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A fundamental concept in multivariate statistics, the sample correlation
matrix, is often used to infer the correlation/dependence structure among ran-
dom variables, when the population mean and covariance are unknown. A
natural block extension of it, the sample block correlation matrix, is proposed
to take on the same role, when random variables are generalized to random
subvectors. In this paper, we establish a spectral theory of the sample block
correlation matrices and apply it to group independent tests and related prob-
lems, under the high-dimensional setting. More specifically, we consider a
random vector of dimension p, consisting of k subvectors of dimension pt ’s,
where pt ’s can vary from 1 to order p. Our primary goal is to investigate the
dependence of the k subvectors. We construct a random matrix model called
sample block correlation matrix based on N samples for this purpose. The
spectral statistics of the sample block correlation matrix include the classi-
cal Wilks’ statistic and Schott’s statistic as special cases. It turns out that the
spectral statistics do not depend on the unknown population mean and covari-
ance, under the null hypothesis that the subvectors are independent. Further,
the limiting behavior of the spectral statistics can be described with the aid
of the free probability theory. Specifically, under three different settings of
possibly N -dependent k and pt ’s, we show that the empirical spectral distri-
bution of the sample block correlation matrix converges to the free Poisson
binomial distribution, free Poisson distribution (Marchenko–Pastur law) and
free Gaussian distribution (semicircle law), respectively. We then further de-
rive the CLTs for the linear spectral statistics of the block correlation matrix
under a general setting. Our results are established under the general distribu-
tion assumption on the random vector. It turns out that the CLTs are universal
and do not depend on the 4th cumulants of the vector components, due to a
self-normalizing effect of the correlation-type matrices. We further derive the
CLT under the alternative hypothesis and discuss the power of our statistics.
Based on our theory, real data analysis on stock return data and gene data is
also conducted.
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The problem of joint sequential detection and isolation is considered in
the context of multiple, not necessarily independent, data streams. A mul-
tiple testing framework is proposed, where each hypothesis corresponds to
a different subset of data streams, the sample size is a stopping time of the
observations, and the probabilities of four kinds of error are controlled below
distinct, user-specified levels. Two of these errors reflect the detection compo-
nent of the formulation, whereas the other two the isolation component. The
optimal expected sample size is characterized to a first-order asymptotic ap-
proximation as the error probabilities go to 0. Different asymptotic regimes,
expressing different prioritizations of the detection and isolation tasks, are
considered. A novel, versatile family of testing procedures is proposed, in
which two distinct, in general, statistics are computed for each hypothesis,
one addressing the detection task and the other the isolation task. Tests in this
family, of various computational complexities, are shown to be asymptoti-
cally optimal under different setups. The general theory is applied to the de-
tection and isolation of anomalous, not necessarily independent, data streams,
as well as to the detection and isolation of an unknown dependence structure.
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We study nonparametric methods for estimating the value function of
an infinite-horizon discounted Markov reward process (MRP). We analyze
the kernel-based least-squares temporal difference (LSTD) estimate, which
can be understood either as a nonparametric instrumental variables method,
or as a projected approximation to the Bellman fixed point equation. Our
analysis imposes no assumptions on the transition operator of the Markov
chain, but rather only conditions on the reward function and population-level
kernel LSTD solutions. Using empirical process theory and concentration in-
equalities, we establish a nonasymptotic upper bound on the error with ex-
plicit dependence on the effective horizon H = (1 − γ )−1 of the Markov
reward process, the eigenvalues of the associated kernel operator, as well as
the instance-dependent variance of the Bellman residual error. In addition, we
prove minimax lower bounds over subclasses of MRPs, which shows that our
guarantees are optimal in terms of the sample size n and the effective hori-
zon H . Whereas existing worst-case theory predicts cubic scaling (H 3) in the
effective horizon, our theory reveals a much wider range of scalings, depend-
ing on the kernel, the stationary distribution, and the variance of the Bellman
residual error. Notably, it is only parametric and near-parametric problems
that can ever achieve the worst-case cubic scaling.

REFERENCES

[1] BAGNELL, J. A. and SCHNEIDER, J. (2003). Policy search in kernel Hilbert space. Technical Report,
Carnegie Mellon Univ., Pittsburgh, PA.

[2] BARRETO, A. M. S., PRECUP, D. and PINEAU, J. (2016). Practical kernel-based reinforcement learning.
J. Mach. Learn. Res. 17 1–70. MR3517090

[3] BELLMAN, R. E. and DREYFUS, S. E. (1962). Applied Dynamic Programming. Princeton Univ. Press,
Princeton, NJ. MR0140369

[4] BERLINET, A. and THOMAS-AGNAN, C. (2004). Reproducing Kernel Hilbert Spaces in Probability
and Statistics. Kluwer Academic, Boston, MA. With a preface by Persi Diaconis. MR2239907
https://doi.org/10.1007/978-1-4419-9096-9

[5] BERTSEKAS, D. P. (1996). Neuro-Dynamic Programming, 1st ed. Athena Scientific Optimization and Com-
putation Series. Athena Scientific, Belmont, MA. MR3444832

[6] BERTSEKAS, D. P. (1995). Dynamic Programming and Optimal Control. Vol. I. Approximate Dynamic
Programming, 2th ed. Athena Scientific, Belmont, MA.

