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Abstract. The function-on-function linear regression model in which the re-
sponse and predictors consist of random curves has become a general frame-
work to investigate the relationship between the functional response and func-
tional predictors. Existing methods to estimate the model parameters may be
sensitive to outlying observations, common in empirical applications. In ad-
dition, these methods may be severely affected by such observations, leading
to undesirable estimation and prediction results. A robust estimation method,
based on iteratively reweighted simple partial least squares, is introduced to
improve the prediction accuracy of the function-on-function linear regression
model in the presence of outliers. The performance of the proposed method
is based on the number of partial least squares components used to estimate
the function-on-function linear regression model. Thus, the optimum num-
ber of components is determined via a data-driven error criterion. The finite-
sample performance of the proposed method is investigated via several Monte
Carlo experiments and an empirical data analysis. In addition, a nonparamet-
ric bootstrap method is applied to construct pointwise prediction intervals
for the response function. The results are compared with some of the exist-
ing methods to illustrate the improvement potentially gained by the proposed
method.
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Abstract. Time series analysis is widely used in the fields of economics,
ecology and medicine. Robust variable selection procedures through penal-
ized regression have been gaining increased attention. In our work, a robust
penalized regression estimator based on exponential squared loss for autore-
gressive (AR) models is proposed and discussed. The objective model with
adaptive Lasso penalty realizes variable selection and parameter estimation
simultaneously. Under some regular conditions, we establish the asymptotic
and “Oracle” properties of the proposed estimator. In particular, the induced
non-convex and non-differentiable mathematical programming problem of-
fers challenges for solving algorithms. To solve this problem efficiently, we
specially design a block coordinate descent (BCD) algorithm equipped with
concave-convex process (CCCP) and provide a convergence guarantee. Nu-
merical simulation studies are carried out to show that the proposed method is
particularly robust and applicable compared with some recent methods when
there are different types of noise or different intensity of noise. Furthermore,
an application on a dataset of daily minimum temperature in Melbourne over
1981–1990 is performed.
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Abstract. Scalar-on-function regression allows for a scalar response to be
dependent on functional predictors; however, not much work has been done
when interaction effects between the functional predictors are included. In
this paper, we introduce a multiple functional linear regression model with
interaction terms. Meanwhile, we enforce the hierarchical structure constraint
on the model, that is, interaction terms can be selected into the model only if
the associated main effects are in the model. Based on the functional principal
component analysis and group smoothly clipped absolute deviation (SCAD)
penalty, we propose a new penalized estimation procedure to select the im-
portant functional predictors and interactions while automatically obeying
the hierarchical structure. With appropriate selection of the tuning parame-
ters, the rates of convergence of the proposed estimators and the consistency
of the model selection procedure are established under some regularity con-
ditions. At last, we illustrate the finite sample performance of our proposed
methods with some simulation studies and a real data application.
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Abstract. Identifying key nodes, estimating the probability of connection
between them, and distinguishing latent groups are some of the main objec-
tives of social network analysis. In this paper, we propose a class of block-
models to model stochastic equivalence and visualize groups in an unobserv-
able space. In this setting, the proposed method is based on two approaches:
latent distances and latent dissimilarities at the group level. The projection
proposed in the paper is performed without needing to project individuals,
