3737934 https://doi.org/10.1214/
17-AAP1292

Maia, M., Pimentel, J., Ospina, R. and Ara, A. (2023). Wavelet support vector censored regression. Analytics
2023, 410–425.

Marshall, A. W. and Olkin, I. (1997). A new method for adding a parameter to a family of distributions with
application to the exponential and Weibull families. Biometrika 84, 641–652. MR1603936 https://doi.org/10.
1093/biomet/84.3.641

Mudholkar, G. S. and Srivastava, D. K. (1993). Exponentiated Weibull family for analyzing bathtub failure-rate
data. IEEE Transactions on Reliability 42, 299–302.

Mudholkar, G. S., Srivastava, D. K. and Kollia, G. D. (1996). A generalization of the Weibull distribution with
application to the analysis of survival data. Journal of the American Statistical Association 91, 1575–1583.
MR1439097 https://doi.org/10.2307/2291583

Ortega, E. M., Cordeiro, G. M., Campelo, A. K., Kattan, M. W. and Cancho, V. G. (2015). A power series beta
Weibull regression model for predicting breast carcinoma. Statistics in Medicine 34, 1366–1388. MR3322774
https://doi.org/10.1002/sim.6416

Oukawa, G. Y., Krecl, P. and Targino, A. C. (2022). Fine-scale modeling of the urban heat island: A comparison
of multiple linear regression and random forest approaches. Science of the Total Environment 815, 152836.

Qiu, X., Gao, J., Yang, J., Hu, J., Hu, W., Kong, L. and Lu, J. J. (2020). A comparison study of machine learning
(random survival forest) and classic statistic (Cox proportional hazards) for predicting progression in high-
grade glioma after proton and carbon ion radiotherapy. Frontiers in Oncology 10, 551420.

R Core Team (2021), R: A language and environment for statistical computing. Vienna, Austria.
Ramires, T. G., Cordeiro, G. M., Kattan, M. W., Hens, N. and Ortega, E. M. (2018). Predicting the cure rate of

breast cancer using a new regression model with four regression structures. Statistical Methods in Medical
Research 27, 3207–3223. MR3865269 https://doi.org/10.1177/0962280217695344

Rigby, R. A. and Stasinopoulos, D. M. (2005). Generalized additive models for location, scale and shape. Journal
of the Royal Statistical Society Series C Applied Statistics 54, 507–554. MR2137253 https://doi.org/10.1111/j.
1467-9876.2005.00510.x

Rodrigues, G. M., Ortega, E. M. M., Vila, V. and De Andrade Moral, R. (2024). Supplement to “A new regression
model for the analysis of bimodal censored data: A comparison with random survival forest.” https://doi.org/
10.1214/24-BJPS609SUPP

Shaked, M. and Shanthikumar, J. G. (1994). Stochastic orders and their applications. (No Title). MR1278322

https://mathscinet.ams.org/mathscinet-getitem?mr=4684790
https://doi.org/10.1007/s10985-023-09606-7
https://doi.org/10.1007/s10985-023-09606-7
https://mathscinet.ams.org/mathscinet-getitem?mr=1902307
https://doi.org/10.1081/STA-120003130
https://mathscinet.ams.org/mathscinet-getitem?mr=2240301
https://mathscinet.ams.org/mathscinet-getitem?mr=2516796
https://doi.org/10.1214/08-AOAS169
https://mathscinet.ams.org/mathscinet-getitem?mr=2129172
https://doi.org/10.1016/j.csda.2004.05.008
https://mathscinet.ams.org/mathscinet-getitem?mr=3459302
https://doi.org/10.1007/s13253-015-0236-z
https://doi.org/10.1007/s13253-015-0236-z
https://mathscinet.ams.org/mathscinet-getitem?mr=1224370
https://mathscinet.ams.org/mathscinet-getitem?mr=3737934
https://doi.org/10.1214/17-AAP1292
https://doi.org/10.1214/17-AAP1292
https://mathscinet.ams.org/mathscinet-getitem?mr=1603936
https://doi.org/10.1093/biomet/84.3.641
https://doi.org/10.1093/biomet/84.3.641
https://mathscinet.ams.org/mathscinet-getitem?mr=1439097
https://doi.org/10.2307/2291583
https://mathscinet.ams.org/mathscinet-getitem?mr=3322774
https://doi.org/10.1002/sim.6416
https://mathscinet.ams.org/mathscinet-getitem?mr=3865269
https://doi.org/10.1177/0962280217695344
https://mathscinet.ams.org/mathscinet-getitem?mr=2137253
https://doi.org/10.1111/j.1467-9876.2005.00510.x
https://doi.org/10.1111/j.1467-9876.2005.00510.x
https://doi.org/10.1214/24-BJPS609SUPP
https://doi.org/10.1214/24-BJPS609SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=1278322