[7] BERTSEKAS, D. P. (2011). Dynamic Programming and Optimal Control. Vol. II. Approximate Dynamic
Programming, 3th ed. Athena Scientific, Belmont, MA. MR3642732

[8] BLACKWELL, D. (1962). Discrete dynamic programming. Ann. Math. Stat. 33 719–726. MR0149965
https://doi.org/10.1214/aoms/1177704593

[9] BLACKWELL, D. (1965). Discounted dynamic programming. Ann. Math. Stat. 36 226–235. MR0173536
https://doi.org/10.1214/aoms/1177700285

MSC2020 subject classifications. Primary 62G05; secondary 62M05.
Key words and phrases. Sequential decision-making, dynamic programming, reinforcement learning, Markov

reward process, nonparametric estimation, policy evaluation, temporal difference learning, reproducing kernel
Hilbert space.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/24-AOS2399
https://doi.org/10.1214/24-AOS2399
mailto:yaqi.duan@stern.nyu.edu
mailto:yaqi.duan@stern.nyu.edu
mailto:mengdiw@princeton.edu
mailto:mengdiw@princeton.edu
mailto:wainwrigwork@gmail.com
mailto:wainwrigwork@gmail.com
https://mathscinet.ams.org/mathscinet-getitem?mr=3517090
https://mathscinet.ams.org/mathscinet-getitem?mr=3517090
https://mathscinet.ams.org/mathscinet-getitem?mr=0140369
https://mathscinet.ams.org/mathscinet-getitem?mr=0140369
https://mathscinet.ams.org/mathscinet-getitem?mr=2239907
https://mathscinet.ams.org/mathscinet-getitem?mr=2239907
https://doi.org/10.1007/978-1-4419-9096-9
https://doi.org/10.1007/978-1-4419-9096-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3444832
https://mathscinet.ams.org/mathscinet-getitem?mr=3444832
https://mathscinet.ams.org/mathscinet-getitem?mr=3642732
https://mathscinet.ams.org/mathscinet-getitem?mr=3642732
https://mathscinet.ams.org/mathscinet-getitem?mr=0149965
https://mathscinet.ams.org/mathscinet-getitem?mr=0149965
https://doi.org/10.1214/aoms/1177704593
https://doi.org/10.1214/aoms/1177704593
https://mathscinet.ams.org/mathscinet-getitem?mr=0173536
https://mathscinet.ams.org/mathscinet-getitem?mr=0173536
https://doi.org/10.1214/aoms/1177700285
https://doi.org/10.1214/aoms/1177700285
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[10] BOUCHERIE, R. J. and VAN DIJK, N. M., eds. (2017). Markov Decision Processes in Practice. Inter-
national Series in Operations Research & Management Science 248. Springer, Cham. MR3618832
https://doi.org/10.1007/978-3-319-47766-4

[11] BRADTKE, S. J. and BARTO, A. G. (1996). Linear least-squares algorithms for temporal difference learn-
ing. Mach. Learn. 22 33–57.

[12] CHEN, X. and REISS, M. (2011). On rate optimality for ill-posed inverse problems in econometrics. Econo-
metric Theory 27 497–521. MR2806258 https://doi.org/10.1017/S0266466610000381

[13] DAI, B., HE, N., PAN, Y., BOOTS, B. and SONG, L. (2017). Learning from conditional distributions via
dual embeddings. In Artificial Intelligence and Statistics 1458–1467. PMLR.

[14] DUAN, Y. and WAINWRIGHT, M. J. (2022). Policy evaluation from a single path: Multi-step methods
mixing and mis-specification. Technical Report, MIT. Available at arXiv:2211.03899.

[15] DUAN, Y., WANG, M. and WAINWRIGHT, M. J. (2024). Supplement to “Optimal policy evaluation using
kernel-based temporal difference methods.” https://doi.org/10.1214/24-AOS2399SUPP

[16] FAN, J., WANG, Z., XIE, Y. and YANG, Z. (2020). A theoretical analysis of deep Q-learning. In Learning
for Dynamics and Control 486–489. PMLR.

[17] FARAHMAND, A., GHAVAMZADEH, M., SZEPESVÁRI, C. and MANNOR, S. (2016). Regularized policy
iteration with nonparametric function spaces. J. Mach. Learn. Res. 17 4809–4874. MR3555030

[18] FENG, Y., LI, L. and LIU, Q. (2019). A kernel loss for solving the Bellman equation. Adv. Neural Inf.
Process. Syst. 15456–15467.

[19] FENG, Y., REN, T., TANG, Z. and LIU, Q. (2020). Accountable off-policy evaluation with kernel Bellman
statistics. In International Conference on Machine Learning 3102–3111. PMLR.

[20] GHESHLAGHI AZAR, M., MUNOS, R. and KAPPEN, H. J. (2013). Minimax PAC bounds on the sample
complexity of reinforcement learning with a generative model. Mach. Learn. 91 325–349. MR3064431
https://doi.org/10.1007/s10994-013-5368-1

[21] GRUNEWALDER, S., LEVER, G., BALDASSARRE, L., PONTIL, M. and GRETTON, A. (2012). Modelling
transition dynamics in MDPs with RKHS embeddings. Technical Report, UCL.

