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27, 50-370 Wroclaw, Poland, azbigniew.palmowski@pwr.edu.pl
2Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Georgi Bonchev str., bl.8, Sofia 1113,
Bulgaria, bh.sariev@math.bas.bg
3Faculty of Mathematics and Informatics, Sofia University “St. Kliment Ohridski”, 5 James Bourchier blvd., Sofia
1164, Bulgaria, cmsavov@fmi.uni-sofia.bg

In this work, we consider moments of exponential functionals of Lévy processes on a deterministic horizon. We
derive two convolutional identities regarding these moments. The first one relates the complex moments of the
exponential functional of a general Lévy process up to a deterministic time to those of the dual Lévy process. The
second convolutional identity links the complex moments of the exponential functional of a Lévy process, which is
not a compound Poisson process, to those of the exponential functionals of its ascending/descending ladder heights
on a random horizon determined by the respective local times. As a consequence, we derive a universal expression
for the half-negative moment of the exponential functional of any symmetric Lévy process, which resembles in its
universality the passage time of symmetric random walks. The (n− 1/2)th , n ≥ 0 moments are also discussed. On
the other hand, under extremely mild conditions, we obtain a series expansion for the complex moments (including
those with negative real part) of the exponential functionals of subordinators. This significantly extends previous
results and offers neat expressions for the negative real moments. In a special case, it turns out that the Riemann
zeta function is the minus first moment of the exponential functional of the Gamma subordinator indexed in time.
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We present a study of a kernel-based two-sample test statistic related to the Maximum Mean Discrepancy (MMD)
in the manifold data setting, assuming that high-dimensional observations are close to a low-dimensional manifold.
We characterize the test level and power in relation to the kernel bandwidth, the number of samples, and the in-
trinsic dimensionality of the manifold. Specifically, when data densities p and q are supported on a d-dimensional
sub-manifold M embedded in an m-dimensional space and are Hölder with order β (up to 2) on M, we prove a
guarantee of the test power for finite sample size n that exceeds a threshold depending on d, β, and Δ2 the squared
L2-divergence between p and q on the manifold, and with a properly chosen kernel bandwidth γ. For small density
departures, we show that with large n they can be detected by the kernel test when Δ2 is greater than n−2β/(d+4β)

up to a certain constant and γ scales as n−1/(d+4β). The analysis extends to cases where the manifold has a bound-
ary and the data samples contain high-dimensional additive noise. Our results indicate that the kernel two-sample
test has no curse-of-dimensionality when the data lie on or near a low-dimensional manifold. We validate our
theory and the properties of the kernel test for manifold data through a series of numerical experiments.

Keywords: Kernel methods; manifold data; Maximum Mean Discrepancy; two-sample test
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We propose a new asymptotic test to assess the stationarity of a time series’ mean that is applicable in the pres-
ence of both heteroscedasticity and short-range dependence. Our test statistic is composed of Gini’s mean differ-
ence of local sample means. To analyse its asymptotic behaviour, we develop new limit theory for U-statistics of
strongly mixing triangular arrays under non-stationarity. Most importantly, we show asymptotic normality of the
test statistic under the hypothesis of a constant mean and prove the test’s consistency against a very general class
of alternatives, including both smooth and abrupt changes in the mean. We propose estimators for all parameters
involved, including an adapted subsampling estimator for the long run variance, and show their consistency. Our
procedure is practically evaluated in an extensive simulation study and in a data example considering the number
of live births in Germany.

Keywords: Change point analysis; heteroscedasticity; short-range dependence; test for a constant mean;
U-statistic of a non-stationary triangular array
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Minimum information dependence modeling
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We propose a method to construct a joint statistical model for mixed-domain data to analyze their dependence.
Multivariate Gaussian and log-linear models are particular examples of the proposed model. It is shown that
the functional equation defining the model has a unique solution under fairly weak conditions. The model is
characterized by two orthogonal parameters: the dependence parameter and the marginal parameter. To estimate
the dependence parameter, a conditional inference together with a sampling procedure is proposed and is shown
to provide a consistent estimator. Illustrative examples of data analyses involving penguins and earthquakes are
presented.

Keywords: Conditional inference; copula; earthquake data; graphical model; mixed-domain; Monte Carlo method
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This article studies the asymptotic properties of Bayesian or frequentist estimators of a vector of parameters related
to structural properties of sequences of graphs. The estimators studied originate from a particular class of graphex
model introduced by Caron and Fox (J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 (2017) 1295–1366). The analysis
is however performed here under very weak assumptions on the underlying data generating process, which may
be different from the model of (J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 (2017) 1295–1366) or from a graphex
model. In particular, we consider generic sparse graph models, with unbounded degree, whose degree distribution
satisfies some assumptions. We show that one can relate the limit of the estimator of one of the parameters to the
sparsity constant of the true graph generating process. When taking a Bayesian approach, we also show that the
posterior distribution is asymptotically normal. We discuss situations where classical random graphs models, such
as configuration models, satisfy our assumptions.

Keywords: Bayesian nonparametrics; networks; random graphs; sparsity; caron and fox model; inference;
maximum likelihood estimation; bayesian estimation; misspecification
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Linear inverse problems for count data arise in a myriad of settings. The latent counts lie on a fibre that is too large
to enumerate in most practical problems, but inference can proceed by sampling the fibre. We examine the mixing
properties of hit-and-run samplers in this context. In general convergence can be arbitrarily slow. However, there
is a class of linear inverse problems for which rapid mixing for uniform fibre sampling is possible, using Markov
sub-bases that are of minimum size but yet provide a sufficiently rich range of sampling directions to avoid the
need for zig-zagging walks to ensure connectivity. Focussing on such problems, we study a particular class of
bases that enjoy these properties under certain easily checkable conditions on the configuration matrix. We also
examine the mixing properties of these bases when employing commonly used Poisson models. Our theoretical
results provide practical guidance on optimizing these Markov sub-bases.