Sklar, A. (1973). Random variables, joint distribution functions, and copulas. Kybernetika 9, 449–460.
MR0345164

Stasinopoulos, M., Rigby, B., Voudouris, V., Akantziliotou, C., Enea, M. and Kiose, D. (2023). Package ‘Gamlss’.
Dist’2020. Available at http://www.gamlss.org.

Subeesh, A., Bhole, S., Singh, K., Chandel, N. S., Rajwade, Y. A., Rao, K., Kumar, S. and Jat, D. (2022). Deep
convolutional neural network models for weed detection in polyhouse grown bell peppers. Artificial Intelli-
gence in Agriculture 6, 47–54.

Surles, J. and Padgett, W. (1998). Inference for P(Y < X) in the Burr type X model. Journal of Applied Statistical
Sciences 7, 225–238.

Surles, J. and Padgett, W. (2001). Inference for reliability and stress-strength for a scaled Burr type X distribution.
Lifetime Data Analysis 7, 187–200. MR1842327 https://doi.org/10.1023/A:1011352923990

Surles, J. and Padgett, W. (2005). Some properties of a scaled Burr type X distribution. Journal of Statistical
Planning and Inference 128, 271–280. MR2110189 https://doi.org/10.1016/j.jspi.2003.10.003

Zografos, K. and Balakrishnan, N. (2009). On families of beta-and generalized gamma-generated distributions
and associated inference. Statistical Methodology 6, 344–362. MR2751078 https://doi.org/10.1016/j.stamet.
2008.12.003

https://mathscinet.ams.org/mathscinet-getitem?mr=0345164
http://www.gamlss.org
https://mathscinet.ams.org/mathscinet-getitem?mr=1842327
https://doi.org/10.1023/A:1011352923990
https://mathscinet.ams.org/mathscinet-getitem?mr=2110189
https://doi.org/10.1016/j.jspi.2003.10.003
https://mathscinet.ams.org/mathscinet-getitem?mr=2751078
https://doi.org/10.1016/j.stamet.2008.12.003
https://doi.org/10.1016/j.stamet.2008.12.003


Brazilian Journal of Probability and Statistics
2024, Vol. 38, No. 3, 370–410
https://doi.org/10.1214/24-BJPS610
© Brazilian Statistical Association, 2024

Estimation of tail risk using extreme expectiles in linear GARCH
models with heavy-tailed error

Fuming Lin1, Saralees Nadarajah2,a and Daimin Shi3
1School of Mathematics and Statistics, Sichuan University of Science and Engineering, Sichuan Zigong, China

2Department of Mathematics, University of Manchester, Manchester, United Kingdom,
ambbsssn2@manchester.ac.uk

3School of Statistics, Southwestern University of Finance and Economics, Sichuan Chengdu, China