[22] GU, C. (2002). Smoothing Spline ANOVA Models. Springer Series in Statistics. Springer, New York.
MR1876599 https://doi.org/10.1007/978-1-4757-3683-0

[23] HASMINSKII, R. Z. (1978). A lower bound for risks of nonparametric density estimates in the uniform
metric. Theory Probab. Appl. 23 794–798. MR0516279

[24] JIANG, N. and LI, L. (2016). Doubly robust off-policy value evaluation for reinforcement learning. In
International Conference on Machine Learning 652–661. PMLR.

[25] KALLUS, N. and UEHARA, M. (2019). Efficiently breaking the curse of horizon: Double reinforcement
learning in infinite-horizon processes. stat 1050 12.

[26] KALLUS, N. and UEHARA, M. (2020). Double reinforcement learning for efficient off-policy evaluation in
Markov decision processes. J. Mach. Learn. Res. 21 1–63. MR4209453

[27] KHAMARU, K., PANANJADY, A., RUAN, F., WAINWRIGHT, M. J. and JORDAN, M. I. (2021). Is temporal
difference learning optimal? An instance-dependent analysis. SIAM J. Math. Data Sci. 3 1013–1040.
MR4320891 https://doi.org/10.1137/20M1331524

[28] KIMELDORF, G. and WAHBA, G. (1971). Some results on Tchebycheffian spline functions. J. Math. Anal.
Appl. 33 82–95. MR0290013 https://doi.org/10.1016/0022-247X(71)90184-3

[29] KOPPEL, A., WARNELL, G., STUMP, E., STONE, P. and RIBEIRO, A. (2020). Policy evaluation in contin-
uous MDPs with efficient kernelized gradient temporal difference. IEEE Trans. Automat. Control 66
1856–1863. MR4240216 https://doi.org/10.1109/tac.2020.3029315

[30] LONG, J., HAN, J. and WEINAN, E. (2022). An L2 analysis of reinforcement learning in high dimensions
with kernel and neural network approximation. CSIAM Trans. Appl. Math. 3 191–220. MR4456674
https://doi.org/10.4208/csiam-am.so-2021-0026

[31] MENDELSON, S. (2002). Geometric parameters of kernel machines. In Computational Learning The-
ory (Sydney, 2002). Lecture Notes in Computer Science 2375 29–43. Springer, Berlin. MR2040403
https://doi.org/10.1007/3-540-45435-7_3

[32] MOU, W., LI, C. J., WAINWRIGHT, M. J., BARTLETT, P. L. and JORDAN, M. I. (2020). On linear stochas-
tic approximation: Fine-grained Polyak–Ruppert and non-asymptotic concentration. In Conference on
Learning Theory (COLT) 125 2947–2997.

[33] MOU, W., PANANJADY, A. and WAINWRIGHT, M. J. (2023). Optimal oracle inequalities for pro-
jected fixed-point equations, with applications to policy evaluation. Math. Oper. Res. 48 2308–2336.
MR4675955

[34] MUNOS, R. and SZEPESVÁRI, C. (2008). Finite-time bounds for fitted value iteration. J. Mach. Learn. Res.
1 815–857. MR2417255

[35] NEWEY, W. K. and POWELL, J. L. (2003). Instrumental variable estimation of nonparametric models.
Econometrica 71 1565–1578. MR2000257 https://doi.org/10.1111/1468-0262.00459

https://mathscinet.ams.org/mathscinet-getitem?mr=3618832
https://mathscinet.ams.org/mathscinet-getitem?mr=3618832
https://doi.org/10.1007/978-3-319-47766-4
https://doi.org/10.1007/978-3-319-47766-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2806258
https://mathscinet.ams.org/mathscinet-getitem?mr=2806258
https://doi.org/10.1017/S0266466610000381
https://doi.org/10.1017/S0266466610000381
http://arxiv.org/abs/2211.03899
http://arxiv.org/abs/2211.03899
https://doi.org/10.1214/24-AOS2399SUPP
https://doi.org/10.1214/24-AOS2399SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3555030
https://mathscinet.ams.org/mathscinet-getitem?mr=3555030
https://mathscinet.ams.org/mathscinet-getitem?mr=3064431
https://mathscinet.ams.org/mathscinet-getitem?mr=3064431
https://doi.org/10.1007/s10994-013-5368-1
https://doi.org/10.1007/s10994-013-5368-1
https://mathscinet.ams.org/mathscinet-getitem?mr=1876599
https://mathscinet.ams.org/mathscinet-getitem?mr=1876599
https://doi.org/10.1007/978-1-4757-3683-0
https://doi.org/10.1007/978-1-4757-3683-0
https://mathscinet.ams.org/mathscinet-getitem?mr=0516279
https://mathscinet.ams.org/mathscinet-getitem?mr=0516279
https://mathscinet.ams.org/mathscinet-getitem?mr=4209453
https://mathscinet.ams.org/mathscinet-getitem?mr=4209453
https://mathscinet.ams.org/mathscinet-getitem?mr=4320891
https://mathscinet.ams.org/mathscinet-getitem?mr=4320891
https://doi.org/10.1137/20M1331524
https://doi.org/10.1137/20M1331524
https://mathscinet.ams.org/mathscinet-getitem?mr=0290013
https://mathscinet.ams.org/mathscinet-getitem?mr=0290013
https://doi.org/10.1016/0022-247X(71)90184-3
https://doi.org/10.1016/0022-247X(71)90184-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4240216
https://mathscinet.ams.org/mathscinet-getitem?mr=4240216
https://doi.org/10.1109/tac.2020.3029315
https://doi.org/10.1109/tac.2020.3029315
https://mathscinet.ams.org/mathscinet-getitem?mr=4456674
https://mathscinet.ams.org/mathscinet-getitem?mr=4456674
https://doi.org/10.4208/csiam-am.so-2021-0026
https://doi.org/10.4208/csiam-am.so-2021-0026
https://mathscinet.ams.org/mathscinet-getitem?mr=2040403
https://mathscinet.ams.org/mathscinet-getitem?mr=2040403
https://doi.org/10.1007/3-540-45435-7_3
https://doi.org/10.1007/3-540-45435-7_3
https://mathscinet.ams.org/mathscinet-getitem?mr=4675955
https://mathscinet.ams.org/mathscinet-getitem?mr=4675955
https://mathscinet.ams.org/mathscinet-getitem?mr=2417255
https://mathscinet.ams.org/mathscinet-getitem?mr=2417255
https://mathscinet.ams.org/mathscinet-getitem?mr=2000257
https://mathscinet.ams.org/mathscinet-getitem?mr=2000257
https://doi.org/10.1111/1468-0262.00459
https://doi.org/10.1111/1468-0262.00459