unlike the main approaches in the literature. Our approach can be used in
undirected or directed graphs and is flexible enough to cluster and quantify
between and within-group tie probabilities in social networks. The effective-
ness of the methodology in representing groups in latent spaces was analyzed
under artificial datasets and in two case studies.
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Abstract. The presence of multicollinearity adversely affects the inferential
properties of the maximum likelihood (ML) estimator in logistic regression
model. It is a well-established fact that the use of restrictions lowers the ef-
fect of multicollinearity. In this article, an alternative to the ML estimator
has been introduced by combining the exact prior information into the logis-
tic r − k class (Lrk) estimator. The estimator is named a logistic restricted
r − k class estimator. Another estimator, logistic restricted PCR estimator,
is also developed as a special case of the LRrk estimator. The asymptotic
mean squared error (MSE) matrix properties of the estimators are studied
and necessary and sufficient conditions are derived. Further, a Monte Carlo
simulation study is performed to compare the performance of the estimators
in terms of the scalar MSE and the prediction MSE. It is found that the pro-
posed estimators perform better than the existing estimators in most of the
cases considered. Moreover, a numerical example has also been presented for
comparing the performance of the estimators.
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Abstract. We provide a generalization of Theorem 1 in Bartkiewicz et al.
(2011) in the sense that we give sufficient conditions for weak convergence
of finite dimensional distributions of the partial sum processes of a strongly
stationary sequence to the corresponding finite dimensional distributions of
a non-Gaussian stable process instead of weak convergence of the partial
sums themselves to a non-Gaussian stable distribution. As an application, we
describe the asymptotic behaviour of finite dimensional distributions of ag-
gregation of independent copies of a strongly stationary subcritical Galton–
Watson branching process with regularly varying immigration having index
in (0,1) ∪ (1,4/3) in a so-called iterated case, namely when first taking the
limit as the time scale and then the number of copies tend to infinity.
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Abstract. In this paper, we mainly focus on the sums of non-negative
integer-valued 1-dependent random variables and its approximation to the
power series distribution. We first discuss some relevant results for power se-
ries distribution such as the Stein operator, uniform and non-uniform bounds
on the solution of the Stein equation. Using Stein’s method, we obtain er-
ror bounds for the approximation problem considered. The obtained results
can also be applied to the sums of m-dependent random variables via appro-
priate rearrangements of random variables. As special cases, we discuss two
applications, namely, 2-runs and (k1, k2)-runs, and compare our bounds with
existing bounds.
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Abstract. In this paper, we mainly study the consistency of the nearest
neighbor estimator of the density function based on m-extended negatively
dependent samples. The weak consistency, strong consistency, uniformly
strong consistency and the convergence rate are established under some mild
conditions. The results obtained in this paper extend and improve some exist-
ing ones in the literature.
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Limit theorems for quasi-arithmetic means of random variables
with applications to point estimations for the Cauchy distribution
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Abstract. We establish some limit theorems for quasi-arithmetic means of
random variables. This class of means contains the arithmetic, geometric and
harmonic means. Our feature is that the generators of quasi-arithmetic means
are allowed to be complex-valued, which makes considerations for quasi-
arithmetic means of random variables which could take negative values pos-
sible. Our motivation for the limit theorems is finding simple estimators of
the parameters of the Cauchy distribution. By applying the limit theorems,
we obtain some closed-form unbiased strongly-consistent estimators for the
joint of the location and scale parameters of the Cauchy distribution, which
are easy to compute and analyze.