Abstract. Extreme expectiles recently found their high performance in es-
timation of financial tail risk as expectile is a unique risk measure of both
coherence and elicitability. In view of the conditional heteroscedasticity phe-
nomenon in financial data, this paper is devoted to estimation of extreme con-
ditional and unconditional expectiles in linear GARCH models with heavy-
tailed error. Estimates are used to assess VaR and MES in extreme cases. Pre-
cisely, we employ a mature sieve approximation method to fit linear GARCH
models to the data and obtain estimators of conditional variances and resid-
uals. Extreme expectiles of these residuals are used as estimators of coun-
terparts of the errors, and then combining the estimators of conditional vari-
ances, estimators are given for the extreme conditional and unconditional ex-
pectiles of the whole model. Moreover, based on these expectiles estimators,
conditional marginal expected shortfall is also estimated. Asymptotic theory
for estimators is derived. A simulation study shows merits of our methods.
Finally, the methods are applied to two real data sets.
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Abstract. In this article, we report the development of adjustments to the
profile likelihood function based on the proposals of Severini [Severini, T. A.,
2000. Likelihood Methods in Statistics] and Cox and Reid [Cox, D.R., Reid,
N. 1987. Parameter orthogonality and approximate conditional inference 49,
1-39] in the log Birnbaum-Saunders regression model under both type II cen-
soring and noncensoring. We obtained the profile and modified profile maxi-
mum likelihood estimators, calculated the confidence intervals of the asymp-
totic type and bootstrap percentile and conducted tests based on profile and
modified profile likelihood ratio statistics. Through Monte Carlo simulations,
we numerically evaluated the behaviors of point estimators under different
scenarios, as well as the performance of the likelihood ratio tests based on
the profile and modified profile likelihoods, in terms of size and power. The
results showed that both the tests and the estimators based on modified ver-
sions of the profile likelihood developed had superior performance in small
samples in comparison with the estimators based on the unmodified version.
Finally, an application to real data is presented.
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An explicit multiple case-deletion formula for a linear regression
model with correlated errors and a resulting property of the BLUP

of a multivariate predictand
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Abstract. With reference to a linear model with correlated errors, we ob-
tain an updation formula for the best linear unbiased estimator (BLUE) of
the regression coefficients under multiple case-deletion. The generality and
clarity of this formula, compared to its existing counterparts, facilitate its
use. Specifically, the established formula leads to an attractive property of the
best linear unbiased predictor (BLUP) of a multivariate predictand in terms
of the invariance of the aforementioned BLUE as well as the residual sum of
squares when the BLUP is substituted for actual observations. This property
is illustrated with a numerical example on order statistics from a location-
scale model.

References

Balakrishnan, N. and Bhattacharya, R. (2022). On simultaneous best linear unbiased prediction of future order
statistics and associated properties. Journal of Multivariate Analysis 188, 104854. MR4353863 https://doi.org/
10.1016/j.jmva.2021.104854

Balakrishnan, N. and Cohen, A. C. (1991). Order Statistics and Inference: Estimation Methods. San Diego: Aca-
demic Press. MR1084812

Christensen, R., Pearson, L. M. and Johnson, W. (1992). Case-deletion diagnostics for mixed models. Technomet-
rics 34, 38–45. MR1157792 https://doi.org/10.2307/1269550

Cook, R. D. (1977). Detection of influential observation in linear regression. Technometrics 19, 15–18.
MR0436478 https://doi.org/10.2307/1268249

Doganaksoy, N. and Balakrishnan, N. (1997). A useful property of best linear unbiased predictors with applica-
tions to life-testing. American Statistician 51, 22–28. MR1440936 https://doi.org/10.2307/2684687

Fung, W. K., Zhu, Z. Y., Wei, B. C. and He, X. (2002). Influence diagnostics and outliers tests for semiparametric
mixed models. Journal of the Royal Statistical Society, Series B 64, 565–579. MR1924307 https://doi.org/10.
1111/1467-9868.00351

Harter, H. L. and Balakrishnan, N. (1996). CRC Handbook of Tables for the Use of Order Statistics in Estimation.
Boca Raton, Florida: CRC Press. MR1383819

Hilden-Minton, J. A. (1995). Multilevel Diagnostics for Mixed and Hierarchical Linear Models. PhD Thesis,
University of California. Los Angeles. MR2693014