[36] NGUYEN-TANG, T., GUPTA, S., TRAN-THE, H., VENKATESH, S. et al. (2021). Sample complexity of of-
fline reinforcement learning with deep ReLU networks. arXiv preprint. Available at arXiv:2103.06671.
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IMPROVED COVARIANCE ESTIMATION: OPTIMAL ROBUSTNESS AND
SUB-GAUSSIAN GUARANTEES UNDER HEAVY TAILS

BY ROBERTO I. OLIVEIRA1,a AND ZORAIDA F. RICO2,b

1Instituto de Matemática Pura e Aplicada (IMPA), arimfo@impa.br
2Department of Statistics, Columbia University, bzoraida.f.rico@columbia.edu

We present an estimator of the covariance matrix � of random d-
dimensional vector from an i.i.d. sample of size n. Our sole assumption is
that this vector satisfies a bounded Lp −L2 moment assumption over its one-
dimensional marginals, for some p ≥ 4. Given this, we show that � can be
estimated from the sample with the same high-probability error rates that the
sample covariance matrix achieves in the case of Gaussian data. This holds
even though we allow for very general distributions that may not have mo-
ments of order > p. Moreover, our estimator can be made to be optimally
robust to adversarial contamination. This result improves the recent contribu-
tions by Mendelson and Zhivotovskiy and Catoni and Giulini, and matches
parallel work by Abdalla and Zhivotovskiy (the exact relationship with this
last work is described in the paper).
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We consider estimation of average treatment effects given observational
data with high-dimensional pretreatment variables. Existing methods for this
problem typically assume some form of sparsity for the regression functions.
In this work, we introduce a debiased inverse propensity score weighting
(DIPW) scheme for average treatment effect estimation that delivers

√
n-

consistent estimates when the propensity score follows a sparse logistic re-
gression model; the outcome regression functions are permitted to be arbi-
trarily complex. We further demonstrate how confidence intervals centred on
our estimates may be constructed. Our theoretical results quantify the price to
pay for permitting the regression functions to be unestimable, which shows
up as an inflation of the variance of the estimator compared to the semipara-
metric efficient variance by a constant factor, under mild conditions. We also
show that when outcome regressions can be estimated consistently, our esti-
mator achieves semiparametric efficiency. As our results accommodate arbi-
trary outcome regression functions, averages of transformed responses under
each treatment may also be estimated at the

√
n rate. Thus, for example, the

variances of the potential outcomes may be estimated. We discuss extensions
to estimating linear projections of the heterogeneous treatment effect function
and explain how propensity score models with more general link functions
may be handled within our framework. An R package dipw implementing
our methodology is available on CRAN.
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LEAVE-ONE-OUT SINGULAR SUBSPACE PERTURBATION ANALYSIS FOR
SPECTRAL CLUSTERING

BY ANDERSON Y. ZHANG1,a AND HARRISON Y. ZHOU2,b
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The singular subspaces perturbation theory is of fundamental importance
in probability and statistics. It has various applications across different fields.
We consider two arbitrary matrices where one is a leave-one-column-out sub-
matrix of the other one and establish a novel perturbation upper bound for the
distance between the two corresponding singular subspaces. It is well suited
for mixture models and results in a sharper and finer statistical analysis than
classical perturbation bounds such as Wedin’s theorem. Empowered by this
leave-one-out perturbation theory, we provide a deterministic entrywise anal-
ysis for the performance of spectral clustering under mixture models. Our
analysis leads to an explicit exponential error rate for spectral clustering of
sub-Gaussian mixture models. For the mixture of isotropic Gaussians, the rate
is optimal under a weaker signal-to-noise condition than that of Löffler et al.
(2021).
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This paper is concerned with statistical inference for regression coef-
ficients in high-dimensional linear regression models. We propose a new
method for testing the coefficient vector of the high-dimensional linear mod-
els, and establish the asymptotic normality of our proposed test statistic with
the aid of the martingale central limit theorem. We derive the asymptotical
relative efficiency (ARE) of the proposed test with respect to the test pro-
posed in Zhong and Chen (J. Amer. Statist. Assoc. 106 (2011) 260–274), and
show that the ARE is always greater or equal to one under the local alternative
studied in this paper. Our numerical studies imply that the proposed test with
critical values derived from its asymptotical normal distribution may retain
Type I error rate very well. Our numerical comparison demonstrates the pro-
posed test performs better than existing ones in terms of powers. We further
illustrate our proposed method with a real data example.
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Permutation tests are widely recognized as robust alternatives to tests
based on normal theory. Random permutation tests have been frequently em-
ployed to assess the significance of variables in linear models. Despite their
widespread use, existing random permutation tests lack finite-sample and
assumption-free guarantees for controlling type I error in partial correlation
tests. To address this ongoing challenge, we have developed a conformal test
through permutation-augmented regressions, which we refer to as PALMRT.
PALMRT not only achieves power competitive with conventional methods
but also provides reliable control of type I errors at no more than 2α, given
any targeted level α, for arbitrary fixed designs and error distributions. We
have confirmed this through extensive simulations.