References

Aczél, J. (1948). On mean values. Bulletin of the American Mathematical Society 54, 392–400. MR0024482
https://doi.org/10.1090/S0002-9904-1948-09016-4

Akaoka, Y. (2020). Parameter estimation using complex valued moments for Cauchy distributions. Master’s thesis,
Department of mathematics, Shinshu University.

Akaoka, Y., Okamura, K. and Otobe, Y. (2021). Confidence disc for Cauchy distributions. Preprint.
Akaoka, Y., Okamura, K. and Otobe, Y. (2022). Bahadur efficiency of the maximum likelihood estimator and

one-step estimator for quasi-arithmetic means of the Cauchy distribution. Annals of the Institute of Statistical
Mathematics. https://doi.org/10.1007/s10463-021-00818-y

Arslan, O. and Kent, J. T. (1998). A note on the maximum likelihood estimators for the location and scatter
parameters of a multivariate Cauchy distribution. Communications in Statistics Theory and Methods 27, 3007–
3014. MR1659367 https://doi.org/10.1080/03610929808832269

Auderset, C., Mazza, C. and Ruh, E. A. (2005). Angular Gaussian and Cauchy estimation. Journal of Multivariate
Analysis 93, 180–197. MR2119770 https://doi.org/10.1016/j.jmva.2004.01.007

Bai, Z. D. and Fu, J. C. (1987). On the maximum-likelihood estimator for the location parameter of a Cauchy
distribution. Canadian Journal of Statistics 15, 137–146. MR0905141 https://doi.org/10.2307/3315202

Balmer, D. W., Boulton, M. and Sack, R. A. (1974). Optimal solutions in parameter estimation problems
for the Cauchy distribution. Journal of the American Statistical Association 69, 238–242. MR0375583
https://doi.org/10.1080/01621459.1974.10480162

Barczy, M. and Burai, P. (2022). Limit theorems for Bajraktarević and Cauchy quotient means of inde-
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(1960–2002). Journal of Statistics, Series B 50, 350–361. MR1065314 https://doi.org/10.2307/25052554

Johnson, N. L., Kotz, S. and Balakrishnan, N. (1994). Continuous Univariate Distributions, Vol. 1, 2nd ed. New
York: Wiley. MR1326603

Kolmogorov, A. N. (1930). Sur la notion de la moyenne. Atti Della Accademia Nazionale dei Lincei 12, 388–391.
Kravchuk, O. Y. (2005). Rank test of location optimal for hyperbolic secant distribution. Communications in

Statistics Theory and Methods 34, 1617–1630. MR2168514 https://doi.org/10.1081/sta-200063236
Kravchuk, O. Y. and Pollett, P. K. (2012). Hodges–Lehmann scale estimator for Cauchy distribution. Communica-

tions in Statistics Theory and Methods 41, 3621–3632. MR2967869 https://doi.org/10.1080/03610926.2011.
563016

Mardia, K. V., Southworth, H. R. and Taylor, C. C. (1999). On bias in maximum likelihood estimators. 76 31–39.
MR1673338 https://doi.org/10.1016/S0378-3758(98)00176-1

Matsui, M. (2020). Asymptotics of maximum likelihood estimation for stable law with continuous parameteriza-
tion. Communications in Statistics Theory and Methods 50, 3695–3712. MR4282606 https://doi.org/10.1080/
03610926.2019.1710199

Matsui, M. and Takemura, A. (2005). Empirical characteristic function approach to goodness-of-fit tests for the
Cauchy distribution with parameters estimated by MLE or EISE. Annals of the Institute of Statistical Mathe-
matics 57, 183–199. MR2165616 https://doi.org/10.1007/bf02506887