Leone, F. C. and Moussa-Hamouda, E. (1973). Relative efficiencies of ‘O-BLUE’ estimators in simple linear
regression. Journal of the American Statistical Association 68, 953–959. MR0365923

Moussa-Hamouda, E. (1988). Inference in regression problems based on order statistics. Communications in
Statistics—Theory and Methods 17, 2343–2367. MR0955116 https://doi.org/10.1080/03610928808829750

Moussa-Hamouda, E. and Leone, F. C. (1974). The O-Blue estimators for complete and censored samples in linear
regression. Technometrics 16, 441–446.

Rao, C. R. (1973). Linear Statistical Inference and Its Applications, 2nd ed. New York: Wiley. MR0346957
Tan, W. Y. and Tabatabai, M. A. (1988). A modified Winsorized regression procedure for linear mod-

els. Journal of Statistical Computation and Simulation 30, 299–313. MR1005890 https://doi.org/10.1080/
00949658808811103

Key words and phrases. Best linear unbiased estimator, best linear unbiased predictor, invariance, location-
scale model, order statistics.

https://imstat.org/journals-and-publications/brazilian-journal-of-probability-and-statistics/
https://doi.org/10.1214/24-BJPS612
https://www.redeabe.org.br/
mailto:bala@mcmaster.ca
mailto:rmuk0902@gmail.com
https://mathscinet.ams.org/mathscinet-getitem?mr=4353863
https://doi.org/10.1016/j.jmva.2021.104854
https://doi.org/10.1016/j.jmva.2021.104854
https://mathscinet.ams.org/mathscinet-getitem?mr=1084812
https://mathscinet.ams.org/mathscinet-getitem?mr=1157792
https://doi.org/10.2307/1269550
https://mathscinet.ams.org/mathscinet-getitem?mr=0436478
https://doi.org/10.2307/1268249
https://mathscinet.ams.org/mathscinet-getitem?mr=1440936
https://doi.org/10.2307/2684687
https://mathscinet.ams.org/mathscinet-getitem?mr=1924307
https://doi.org/10.1111/1467-9868.00351
https://doi.org/10.1111/1467-9868.00351
https://mathscinet.ams.org/mathscinet-getitem?mr=1383819
https://mathscinet.ams.org/mathscinet-getitem?mr=2693014
https://mathscinet.ams.org/mathscinet-getitem?mr=0365923
https://mathscinet.ams.org/mathscinet-getitem?mr=0955116
https://doi.org/10.1080/03610928808829750
https://mathscinet.ams.org/mathscinet-getitem?mr=0346957
https://mathscinet.ams.org/mathscinet-getitem?mr=1005890
https://doi.org/10.1080/00949658808811103
https://doi.org/10.1080/00949658808811103


Yale, C. and Forsythe, A. B. (1976). Winsorized regression. Technometrics 18, 291–300.
Zewotir, T. (2008). Multiple cases deletion diagnostics for linear mixed models. Communications in Statistics—

Theory and Methods 37, 1071–1084. MR2712300

https://mathscinet.ams.org/mathscinet-getitem?mr=2712300


Brazilian Journal of Probability and Statistics
2024, Vol. 38, No. 3, 444–462
https://doi.org/10.1214/24-BJPS615
© Brazilian Statistical Association, 2024

Asymptotic distribution of the friendship paradox of a random
geometric graph
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Abstract. In social networks, there is a paradox that an individual’s friends
tend to have more friends than the individual. The friendship paradox is a
summary statistic of networks that measures the strength of the paradox. It
has many applications in network data analysis. As far as we know, theoreti-
cal properties of the friendship paradox are not well studied. In this paper, we
derive the asymptotic distribution of the friendship paradox in a random ge-
ometric graph. After centering and scaling, the friendship paradox converges
in law to a series of independent standard normal random variables. It is in-
teresting that the limiting distribution is not the standard normal distribution.
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