Compared to the cyclic permutation test (CPT) and residual permutation
test (RPT), which also offer theoretical guarantees, PALMRT does not com-
promise as much on power or set stringent requirements on the sample size,
making it suitable for diverse biomedical applications. We further illustrate
the differences in a long-Covid study where PALMRT validated key findings
previously identified using the t-test after multiple corrections, while both
CPT and RPT suffered from a drastic loss of power and failed to identify any
discoveries. We endorse PALMRT as a robust and practical hypothesis test
in scientific research for its superior error control, power preservation, and
simplicity.
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We study the Bayesian density estimation of data living in the offset of an
unknown submanifold of the Euclidean space. In this perspective, we intro-
duce a new notion of anisotropic Hölder for the underlying density and obtain
posterior rates that are minimax optimal and adaptive to the regularity of the
density, to the intrinsic dimension of the manifold, and to the size of the off-
set, provided that the latter is not too small—while still allowed to go to zero.
Our Bayesian procedure, based on location-scale mixtures of Gaussians, ap-
pears to be convenient to implement and yields good practical results, even
for quite singular data.
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[56] ROČKOVÁ, V. and ROUSSEAU, J. (2023). Ideal Bayesian spatial adaptation. J. Amer. Statist. Assoc. 0 1–14.

https://doi.org/10.1080/01621459.2023.2241705
[57] ROUSSEAU, J. and SCRICCIOLO, C. (2023). Wasserstein convergence in Bayesian and frequentist deconvo-

lution models. Preprint. Available at arXiv:2309.15300.
[58] ROWEIS, S. T. and SAUL, L. K. (2000). Nonlinear dimensionality reduction by locally linear embedding.

Science 290 2323–2326. https://doi.org/10.1126/science.290.5500.2323
[59] SCHÖLKOPF, B., SMOLA, A. and MÜLLER, K.-R. (1998). Nonlinear component analysis as a kernel eigen-

value problem. Neural Comput. 10 1299–1319.
[60] SHEN, W., TOKDAR, S. T. and GHOSAL, S. (2013). Adaptive Bayesian multivariate density estimation with

Dirichlet mixtures. Biometrika 100 623–640.
[61] TANG, R. and YANG, Y. (2022). Minimax rate of distribution estimation on unknown submanifold under

adversarial losses. Preprint. Available at arXiv:2202.09030.
[62] TENENBAUM, J. B., DE SILVA, V. and LANGFORD, J. C. (2000). A global geometric framework for nonlinear

dimensionality reduction. Science 290 2319–2323.
[63] VINCENT, P. and BENGIO, Y. (2002). Manifold parzen windows. Adv. Neural Inf. Process. Syst. 15.
[64] WEINBERGER, K. Q. and SAUL, L. K. (2006). Unsupervised learning of image manifolds by semidefinite

programming. Int. J. Comput. Vis. 70 77–90.

https://doi.org/10.48550/ARXIV.2203.04165
https://doi.org/10.48550/ARXIV.2203.04165
https://doi.org/10.1080/01621459.2023.2241705
https://arxiv.org/abs/2309.15300
https://doi.org/10.1126/science.290.5500.2323
https://arxiv.org/abs/2202.09030


The Annals of Statistics
2024, Vol. 52, No. 5, 2112–2138
https://doi.org/10.1214/24-AOS2424
© Institute of Mathematical Statistics, 2024

EXACT MINIMAX OPTIMALITY OF SPECTRAL METHODS IN PHASE
SYNCHRONIZATION AND ORTHOGONAL GROUP SYNCHRONIZATION
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We study the performance of the spectral method for the phase synchro-
nization problem with additive Gaussian noises and incomplete data. The
spectral method utilizes the leading eigenvector of the data matrix followed
by a normalization step. We prove that it achieves the minimax lower bound
of the problem with a matching leading constant under a squared ℓ2 loss.
This shows that the spectral method has the same performance as more so-
phisticated procedures including maximum likelihood estimation, general-
ized power method, and semidefinite programming, as long as consistent pa-
rameter estimation is possible. To establish our result, we first have a novel
choice of the population eigenvector, which enables us to establish the exact
recovery of the spectral method when there is no additive noise. We then de-
velop a new perturbation analysis toolkit for the leading eigenvector and show
it can be well-approximated by its first-order approximation with a small ℓ2
error. We further extend our analysis to establish the exact minimax optimal-
ity of the spectral method for the orthogonal group synchronization.
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EFFICIENCY IN LOCAL DIFFERENTIAL PRIVACY