Keywords: Augmenting path; Eulerian matrix; fibre sampler; Markov basis; mixing time; random walk; second
largest eigenvalue modulus
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On the joint distribution of the area and the
number of peaks for Bernoulli excursions
VLADISLAV KARGINa

Department of Mathematics and Statistics, Binghamton University, Binghamton, USA, avkargin@binghamton.edu

Let Pn be a random Bernoulli excursion of length 2n. We show that the area under Pn and the number of peaks of
Pn are asymptotically independent. We also show that these statistics have the correlation coefficient asymptotic
to c/

√
n for large n, where c < 0, and explicitly compute the coefficient c.

Keywords: Airy distribution; Bernoulli excursion; dominant balance method
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Nguyen The, M. (2004). Area and inertial moment of Dyck paths. Combin. Probab. Comput. 13 697–716.

MR2095979 https://doi.org/10.1017/S0963548304006339
Petersen, T.K. (2015). Eulerian Numbers. Birkhäuser Advanced Texts: Basler Lehrbücher [Birkhäuser Advanced

Texts: Basel Textbooks]. New York: Birkhäuser/Springer. MR3408615 https://doi.org/10.1007/978-1-4939-
3091-3

Richard, C. (2002). Scaling behaviour of two-dimensional polygon models. J. Stat. Phys. 108 459–493.
MR1913305 https://doi.org/10.1023/A:1015773723188

Richard, C. (2009). On q-functional equations and excursion moments. Discrete Math. 309 207–230. MR2475013
https://doi.org/10.1016/j.disc.2007.12.072

Richard, C. and Guttmann, A.J. (2001). q-linear approximants: Scaling functions for polygon models. J. Phys. A
34 4783–4796. MR1850753 https://doi.org/10.1088/0305-4470/34/23/301

Richard, C., Guttmann, A.J. and Jensen, I. (2001). Scaling function and universal amplitude combinations for
self-avoiding polygons. J. Phys. A 34 L495–L501. MR1862759 https://doi.org/10.1088/0305-4470/34/36/102

Richard, C., Jensen, I. and Guttmann, A.J. (2008). Area distribution and scaling function for punctured polygons.
Electron. J. Combin. 15 Research paper 53, 50 pp. MR2398845 https://doi.org/10.37236/777

Schwerdtfeger, U., Richard, C. and Thatte, B. (2010). Area limit laws for symmetry classes of staircase polygons.
Combin. Probab. Comput. 19 441–461. MR2607376 https://doi.org/10.1017/S0963548309990629

Stanley, R.P. (1999). Enumerative Combinatorics. Vol. 2. Cambridge Studies in Advanced Mathematics 62. Cam-
bridge: Cambridge Univ. Press. MR1676282 https://doi.org/10.1017/CBO9780511609589

Stanley, R.P. (2015). Catalan Numbers. New York: Cambridge Univ. Press. MR3467982 https://doi.org/10.1017/
CBO9781139871495

Stein, E.M. and Weiss, G. (1971). Introduction to Fourier Analysis on Euclidean Spaces. Princeton Mathematical
Series 32. Princeton, NJ: Princeton Univ. Press. MR0304972

Takács, L. (1991). A Bernoulli excursion and its various applications. Adv. in Appl. Probab. 23 557–585.
MR1122875 https://doi.org/10.2307/1427622

Takács, L. (1992). Random walk processes and their applications in order statistics. Ann. Appl. Probab. 2 435–459.
MR1161061

Takács, L. (1994). On the total heights of random rooted binary trees. J. Combin. Theory Ser. B 61 155–166.
MR1280604 https://doi.org/10.1006/jctb.1994.1041

https://mathscinet.ams.org/mathscinet-getitem?mr=0106498
https://mathscinet.ams.org/mathscinet-getitem?mr=2095979
https://doi.org/10.1017/S0963548304006339
https://mathscinet.ams.org/mathscinet-getitem?mr=3408615
https://doi.org/10.1007/978-1-4939-3091-3
https://doi.org/10.1007/978-1-4939-3091-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1913305
https://doi.org/10.1023/A:1015773723188
https://mathscinet.ams.org/mathscinet-getitem?mr=2475013
https://doi.org/10.1016/j.disc.2007.12.072
https://mathscinet.ams.org/mathscinet-getitem?mr=1850753
https://doi.org/10.1088/0305-4470/34/23/301
https://mathscinet.ams.org/mathscinet-getitem?mr=1862759
https://doi.org/10.1088/0305-4470/34/36/102
https://mathscinet.ams.org/mathscinet-getitem?mr=2398845
https://doi.org/10.37236/777
https://mathscinet.ams.org/mathscinet-getitem?mr=2607376
https://doi.org/10.1017/S0963548309990629
https://mathscinet.ams.org/mathscinet-getitem?mr=1676282
https://doi.org/10.1017/CBO9780511609589
https://mathscinet.ams.org/mathscinet-getitem?mr=3467982
https://doi.org/10.1017/CBO9781139871495
https://doi.org/10.1017/CBO9781139871495
https://mathscinet.ams.org/mathscinet-getitem?mr=0304972
https://mathscinet.ams.org/mathscinet-getitem?mr=1122875
https://doi.org/10.2307/1427622
https://mathscinet.ams.org/mathscinet-getitem?mr=1161061
https://mathscinet.ams.org/mathscinet-getitem?mr=1280604
https://doi.org/10.1006/jctb.1994.1041