http://www.ams.org/mathscinet-getitem?mr=2195634
https://doi.org/10.1214/009053605000000093
http://www.ams.org/mathscinet-getitem?mr=0205366
https://doi.org/10.1080/01621459.1966.10480912
http://www.ams.org/mathscinet-getitem?mr=0629752
http://www.ams.org/mathscinet-getitem?mr=0400508
https://doi.org/10.1080/01621459.1974.10480163
http://www.ams.org/mathscinet-getitem?mr=0400508
http://www.ams.org/mathscinet-getitem?mr=2323872
https://doi.org/10.1016/j.jspi.2006.05.002
http://www.ams.org/mathscinet-getitem?mr=0388627
https://doi.org/10.1093/biomet/62.3.701
http://www.ams.org/mathscinet-getitem?mr=3535513
https://doi.org/10.1080/00031305.2016.1148632
http://www.ams.org/mathscinet-getitem?mr=1191706
https://doi.org/10.2307/2324123
http://www.ams.org/mathscinet-getitem?mr=0143281
https://doi.org/10.1214/aoms/1177704357
http://www.ams.org/mathscinet-getitem?mr=0686406
https://doi.org/10.1080/01621459.1978.10480031
http://www.ams.org/mathscinet-getitem?mr=0695217
https://doi.org/10.1093/biomet/69.3.677
http://www.ams.org/mathscinet-getitem?mr=1763563
https://doi.org/10.1023/a:1004113805623
http://www.ams.org/mathscinet-getitem?mr=2618313
https://doi.org/10.1093/biomet/57.2.403
http://www.ams.org/mathscinet-getitem?mr=0046395
http://www.ams.org/mathscinet-getitem?mr=0431495
https://doi.org/10.1016/0096-3003(77)90024-8
http://www.ams.org/mathscinet-getitem?mr=0625372
https://doi.org/10.2307/3315228
http://www.ams.org/mathscinet-getitem?mr=1065314
https://doi.org/10.2307/25052554
http://www.ams.org/mathscinet-getitem?mr=1326603
http://www.ams.org/mathscinet-getitem?mr=2168514
https://doi.org/10.1081/sta-200063236
http://www.ams.org/mathscinet-getitem?mr=2967869
https://doi.org/10.1080/03610926.2011.563016
http://www.ams.org/mathscinet-getitem?mr=1673338
https://doi.org/10.1016/S0378-3758(98)00176-1
http://www.ams.org/mathscinet-getitem?mr=4282606
https://doi.org/10.1080/03610926.2019.1710199
http://www.ams.org/mathscinet-getitem?mr=2165616
https://doi.org/10.1007/bf02506887
https://doi.org/10.1214/009053605000000093
https://doi.org/10.1080/01621459.1974.10480163
https://doi.org/10.1080/01621459.1978.10480031
https://doi.org/10.1016/0096-3003(77)90024-8
https://doi.org/10.1080/03610926.2011.563016
https://doi.org/10.1080/03610926.2019.1710199


McCullagh, P. (1992). Conditional inference and Cauchy models. Biometrika 79, 247–259. MR1185127
https://doi.org/10.1093/biomet/79.2.247

McCullagh, P. (1993). On the distribution of the Cauchy maximum-likelihood estimator. Proceedings of the Royal
Society of London Series A 440, 475–479. MR1232841 https://doi.org/10.1098/rspa.1993.0028

McCullagh, P. (1996). Möbius transformation and Cauchy parameter estimation. The Annals of Statistics 24,
787–808. MR1394988 https://doi.org/10.1214/aos/1032894465

Nagumo, M. (1930). Über eine klasse der mittelwerte. Japanese Journal of Mathematics 7, 71–79.
Ogawa, J. (1962a). Estimation of the Location and Scale Parameters by Sample Quantiles (for Large Samples),

47–55. New York: John Wiley.
Ogawa, J. (1962b). Distribution and moments of order statistics, 2, 11–19. Wiley publications in statistics.
Okamura, K. and Otobe, Y. (2021). Characterizations of the maximum likelihood estimator of the Cauchy distri-

bution. Lobachevskii Journal of Mathematics. to appear.
Onen, B. H., Dietz, D. C., Yen, V. C. and Moore, A. H. (2001). Goodness-of-fit tests for the Cauchy distribution.

Computational Statistics 16, 97–107. MR1854194 https://doi.org/10.1007/s001800100053
Pakes, A. G. (1999). On the convergence of moments of geometric and harmonic means. Statistica Neerlandica

53, 96–110. MR1705350 https://doi.org/10.1111/1467-9574.00100
Press, S. J. (1972). Estimation in univariate and multivariate stable distributions. Journal of the American Statis-

tical Association 67, 842–846. MR0362666 https://doi.org/10.1080/01621459.1972.10481302
Reeds, J. A. (1985). Asymptotic number of roots of Cauchy location likelihood equations. The Annals of Statistics

13, 775–784. MR0790572 https://doi.org/10.1214/aos/1176349554
Rothenberg, T. J., Fisher, F. M. and Tilanus, C. B. (1964). A note on estimation from a Cauchy sample. Jour-

nal of the American Statistical Association 59, 460–463. MR0166872 https://doi.org/10.1080/01621459.1964.
10482170