BY LUKAS STEINBERGERa

Department of Statistics and OR, University of Vienna, alukas.steinberger@univie.ac.at

We develop a theory of asymptotic efficiency in regular parametric mod-
els when data confidentiality is ensured by local differential privacy (LDP).
Even though efficient parameter estimation is a classical and well-studied
problem in mathematical statistics, it leads to several nontrivial obstacles that
need to be tackled when dealing with the LDP case. Starting from a regular
parametric model P = (Pθ )θ∈�, � ⊆ R

p , for the i.i.d. unobserved sensitive
data X1, . . . ,Xn, we establish local asymptotic mixed normality (along sub-
sequences) of the model

Q(n)P = (
Q(n)P n

θ

)
θ∈�

generating the sanitized observations Z1, . . . ,Zn, where Q(n) is an arbitrary
sequence of sequentially interactive privacy mechanisms. This result readily
implies convolution and local asymptotic minimax theorems. In case p = 1,
the optimal asymptotic variance is found to be the inverse of the supremal
Fisher information supQ∈Qα

Iθ (QP) ∈ R, where the supremum runs over
all α-differentially private (marginal) Markov kernels. We present an algo-
rithm for finding a (nearly) optimal privacy mechanism Q̂ and an estimator
θ̂n(Z1, . . . ,Zn) based on the corresponding sanitized data that achieves this
asymptotically optimal variance.
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We provide nonasymptotic rates of convergence of the Wasserstein Gen-
erative Adversarial networks (WGAN) estimator. We build neural networks
classes representing the generators and discriminators which yield a GAN
that achieves the minimax optimal rate for estimating a certain probability
measure μ with support in R

p . The probability μ is considered to be the push
forward of the Lebesgue measure on the d-dimensional torus T

d by a map
g� : Td → R

p of smoothness β + 1. Measuring the error with the γ -Hölder
Integral Probability Metric (IPM), we obtain up to logarithmic factors, the