Bernoulli 30(4), 2024, 2721–2746
https://doi.org/10.3150/23-BEJ1692

Shrinkage estimation of higher-order Bochner
integrals
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2Department of Statistics, Pennsylvania State University, University Park, PA 16802, USA, bbks18@psu.edu

We consider shrinkage estimation of higher-order Hilbert space-valued Bochner integrals in a non-parametric set-
ting. We propose estimators that shrink the U-statistic estimator of the Bochner integral towards a pre-specified
target element in the Hilbert space. Depending on the degeneracy of the kernel of the U-statistic, we construct con-
sistent shrinkage estimators and develop oracle inequalities comparing the risks of the U-statistic estimator and its
shrinkage version. Surprisingly, we show that the shrinkage estimator designed by assuming complete degeneracy
of the kernel of the U-statistic is a consistent estimator even when the kernel is not completely degenerate. This
work subsumes and improves upon Muandet et al. (J. Mach. Learn. Res. 17 (2016) 48) and Zhou, Chen and Huang
(J. Multivariate Anal. 169 (2019) 166–178), which only handle mean element and covariance operator estimation
in a reproducing kernel Hilbert space. We also specialize our results to normal mean estimation and show that for
d ≥ 3, the proposed estimator strictly improves upon the sample mean in terms of the mean squared error.

Keywords: Bernstein’s inequality; Bochner integral; completely degenerate; James-Stein estimator; shrinkage
estimation; SURE; U-statistics
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Copulas are an important tool to study dependencies for data on the real line (or multivariate extensions of this),
referred to as linear data. The analogue of copulas for circular data and data on the torus are circulas. This pa-
per studies kernel estimation of circulas, and discusses important issues such as choice of circular kernels and
‘smoothing’ parameters. This leads to some new insights, and some contrasts with results for linear data. Since
a circula is a multivariate cumulative distribution with circular uniform marginals, the paper also contributes to
kernel estimation of cumulative distributions for toroidal data.

Keywords: Asymptotic bias and variance; circular data; copula; kernel estimation; mean squared error; optimal
smoothing parameter; toroidal data
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Local polynomial trend regression for spatial
data on Rd

DAISUKE KURISU1,a and YASUMASA MATSUDA2,b

1Center for Spatial Information Science, The University of Tokyo, 5-1-5, Kashiwanoha, Kashiwa-shi, Chiba
277-8568, Japan, adaisukekurisu@csis.u-tokyo.ac.jp
2Graduate School of Economics and Management, Tohoku University, Sendai 980-8576, Japan,
byasumasa.matsuda.a4@tohoku.ac.jp

This paper develops a general asymptotic theory of local polynomial (LP) regression for spatial data observed at
irregularly spaced locations in a sampling region Rn ⊂ Rd . We adopt a stochastic sampling design that can gen-
erate irregularly spaced sampling sites in a flexible manner including both pure increasing and mixed increasing
domain frameworks. We first introduce a nonparametric regression model for spatial data defined on Rd and then
establish the asymptotic normality of LP estimators with general order p ≥ 1. We also propose methods for con-
structing confidence intervals and establish uniform convergence rates of LP estimators. Our dependence structure
conditions on the underlying processes cover a wide class of random fields such as Lévy-driven continuous au-
toregressive moving average random fields. As an application of our main results, we discuss a two-sample testing
problem for mean functions and their partial derivatives.

Keywords: Irregularly spaced spatial data; Lévy-driven moving average random field; local polynomial
regression; two-sample test
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This paper gives a comprehensive treatment of the convergence rates of penalized spline estimators for simultane-
ously estimating several leading principal component functions, when the functional data is sparsely observed. The
penalized spline estimators are defined as the solution of a penalized empirical risk minimization problem, where
the loss function belongs to a general class of loss functions motivated by the matrix Bregman divergence, and
the penalty term is the integrated squared derivative. The theory reveals that the asymptotic behavior of penalized
spline estimators depends on the interesting interplay between several factors, i.e., the smoothness of the unknown
functions, the spline degree, the spline knot number, the penalty order, and the penalty parameter. The theory also
classifies the asymptotic behavior into seven scenarios and characterizes whether and how the minimax optimal
rates of convergence are achievable in each scenario.

Keywords: Functional principal component analysis; manifold geometry; matrix Bregman divergence; roughness
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1Department of Statistics, University of Warwick, Coventry, CV4 7AL, UK, aw.s.kendall@warwick.ac.uk,
ba.mijatovic@warwick.ac.uk
2School of Mathematical and Computer Sciences, Heriot-Watt University, Edinburgh, EH14 4AS, UK,
cm.majka@hw.ac.uk

We study optimal Markovian couplings of Markov processes, where the optimality is understood in terms of
minimization of concave transport costs between evaluations of the coupled processes at corresponding times.
We provide explicit constructions of such optimal couplings for one-dimensional finite-activity Lévy processes
(continuous-time random walks) whose jump distributions are unimodal but not necessarily symmetric. Remark-
ably, the optimal Markovian coupling does not depend on the specific concave transport cost. To this end, we
combine McCann’s results on optimal transport and Rogers’ results on random walks with a novel uniformization
construction that allows us to characterize all Markovian couplings of finite-activity Lévy processes. In particular,
we show that the optimal Markovian coupling for finite-activity Lévy processes with non-symmetric unimodal
Lévy measures has to allow for non-simultaneous jumps of the two coupled processes.