Rublik, F. (2001). A quantile goodness-of-fit test for Cauchy distribution, based on extreme order statistics. Ap-
plications of Mathematics 46, 339–351. MR1925192 https://doi.org/10.1023/a:1013704326683

Saleh, A. K. M. E., Hassanein, K. M. and Brown, E. F. (1985). Optimum spacings for the joint estimation and
tests of hypothesis of location and scale parameters of the Cauchy distribution. Communications in Statistics
Theory and Methods 14, 247–254. MR0788797 https://doi.org/10.1080/03610928508828908

Vaughan, D. C. (1992). On the Tiku-Suresh method of estimation. Communications in Statistics Theory and
Methods 21, 451–469. MR1158570 https://doi.org/10.1080/03610929208830788

Zhang, J. (2009). A highly efficient L-estimator for the location parameter of the Cauchy distribution. Computa-
tional Statistics 25, 97–105. MR2586726 https://doi.org/10.1007/s00180-009-0163-y

Zolotarev, V. M. (1986). One-Dimensional Stable Distributions. Providence: American Mathematical Society.
MR0854867 https://doi.org/10.1090/mmono/065

http://www.ams.org/mathscinet-getitem?mr=1185127
https://doi.org/10.1093/biomet/79.2.247
http://www.ams.org/mathscinet-getitem?mr=1232841
https://doi.org/10.1098/rspa.1993.0028
http://www.ams.org/mathscinet-getitem?mr=1394988
https://doi.org/10.1214/aos/1032894465
http://www.ams.org/mathscinet-getitem?mr=1854194
https://doi.org/10.1007/s001800100053
http://www.ams.org/mathscinet-getitem?mr=1705350
https://doi.org/10.1111/1467-9574.00100
http://www.ams.org/mathscinet-getitem?mr=0362666
https://doi.org/10.1080/01621459.1972.10481302
http://www.ams.org/mathscinet-getitem?mr=0790572
https://doi.org/10.1214/aos/1176349554
http://www.ams.org/mathscinet-getitem?mr=0166872
https://doi.org/10.1080/01621459.1964.10482170
http://www.ams.org/mathscinet-getitem?mr=1925192
https://doi.org/10.1023/a:1013704326683
http://www.ams.org/mathscinet-getitem?mr=0788797
https://doi.org/10.1080/03610928508828908
http://www.ams.org/mathscinet-getitem?mr=1158570
https://doi.org/10.1080/03610929208830788
http://www.ams.org/mathscinet-getitem?mr=2586726
https://doi.org/10.1007/s00180-009-0163-y
http://www.ams.org/mathscinet-getitem?mr=0854867
https://doi.org/10.1090/mmono/065
https://doi.org/10.1080/01621459.1964.10482170


Brazilian Journal of Probability and Statistics
2022, Vol. 36, No. 2, 408–419
https://doi.org/10.1214/22-BJPS532
This research was funded, in whole or in part, by [Slovak Research and Development Agency; Scientific Grant
Agency of the Ministry of Education, Science, Research and Sport of the Slovak Republic, APVV-18-0052 and
VEGA 1/0006/19]. A CC BY 4.0 license is applied to this article arising from this submission, in accordance
with the grant’s open access conditions

A heteroscedasticity diagnostic of a regression analysis with copula
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Abstract. One of the most important assumptions in multiple regression
analysis is the independence of the explanatory variables, however, this as-
sumption is violated in several situations. In this work, we investigate regres-
sion equations when this independence does not hold and the explanatory
variables are connected by many of elliptical copulas. We apply the proposed
regression equation to study its heteroscedasticity diagnostic and using simu-
lated data we also assess our regression model. A cross-validation procedure
is carried out to ensure the unbiasedness of the results. Also, a real data anal-
ysis is presented as an application.
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