minimax optimal rate O(n
− β+γ

2β+d ∨ n− 1
2 ) where n is the sample size, β de-

termines the smoothness of the target measure μ, γ is the smoothness of the
IPM (γ = 1 is the Wasserstein case) and d ≤ p is the intrinsic dimension of
μ. In the process, we derive a sharp interpolation inequality between Hölder
IPMs. This novel result of theory of functions spaces generalizes classical
interpolation inequalities to the case where the measures involved have den-
sities on different manifolds.
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The weak convergence of the quantile processes, which are constructed
based on different estimators of the finite population quantiles, is shown un-
der various well-known sampling designs based on a superpopulation model.
The results related to the weak convergence of these quantile processes are
applied to find asymptotic distributions of the smooth L-estimators and the
estimators of smooth functions of finite population quantiles. Based on these
asymptotic distributions, confidence intervals are constructed for several fi-
nite population parameters like the median, the α-trimmed means, the in-
terquartile range and the quantile based measure of skewness. Comparisons of
various estimators are carried out based on their asymptotic distributions. We
show that the use of the auxiliary information in the construction of the esti-
mators sometimes has an adverse effect on the performances of the smooth L-
estimators and the estimators of smooth functions of finite population quan-
tiles under several sampling designs. Further, the performance of each of the
above-mentioned estimators sometimes becomes worse under sampling de-
signs, which use the auxiliary information, than their performances under
simple random sampling without replacement (SRSWOR).
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This paper is concerned with high-dimensional two-sample mean prob-
lems, which receive considerable attention in recent literature. To utilize the
correlation information among variables for enhancing the power of two-
sample mean tests, we consider the setting in which the precision matrix of
high-dimensional data possesses a linear structure. Thus, we first propose a
new precision matrix estimation procedure with considering its linear struc-
ture, and further develop regularization methods to select the true basis matri-
ces and remove irrelevant basis matrices. With the aid of an estimated preci-
sion matrix, we propose a new test statistic for the two-sample mean problems
by replacing the inverse of sample covariance matrix in the Hotelling test by
the estimated precision matrix. The proposed test is applicable for both the
low-dimensional setting and high-dimensional setting even if the dimension
of the data exceeds the sample size. The limiting null distributions of the pro-
posed test statistic under both null and alternative hypotheses are derived. We
further derive the asymptotical power function of the proposed test and com-
pare its asymptotic power with some existing tests. We find the estimation
error of the precision matrix does not have impact on the asymptotical power
function. Moreover, asymptotic relative efficiency of the proposed test to the
classical Hotelling test tends to infinity when the ratio of the dimension of
data to the sample size tends to 1. We conduct a Monte Carlo simulation study
to assess the finite sample performance of the proposed precision matrix esti-
mation procedure and the proposed high-dimensional two-sample mean test.
Our numerical results imply that the proposed regularization method is able
to effectively remove irrelevant basis matrices. The proposed test performs
well compared with the existing methods especially when the elements of the
vector have unequal variances. We also illustrate the proposed methodology
by an empirical analysis of a real-world data set.
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Given a composite null P and composite alternative Q, when and how
can we construct a p-value whose distribution is exactly uniform under the
null, and stochastically smaller than uniform under the alternative? Similarly,
when and how can we construct an e-value whose expectation exactly equals
one under the null, but its expected logarithm under the alternative is posi-
tive? We answer these basic questions, and other related ones, when P and
Q are convex polytopes (in the space of probability measures). We prove that
such constructions are possible if and only if Q does not intersect the span
of P . If the p-value is allowed to be stochastically larger than uniform under
P ∈ P , and the e-value can have expectation at most one under P ∈ P , then
it is achievable whenever P and Q are disjoint. More generally, even when P
and Q are not polytopes, we characterize the existence of a bounded nontriv-
ial e-variable whose expectation exactly equals one under any P ∈ P . The
proofs utilize recently developed techniques in simultaneous optimal trans-
port. A key role is played by coarsening the filtration: sometimes, no such
p-value or e-value exists in the richest data filtration, but it does exist in some
reduced filtration, and our work provides the first general characterization
of this phenomenon. We also provide an iterative construction that explic-
itly constructs such processes, and under certain conditions it finds the one
that grows fastest under a specific alternative Q. We discuss implications for
the construction of composite nonnegative (super)martingales, and end with
some conjectures and open problems.
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This paper considers a multi-environment linear regression model in
which data from multiple experimental settings are collected. The joint distri-
bution of the response variable and covariates may vary across different envi-
ronments, yet the conditional expectations of the response variable, given the
unknown set of important variables, are invariant. Such a statistical model is
related to the problem of endogeneity, causal inference, and transfer learning.
The motivation behind it is illustrated by how the goals of prediction and attri-
bution are inherent in estimating the true parameter and the important variable
set. We construct a novel environment invariant linear least squares (EILLS)
objective function, a multi-environment version of linear least squares regres-
sion that leverages the above conditional expectation invariance structure and
heterogeneity among different environments to determine the true parameter.
Our proposed method is applicable without any additional structural knowl-
edge and can identify the true parameter under a near-minimal identifica-
tion condition related to the heterogeneity of the environments. We establish
nonasymptotic ℓ2 error bounds on the estimation error for the EILLS esti-
mator in the presence of spurious variables. Moreover, we further show that
the ℓ0 penalized EILLS estimator can achieve variable selection consistency
in high-dimensional regimes. These nonasymptotic results demonstrate the
sample efficiency of the EILLS estimator and its capability to circumvent the
curse of endogeneity in an algorithmic manner without any additional prior
structural knowledge. To the best of our knowledge, this paper is the first to
realize statistically efficient invariance learning in the general linear model.
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Statistical inference for time series such as curve estimation for time-
varying models or testing for existence of a change point have garnered sig-
nificant attention. However, these works are generally restricted to the as-
sumption of independence and/or stationarity at its best. The main obstacle is
that the existing Gaussian approximation results for nonstationary processes
only provide an existential proof, and thus they are difficult to apply. In this
paper, we provide two clear paths to construct such a Gaussian approximation
for nonstationary series. While the first one is theoretically more natural, the
second one is practically implementable. Our Gaussian approximation results
are applicable for a very large class of nonstationary time series, obtain opti-
mal rates and yet have good applicability. Building on such approximations,
we also show theoretical results for change-point detection and simultaneous
inference in presence of nonstationary errors. Finally, we substantiate our the-
oretical results with simulation studies and real data analysis.
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Graphon estimation has been one of the most fundamental problems in
network analysis and has received considerable attention in the past decade.
From the statistical perspective, the minimax error rate of graphon estimation
has been established by (Ann. Statist. 43 (2015) 2624–2652) for both stochas-
tic block model (SBM) and nonparametric graphon estimation. The statistical
optimal estimators are based on constrained least squares and have compu-
tational complexity exponential in the dimension. From the computational
perspective, the best-known, polynomial-time estimator is based on universal
singular value thresholding (USVT), but it can only achieve a much slower
estimation error rate than the minimax one. It is natural to wonder if such a
gap is essential. The computational optimality of the USVT or the existence
of a computational barrier in graphon estimation has been a long-standing
open problem. In this work, we take the first step toward it and provide rig-
orous evidence for the computational barrier in graphon estimation via low-
degree polynomials. Specifically, in SBM graphon estimation, we show that
for low-degree polynomial estimators, their estimation error rates cannot be
significantly better than that of the USVT under a wide range of parame-
ter regimes and in nonparametric graphon estimation, we show low-degree
polynomial estimators achieve estimation error rates strictly slower than the
minimax rate. Our results are proved based on the recent development of low-
degree polynomials by (Ann. Statist. 50 (2022) 1833–1858), while we over-
come a few key challenges in applying it to the general graphon estimation
problem. By leveraging our main results, we also provide a computational
lower bound on the clustering error for community detection in SBM with a
growing number of communities and this yields a new piece of evidence for
the conjectured Kesten–Stigum threshold for efficient community recovery.
Finally, we extend our computational lower bounds to sparse graphon esti-
mation and biclustering with additive Gaussian noise, and provide discussion
on the optimality of our results.
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Elliptical distribution is a basic assumption underlying many multivariate
statistical methods. For example, in sufficient dimension reduction and statis-
tical graphical models, this assumption is routinely imposed to simplify the
data dependence structure. Before applying such methods, we need to decide
whether the data are elliptically distributed. Currently existing tests either fo-
cus exclusively on spherical distributions, or rely on bootstrap to determine
the null distribution, or require specific forms of the alternative distribution.
In this paper, we introduce a general nonparametric test for elliptical distri-
bution based on kernel embedding of the probability measure that embodies
the two properties that characterize an elliptical distribution: namely, after
centering and rescaling, (1) the direction and length of the random vector
are independent, and (2) the directional vector is uniformly distributed on the
unit sphere. We derive the asymptotic distributions of the test statistic via von
Mises expansion, develop the sample-level procedure to determine the rejec-
tion region, and establish the consistency and validity of the proposed test.
We also develop the concentration bounds of the test statistic, allowing the
dimension to grow with the sample size, and further establish the consistency
in this high-dimension setting. We compare our method with several existing
methods via simulation studies, and apply our test to a SENIC dataset with
and without a transformation aimed to achieve ellipticity.
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Strict stationarity is an assumption commonly used in time-series analy-
sis in order to derive asymptotic distributional results for second-order statis-
tics, like sample autocovariances and sample autocorrelations. Focusing on
weak stationarity, this paper derives the asymptotic distribution of the max-
imum of sample autocovariances and sample autocorrelations under weak
conditions by using Gaussian approximation techniques. The asymptotic the-
ory for parameter estimators obtained by fitting a (linear) autoregressive
model to a general weakly stationary time series is revisited and a Gaus-
sian approximation theorem for the maximum of the estimators of the autore-
gressive coefficients is derived. To perform statistical inference for the afore-
mentioned second-order parameters of interest, a bootstrap algorithm, the so-
called second-order wild bootstrap is applied. Consistency of the bootstrap
procedure is proven without imposing strict stationary conditions or struc-
tural process assumptions, like linearity. The good finite sample performance
of the second-order wild bootstrap is demonstrated by means of simulations.
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MULTIVARIATE TREND FILTERING FOR LATTICE DATA
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We study a multivariate version of trend filtering, called Kronecker trend
filtering or KTF, for the case in which the design points form a lattice in
d dimensions. KTF is a natural extension of univariate trend filtering (Int. J.
Comput. Vis. 70 (2006) 214–255; SIAM Rev. 51 (2009) 339–360; Ann. Statist.
42 (2014) 285–323), and is defined by minimizing a penalized least squares
problem whose penalty term sums the absolute (higher-order) differences of
the parameter to be estimated along each of the coordinate directions. The
corresponding penalty operator can be written in terms of Kronecker prod-
ucts of univariate trend filtering penalty operators, hence the name Kronecker
trend filtering. Equivalently, one can view KTF in terms of an ℓ1-penalized
basis regression problem where the basis functions are tensor products of
falling factorial functions, which is a piecewise polynomial (discrete spline)
basis that underlies univariate trend filtering.