Keywords: Concave transport cost; continuous-time random walk; finite activity Lévy process; immersion
coupling; Lévy process; Markovian coupling; maximal coupling; optimal coupling; simultaneous optimality;
unimodal distribution; Wasserstein distance
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We provide a unifying approach to central limit type theorems for empirical optimal transport (OT). The limit
distribution is given by a supremum of a centered Gaussian process, and we explicitly characterize when it is
centered normal or degenerates to a Dirac measure. Moreover, in contrast to recent contributions to distributional
limit laws for empirical OT on Euclidean spaces which require centering around its expectation, the limits obtained
here are centered around the population quantity, which is well-suited for statistical applications such as goodness-
of-fit testing and randomized OT computation. Overall, our distributional limits are valid if one of the population
probability measures is of intrinsic dimension at most three. At the heart of our theory lies the Kantorovich duality
which represents the OT cost as a supremum over a function class Fc for an underlying sufficiently regular and
possibly unbounded cost function c. In this regard, OT is considered as a functional defined on �∞ (Fc), the
Banach space of bounded functionals from Fc to R and equipped with uniform norm. We prove the OT functional
to be Hadamard directionally differentiable and conclude distributional convergence for increasing sample size
via a functional delta method that necessitates weak convergence of an underlying empirical process in �∞ (Fc).
The latter can be dealt with empirical process theory and requires Fc to be a Donsker class. We give sufficient
conditions depending on the dimension of the ground space, the underlying cost function and the probability
measures under consideration to guarantee the Donsker property. Altogether, our approach reveals a noteworthy
trade-off inherent in central limit theorems for empirical OT: Kantorovich duality requires Fc to be sufficiently
rich, while weak convergence of the underlying empirical processes only occurs if Fc is not too complex.

Keywords: Bootstrap; central limit theorem; empirical processes; Kantorovich potential; optimal transport;
regularity theory; Wasserstein distance
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Approximate double-transform inversion when
time is one of the variables
RONALD W. BUTLERa

Fort Collins, Colorado 80525 USA, abrennerweg@yahoo.com

For a continuous-time (integer-time) stochastic process, its distribution at arbitrary time t (n) is often a difficult
computation. To use a saddlepoint approximation, its time-indexed moment generating function (MGF) is needed
and seldomly is that available. What is often readily available, however, is the Laplace transform (generating
function) in time t (n) of this time-indexed MGF which we call a double transform. Such double transforms often
take a simple analytic form and we show how they may be inverted to determine the survival function for the
process at time t or n. Two general approaches are considered. First, we show that the double-saddlepoint methods
initiated by Skovgaard (J. Appl. Probab. 24 (1987) 875–887) may be used by treating the time variable t or n as
a random variable with an improper distribution. The second method inverts the double transform in two stages.
First, it uses a residue expansion (Butler (J. Appl. Probab. 56 (2019) 307–338; Stoch. Models 39 (2023) 469–501))
to invert it in t or n which is then followed by a single-saddlepoint approximation of the Lugannani-Rice (Adv.
in Appl. Probab. 12 (1980) 475–490) type. Applications from renewal theory and renewal reward (cumulative)
processes illustrate the remarkable accuracy that results from both of these saddlepoint approximation methods.

Keywords: Double transform; renewal theory; renewal reward process; residue approximation; saddlepoint
approximation
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We develop a unified approach to bounding the largest and smallest singular values of an inhomogeneous random
rectangular matrix, based on the non-backtracking operator and the Ihara-Bass formula for general random Her-
mitian matrices with a bipartite block structure. We obtain probabilistic upper (respectively, lower) bounds for the
largest (respectively, smallest) singular values of a large rectangular random matrix X . These bounds are given in
terms of the maximal and minimal �2-norms of the rows and columns of the variance profile of X . The proofs
involve finding probabilistic upper bounds on the spectral radius of an associated non-backtracking matrix B. The
two-sided bounds can be applied to the centered adjacency matrix of sparse inhomogeneous Erdős-Rényi bipartite
graphs for a wide range of sparsity, down to criticality. In particular, for Erdős-Rényi bipartite graphs G(n,m,p)
with p = ω(log n)/n, and m/n → y ∈ (0,1), our sharp bounds imply that there are no outliers outside the support
of the Marčenko-Pastur law almost surely. This result extends the Bai-Yin theorem to sparse rectangular random
matrices.

Keywords: Extreme singular value; inhomogeneous random matrix; non-backtracking operator; random bipartite
graph
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We study the usual stochastic order between probability measures on preordered topological abelian groups, focus-
ing on asymptotic and catalytic versions thereof. In the asymptotic version, μ dominates ν if the i.i.d. random walk
generated by μ first-order dominates the one generated by ν at late times. In the catalytic version, μ dominates ν if
there is a third measure τ such that the convolution μ ∗ τ first-order dominates ν ∗ τ. Provided that the preorder on
G is induced by a suitably large positive cone and that both measures are compactly supported Radon, our main
result gives a sufficient condition for asymptotic and catalytic dominance to hold in terms of a family of inequali-
ties closely related to the cumulant-generating functions. While this sufficient condition requires these inequalities
to be strict, the non-strict versions of these inequalities are necessary. This result has been known for G = R, but
is new already for Rn with n > 1. It is a direct application of a recently proven theorem of real algebra, namely a
Vergleichsstellensatz for preordered semirings. We finally use our result to derive a formula for the rate at which
the probabilities of a random walk decay relative to those of another, now for walks on any preordered topological
vector space with compactly supported Radon steps. Taking one of these walks to be deterministic reproduces a
version of Cramér’s large deviation theorem for infinite dimensions.

Keywords: Large deviation theory; preordered semiring; random walks; real algebra; usual stochastic order;
Vergleichsstellensatz
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The mathematical forces at work behind Generative Adversarial Networks raise challenging theoretical issues.
Motivated by the important question of characterizing the geometrical properties of the generated distributions,
we provide a thorough analysis of Wasserstein GANs (WGANs) in both the finite sample and asymptotic regimes.
We study the specific case where the latent space is univariate and derive results valid regardless of the dimension
of the output space. We show in particular that for a fixed sample size, the optimal WGANs are closely linked
with connected paths minimizing the sum of the squared Euclidean distances between the sample points. We also
highlight the fact that WGANs are able to approach (for the 1-Wasserstein distance) the target distribution as the
sample size tends to infinity, at a given convergence rate and provided the family of generative Lipschitz functions
grows appropriately. We derive in passing new results on optimal transport theory in the semi-discrete setting.

Keywords: Optimal distribution; optimal transport theory; rate of convergence; shortest path; Wasserstein
distance; Wasserstein Generative Adversarial Networks
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We investigate the approximation of high-dimensional target measures as low-dimensional updates of a dominating
reference measure. This approximation class replaces the associated density with the composition of: (i) a feature
map that identifies the leading principal components or features of the target measure, relative to the reference,
and (ii) a low-dimensional profile function. When the reference measure satisfies a subspace φ-Sobolev inequality,
we construct a computationally tractable approximation that yields certifiable error guarantees with respect to the
Amari α-divergences. Our construction proceeds in two stages. First, for any feature map and any α-divergence,
we obtain an analytical expression for the optimal profile function. Second, for linear feature maps, the principal
features are obtained from eigenvectors of a matrix involving gradients of the log-density. Neither step requires ex-
plicit access to normalizing constants. Notably, by leveraging the φ-Sobolev inequalities, we demonstrate that these
features universally certify approximation errors across the range of α-divergences α ∈ (0,1]. We then propose an
application to Bayesian inverse problems and provide an analogous construction with approximation guarantees
that hold in expectation over the data. We conclude with an extension of the proposed dimension reduction strategy
to nonlinear feature maps.

Keywords: Amari α-divergences; Bayesian inference; feature detection; gradient-based dimension reduction;
principal components; φ-Sobolev inequalities
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De Finetti’s theorem, also called the de Finetti–Hewitt–Savage theorem, is a foundational result in probability
and statistics. Roughly, it says that an infinite sequence of exchangeable random variables can always be written
as a mixture of independent and identically distributed (i.i.d.) sequences of random variables. In this paper, we
consider a weighted generalization of exchangeability that allows for weight functions to modify the individual
distributions of the random variables along the sequence, provided that – modulo these weight functions – there is
still some common exchangeable base measure. We study conditions under which a de Finetti-type representation
exists for weighted exchangeable sequences, as a mixture of distributions which satisfy a weighted form of the
i.i.d. property. Our approach establishes a nested family of conditions that lead to weighted extensions of other
well-known related results as well, in particular, extensions of the zero-one law and the law of large numbers.

Keywords: De Finetti; exchangeability
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We derive normal approximation results for a class of stabilizing functionals of binomial or Poisson point process,
that are not necessarily expressible as sums of certain score functions. Our approach is based on a flexible notion
of the add-one cost operator, which helps one to deal with the second-order cost operator via suitably appropriate
first-order operators. We combine this flexible notion with the theory of strong stabilization to establish our results.
We illustrate the applicability of our results by establishing normal approximation results for certain geometric
and topological statistics arising frequently in practice. Several existing results also emerge as special cases of our
approach.
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In this paper, we propose differentially private algorithms for robust (multivariate) mean estimation and inference
under heavy-tailed distributions, with a focus on Gaussian differential privacy. First, we provide a comprehensive
analysis of the Huber mean estimator with increasing dimensions, including non-asymptotic deviation bound,
Bahadur representation, and (uniform) Gaussian approximations. Secondly, we privatize the Huber mean estimator
via noisy gradient descent, which is proven to achieve near-optimal statistical guarantees. The key is to characterize
quantitatively the trade-off between statistical accuracy, degree of robustness and privacy level, governed by a
carefully chosen robustification parameter. Finally, we construct private confidence intervals for the proposed
estimator by incorporating a private and robust covariance estimator. Our findings are demonstrated by simulation
studies.

Keywords: Confidence interval; differential privacy; heavy-tailed distribution; Huber loss; mean estimation
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We study SDE

dXt = b(Xt ) dt + A(Xt−) dZt , X0 = x ∈Rd, t ≥ 0,

where Z = (Z1, . . . ,Zd)T , with Z i,i = 1, . . . ,d being independent one-dimensional symmetric jump Lévy pro-
cesses, not necessarily identically distributed. In particular, we cover the case when each Z i is one-dimensional
symmetric αi-stable process, where αi ∈ (0,2) are not necessarily equal but satisfy certain balance condition which
prevents hypoelliptic effects. Under certain assumptions on b, A and Z we show that the weak solution to the SDE
is uniquely defined and is a Markov process. We also provide a representation of the transition probability density
and establish Hölder regularity of the corresponding transition semigroup. The method we propose is based on a
reduction of an SDE with a drift term to another SDE without such a term but with coefficients depending on time
variable. Such a method has the same spirit as the classic characteristic method and seems to be of independent
interest.

Keywords: Drift; Hölder regularity; Lévy process; stochastic differential equation; transition density

References
Bass, R.F. and Chen, Z.-Q. (2006). Systems of equations driven by stable processes. Probab. Theory Related Fields

134 175–214. MR2222382 https://doi.org/10.1007/s00440-004-0426-z
Bogdan, K., Grzywny, T. and Ryznar, M. (2014). Density and tails of unimodal convolution semigroups. J. Funct.