This paper is a unification and extension of the results in (In Advances in
Neural Information Processing Systems (2016); in Advances in Neural Infor-
mation Processing Systems (2017)). We develop a complete set of theoretical
results that describe the behavior of kth-order Kronecker trend filtering in
d dimensions, for every k ≥ 0 and d ≥ 1. This reveals a number of inter-
esting phenomena, including the dominance of KTF over linear smoothers
in estimating heterogeneously smooth functions, and a phase transition at
d = 2(k + 1), a boundary past which (on the high dimension-to-smoothness
side) linear smoothers fail to be consistent entirely. We also leverage recent
results on discrete splines from (Tibshirani (2020)), in particular, discrete
spline interpolation results that enable us to extend the KTF estimate to any
off-lattice location in constant-time (independent of the size of the lattice n).
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We study the problem of community recovery and detection in multi-
layer stochastic block models, focusing on the critical network density thresh-
old for consistent community structure inference. Using a prototypical two-
block model, we reveal a computational barrier for such multilayer stochastic
block models that does not exist for its single-layer counterpart: When there
are no computational constraints, the density threshold depends linearly on
the number of layers. However, when restricted to polynomial-time algo-
rithms, the density threshold scales with the square root of the number of
layers, assuming correctness of a low-degree polynomial hardness conjec-
ture. Our results provide a nearly complete picture of the optimal inference in
multiple-layer stochastic block models and partially settle the open question
in (J. Amer. Statist. Assoc. 118 (2023) 2433–2445) regarding the optimality
of the bias-adjusted spectral method.
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A GAUSSIAN PROCESS APPROACH TO MODEL CHECKS

BY JUAN CARLOS ESCANCIANOa

Department of Economics, Universidad Carlos III de Madrid, ajescanci@eco.uc3m.es

This paper proposes a Gaussian process (GP) approach for testing con-
ditional moment restrictions. Tests are based on squared Neyman orthogonal
function-parametric processes integrated with respect to a GP distribution.
This methodology leads to a general unified framework of kernel-based tests
having the following properties: (i) bootstrap tests are easy to implement in
the presence of nuisance parameters (they are simple quadratic forms, and
there is no need to reestimate the nuisance parameters in each bootstrap repli-
cation); and (ii) the new tests are valid under general conditions, including
higher-order conditional moments of unknown form, regularized estimators
(e.g., Lasso) or parameters at the boundary of the parameter space. Novel ap-
plications include distance kernel tests for zero conditional treatment effects.
The paper introduces Neyman orthogonal kernels, a new asymptotic theory
and a detailed local power analysis. Monte Carlo experiments and a real data
application illustrate the sensitivity of tests to the dimension of covariates and
to the mean and covariance kernel of the GP.
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