Anal. 266 3543–3571. MR3165234 https://doi.org/10.1016/j.jfa.2014.01.007
Chaker, J. (2019). The martingale problem for a class of nonlocal operators of diagonal type. Math. Nachr. 292

2316–2337. MR4033009 https://doi.org/10.1002/mana.201800452
Chaker, J. (2020). Regularity of solutions to anisotropic nonlocal equations. Math. Z. 296 1135–1155. MR4159826

https://doi.org/10.1007/s00209-020-02459-y
Chaker, J. and Kassmann, M. (2020). Nonlocal operators with singular anisotropic kernels. Comm. Partial Differ-

ential Equations 45 1–31. MR4037095 https://doi.org/10.1080/03605302.2019.1651335
Chen, Z.-Q., Hao, Z. and Zhang, X. (2020). Hölder regularity and gradient estimates for SDEs driven by cylindrical
α-stable processes. Electron. J. Probab. 25 Paper No. 137. MR4179301 https://doi.org/10.1214/20-ejp542

Chen, Z.-Q., Zhang, X. and Zhao, G. (2021). Supercritical SDEs driven by multiplicative stable-like Lévy pro-
cesses. Trans. Amer. Math. Soc. 374 7621–7655. MR4328678 https://doi.org/10.1090/tran/8343

Coddington, E.A. and Levinson, N. (1955). Theory of Ordinary Differential Equations. New York-Toronto-
London: McGraw-Hill, Inc. MR0069338

Debussche, A. and Fournier, N. (2013). Existence of densities for stable-like driven SDE’s with Hölder continuous
coefficients. J. Funct. Anal. 264 1757–1778. MR3022725 https://doi.org/10.1016/j.jfa.2013.01.009

Friesen, M., Jin, P. and Rüdiger, B. (2021). Existence of densities for stochastic differential equations driven by
Lévy processes with anisotropic jumps. Ann. Inst. Henri Poincaré Probab. Stat. 57 250–271. MR4255174 https://
doi.org/10.1214/20-aihp1077

Huang, L. and Menozzi, S. (2016). A parametrix approach for some degenerate stable driven SDEs. Ann. Inst.
Henri Poincaré Probab. Stat. 52 1925–1975. MR3573301 https://doi.org/10.1214/15-AIHP704

1350-7265 © 2024 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1707
https://orcid.org/0000-0001-9855-1481
https://orcid.org/0000-0002-9371-6862
https://orcid.org/0000-0001-7168-4049
mailto:tadeusz.kulczycki@pwr.edu.pl
mailto:oleksii.kulyk@pwr.edu.pl
mailto:michal.ryznar@pwr.edu.pl
https://mathscinet.ams.org/mathscinet-getitem?mr=2222382
https://doi.org/10.1007/s00440-004-0426-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3165234
https://doi.org/10.1016/j.jfa.2014.01.007
https://mathscinet.ams.org/mathscinet-getitem?mr=4033009
https://doi.org/10.1002/mana.201800452
https://mathscinet.ams.org/mathscinet-getitem?mr=4159826
https://doi.org/10.1007/s00209-020-02459-y
https://mathscinet.ams.org/mathscinet-getitem?mr=4037095
https://doi.org/10.1080/03605302.2019.1651335
https://mathscinet.ams.org/mathscinet-getitem?mr=4179301
https://doi.org/10.1214/20-ejp542
https://mathscinet.ams.org/mathscinet-getitem?mr=4328678
https://doi.org/10.1090/tran/8343
https://mathscinet.ams.org/mathscinet-getitem?mr=0069338
https://mathscinet.ams.org/mathscinet-getitem?mr=3022725
https://doi.org/10.1016/j.jfa.2013.01.009
https://mathscinet.ams.org/mathscinet-getitem?mr=4255174
https://doi.org/10.1214/20-aihp1077
https://doi.org/10.1214/20-aihp1077
https://mathscinet.ams.org/mathscinet-getitem?mr=3573301
https://doi.org/10.1214/15-AIHP704


3090 T. Kulczycki, O. Kulyk and M. Ryznar

Knopova, V. and Kulik, A. (2018). Parametrix construction of the transition probability density of the solution to
an SDE driven by α-stable noise. Ann. Inst. Henri Poincaré Probab. Stat. 54 100–140. MR3765882 https://doi.
org/10.1214/16-AIHP796

Knopova, V., Kulik, A. and Schilling, R.L. (2021). Construction and heat kernel estimates of general stable-like
Markov processes. Dissertationes Math. 569 86. MR4361582 https://doi.org/10.4064/dm824-8-2021

Konakov, V.D. and Markova, A.R. (2017). Nonlinear trend exclusion procedure for models described by stochastic
differential and difference equations. Autom. Remote Control 78 1438–1448. MR3710271 https://doi.org/10.
1134/s0005117917080057

Konakov, V., Menozzi, S. and Molchanov, S. (2010). Explicit parametrix and local limit theorems for some degen-
erate diffusion processes. Ann. Inst. Henri Poincaré Probab. Stat. 46 908–923. MR2744877 https://doi.org/10.
1214/09-AIHP207

Kulczycki, T., Kulik, A. and Ryznar, M. (2022). On weak solution of SDE driven by inhomogeneous singular Lévy
noise. Trans. Amer. Math. Soc. 375 4567–4618. MR4439486 https://doi.org/10.1090/tran/8612

Kulczycki, T. and Ryznar, M. (2020). Semigroup properties of solutions of SDEs driven by Lévy processes with
independent coordinates. Stochastic Process. Appl. 130 7185–7217. MR4167204 https://doi.org/10.1016/j.spa.
2020.07.011

Kulczycki, T., Ryznar, M. and Sztonyk, P. (2021). Strong Feller property for SDEs driven by multiplicative cylin-
drical stable noise. Potential Anal. 55 75–126. MR4261305 https://doi.org/10.1007/s11118-020-09850-8

Kulik, A.M. (2019). On weak uniqueness and distributional properties of a solution to an SDE with α-stable noise.
Stochastic Process. Appl. 129 473–506. MR3907007 https://doi.org/10.1016/j.spa.2018.03.010

Menozzi, S. (2011). Parametrix techniques and martingale problems for some degenerate Kolmogorov equations.
Electron. Commun. Probab. 16 234–250. MR2802040 https://doi.org/10.1214/ECP.v16-1619

Priola, E. and Zabczyk, J. (2011). Structural properties of semilinear SPDEs driven by cylindrical stable processes.
Probab. Theory Related Fields 149 97–137. MR2773026 https://doi.org/10.1007/s00440-009-0243-5

https://mathscinet.ams.org/mathscinet-getitem?mr=3765882
https://doi.org/10.1214/16-AIHP796
https://doi.org/10.1214/16-AIHP796
https://mathscinet.ams.org/mathscinet-getitem?mr=4361582
https://doi.org/10.4064/dm824-8-2021
https://mathscinet.ams.org/mathscinet-getitem?mr=3710271
https://doi.org/10.1134/s0005117917080057
https://doi.org/10.1134/s0005117917080057
https://mathscinet.ams.org/mathscinet-getitem?mr=2744877
https://doi.org/10.1214/09-AIHP207
https://doi.org/10.1214/09-AIHP207
https://mathscinet.ams.org/mathscinet-getitem?mr=4439486
https://doi.org/10.1090/tran/8612
https://mathscinet.ams.org/mathscinet-getitem?mr=4167204
https://doi.org/10.1016/j.spa.2020.07.011
https://doi.org/10.1016/j.spa.2020.07.011
https://mathscinet.ams.org/mathscinet-getitem?mr=4261305
https://doi.org/10.1007/s11118-020-09850-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3907007
https://doi.org/10.1016/j.spa.2018.03.010
https://mathscinet.ams.org/mathscinet-getitem?mr=2802040
https://doi.org/10.1214/ECP.v16-1619
https://mathscinet.ams.org/mathscinet-getitem?mr=2773026
https://doi.org/10.1007/s00440-009-0243-5


Bernoulli 30(4), 2024, 3119–3136
https://doi.org/10.3150/23-BEJ1708

Moment asymptotics for super-Brownian
motions
YAOZHONG HU1,a, XIONG WANG2,b, PANQIU XIA3,c and JIAYU ZHENG4,d

1Department of Mathematical and Statistical Sciences, University of Alberta, Edmonton, AB, T6G 2G1, Canada,
ayaozhong@ualberta.ca
2Department of Mathematics, Johns Hopkins University, Baltimore, MD 21218, USA, bxiong_wang@jhu.edu
3Department of Mathematics and Statistics, Auburn University, Auburn, AL 36849, USA, cpqxia@auburn.edu
4Faculty of Computational Mathematics and Cybernetics, Shenzhen MSU-BIT University, Shenzhen, Guangdong,
518172, China, djyzheng@smbu.edu.cn

In this paper, long-time and high-order moment asymptotics for super-Brownian motions (sBm’s) are studied. By
using a moment formula for sBm’s (e.g. (Ann. Appl. Probab. 33 (2023) 3872–3915, Theorem 3.1)), precise upper
and lower bounds for all positive integer moments at any time t > 0 of sBm’s for certain initial conditions are
achieved. Then, the moment asymptotics as time goes to infinity or as the moment order goes to infinity follow
immediately. Additionally, as an application of the two-sided moment bounds, the tail probability estimates of
sBm’s are obtained.

Keywords: Intermittency; moment asymptotics; moment formula; super-Brownian motion; tail probability;
two-sided moment bounds
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On the asymptotic behavior of a finite section of
the optimal causal filter
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We establish an L1-bound between the coefficients of the optimal causal filter applied to the data-generating
process and its finite sample approximation. Here, we assume that the data-generating process is a second-order
stationary time series with either short or long memory autocovariances. To derive the L1-bound, we first provide
an exact expression for the coefficients of the causal filter and their approximations in terms of the absolute
convergent series of the multistep ahead infinite and finite predictor coefficients, respectively. Then, we prove a
so-called uniform Baxter’s inequality to obtain a bound for the difference between the infinite and finite multistep
ahead predictor coefficients in both short and long memory time series. The L1-approximation error bound for the
causal filter coefficients can be used to evaluate the performance of the linear predictions of time series through
the mean squared error criterion.

Keywords: Mean squared prediction error; predictor coefficients; short and long memory time series; uniform
Baxter’s inequality
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In this paper, a new self-normalized and scale invariant statistic Tn, which is based on distance correlations, is
developed for testing mutual independence of a high-dimensional random vector. The asymptotic normality of
the statistic is established under mild moment conditions by assuming both the dimension p of the vector and the
sample size n grow to infinity. In particular, the test procedure has the consistency against sparse alternatives where
the dependence can be nonlinear and non-monotonic. Technically, the asymptotic normality of the test statistic is
built upon martingale decomposition and novel moment method with appropriate combinatorics.

Keywords: High-dimensional independent test; mutual independence; distance correlation; distance covariance;
sparse alternatives
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We begin by introducing a class of conditional density estimators based on local polynomial techniques. The
estimators are boundary adaptive and easy to implement. We then study the (pointwise and) uniform statistical
properties of the estimators, offering characterizations of both probability concentration and distributional ap-
proximation. In particular, we establish uniform convergence rates in probability and valid Gaussian distributional
approximations for the Studentized t-statistic process. We also discuss implementation issues such as consistent
estimation of the covariance function for the Gaussian approximation, optimal integrated mean squared error
bandwidth selection, and valid robust bias-corrected inference. We illustrate the applicability of our results by
constructing valid confidence bands and hypothesis tests for both parametric specification and shape constraints,
explicitly characterizing their approximation errors. A companion R software package implementing our main
results is provided.

Keywords: Conditional density estimation; confidence bands; local polynomial methods; specification testing;
strong approximation; uniform inference
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This paper derives normal approximation results for subgraph counts written as multiparameter stochastic integrals
in a random-connection model based on a Poisson point process. By combinatorial arguments we express the
cumulants of general subgraph counts using sums over connected partition diagrams, after cancellation of terms
obtained by Möbius inversion. Using the Statulevičius condition, we deduce convergence rates in the Kolmogorov
distance by studying the growth of subgraph count cumulants as the intensity of the underlying Poisson point
process tends to infinity. Our analysis covers general subgraphs in the dilute and full random graph regimes, and
tree-like subgraphs in the sparse random graph regime.

Keywords: Cumulant method; Kolmogorov distance; normal approximation; Poisson point process;
random-connection model; random graphs; subgraph count
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The validity of statistical inference for panel count data with time-varying covariates depends on the correct specifi-
cation of within-subject correlation structures; misspecification often leads to questionable inference. To alleviate,
robust inference has been proposed for mean models, which implicitly assume monotone mean functions. When
covariate values fluctuate with time, however, the assumed monotonicity becomes unrealistic. In this research, we
propose a robust inference based on rate models that are free of such constraints. Since the asymptotic variance
has no closed form under the rate model, we further develop computationally efficient robust variance estimators
using the Expectation-Maximization (EM) algorithm, thus sidestepping the need for computationally intensive nu-
merical methods, which could undermine the robustness. Rigorous theoretical development is provided in support
of parameter estimation and inference. Extensive simulation studies demonstrate the superiority of the proposed
method. We present a real clinical application to illustrate the use of the proposed method.

Keywords: EM algorithm; panel count data; robust variance estimation; semiparametric model; time-to-event data
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We establish nonuniform Berry-Esseen (B-E) bounds for Studentized U-statistics of the rate 1/
√

n under a third-
moment assumption, which covers the t-statistic that corresponds to a kernel of degree 1 as a special case. While
an interesting data example raised by Novak (Theory Probab. Appl. 49 (2005) 336–344) can show that the form
of the nonuniform bound for standardized U-statistics is actually invalid for their Studentized counterparts, our
main results suggest that, the validity of such a bound can be restored by minimally augmenting it with an additive
correction term that decays exponentially in n. To our best knowledge, this is the first time that valid nonuniform
B-E bounds for Studentized U-statistics have appeared in the literature.

Keywords: Exponential lower tail bound of non-negative kernel U-statistics; nonlinear statistics; nonuniform
Berry-Esseen bound; Stein’s method; Studentization; U-statistics; variable censoring
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As two crucial tools characterizing regularity properties of stochastic systems, the log-Harnack inequality and
Bismut formula have been intensively studied for distribution dependent (McKean-Vlasov) SDEs. However, due to
technical difficulties, existing results mainly focus on the case with distribution free noise. In this paper, we intro-
duce a noise decomposition argument to establish the log-Harnack inequality and Bismut formula for SDEs with
distribution dependent noise, in both non-degenerate and degenerate situations. As an application, the exponential
ergodicity in entropy is investigated.

Keywords: Bismut formula; distribution dependent SDE; exponential ergodicity in entropy; log-Harnack
inequality
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In this short note, we show that the critical threshold for the percolation of metric graph loop soup on a large class
of transient metric graphs (including quasi-transitive graphs such as Zd , d ≥ 3) is 1/2.

Keywords: Percolation threshold; loop soup; metric graph
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Spatially distributed functional data are prevalent in many statistical applications such as meteorology, energy fore-
casting, census data, disease mapping, and neurological studies. Given their complex and high-dimensional nature,
functional data often require dimension reduction methods to extract meaningful information. Inverse regression
is one such approach that has become very popular in the past two decades. We study the inverse regression in
the framework of functional data observed at irregularly positioned spatial sites. The functional predictor is the
sum of a spatially dependent functional effect and a spatially independent functional nugget effect, while the rela-
tion between the scalar response and the functional predictor is modeled using the inverse regression framework.
For estimation, we consider local linear smoothing with a general weighting scheme, which includes as special
cases the schemes under which equal weights are assigned to each observation or to each subject. This framework
enables us to present the asymptotic results for different types of sampling plans over time such as non-dense,
dense, and ultra-dense. We discuss the domain-expanding infill (DEI) framework for spatial asymptotics, which is
a mix of the traditional expanding domain and infill frameworks. The DEI framework overcomes the limitations
of traditional spatial asymptotics in the existing literature. Under this unified framework, we develop asymptotic
theory and identify conditions that are necessary for the estimated eigen-directions to achieve optimal rates of con-
vergence. Our asymptotic results include pointwise and L2 convergence rates. Simulation studies using synthetic
data and an application to a real-world dataset confirm the effectiveness of our methods.

Keywords: Covariance operator; domain-expanding infill asymptotics; irregularly positioned; local linear
smoothing; nugget effect; unified framework
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We establish the Bahadur representation of sample quantiles for stabilizing score functionals in stochastic geometry
and study local fluctuations of the corresponding empirical distribution function. The scores are obtained from a
Poisson process. We apply the results to trimmed and Winsorized means of the score functionals and establish a
law of the iterated logarithm for the sample quantiles of the scores.
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