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DIMENSION-FREE MIXING TIMES OF GIBBS SAMPLERS FOR BAYESIAN
HIERARCHICAL MODELS

BY FILIPPO ASCOLANI1,a AND GIACOMO ZANELLA2,b

1Department of Statistical Science, Duke University, afilippo.ascolani@duke.edu
2Department of Decision Sciences, Bocconi University, bgiacomo.zanella@unibocconi.it

Gibbs samplers are popular algorithms to approximate posterior distribu-
tions arising from Bayesian hierarchical models. Despite their popularity and
good empirical performance, however, there are still relatively few quantita-
tive results on their convergence properties, for example, much less than for
gradient-based sampling methods. In this work, we analyse the behaviour of
total variation mixing times of Gibbs samplers targeting hierarchical models
using tools from Bayesian asymptotics. We obtain dimension-free conver-
gence results under random data-generating assumptions for a broad class of
two-level models with generic likelihood function. Specific examples with
Gaussian, binomial and categorical likelihoods are discussed.

REFERENCES

[1] AMIT, Y. (1991). On rates of convergence of stochastic relaxation for Gaussian and non-Gaussian distribu-
tions. J. Multivariate Anal. 38 82–99. MR1128938 https://doi.org/10.1016/0047-259X(91)90033-X

[2] ANDRIEU, C., LEE, A., POWER, S. and WANG, A. Q. (2022). Explicit convergence bounds for Metropolis
Markov chains: Isoperimetry, spectral gaps and profiles. arXiv preprint. Available at arXiv:2211.08959.

[3] ASCOLANI, F. and ZANELLA, G. (2024). Supplement to “Dimension-free mixing times of Gibbs samplers
for Bayesian hierarchical models.” https://doi.org/10.1214/24-AOS2367SUPP

[4] ATCHADÉ, Y. F. (2021). Approximate spectral gaps for Markov chain mixing times in high dimensions.
SIAM J. Math. Data Sci. 3 854–872. MR4303259 https://doi.org/10.1137/19M1283082

[5] BASS, M. R. and SAHU, S. K. (2017). A comparison of centring parameterisations of Gaussian process-
based models for Bayesian computation using MCMC. Stat. Comput. 27 1491–1512. MR3687322
https://doi.org/10.1007/s11222-016-9700-z

[6] BELLONI, A. and CHERNOZHUKOV, V. (2009). On the computational complexity of MCMC-based estima-
tors in large samples. Ann. Statist. 37 2011–2055. MR2533478 https://doi.org/10.1214/08-AOS634

[7] BESKOS, A., PILLAI, N., ROBERTS, G., SANZ-SERNA, J.-M. and STUART, A. (2013). Optimal tuning
of the hybrid Monte Carlo algorithm. Bernoulli 19 1501–1534. MR3129023 https://doi.org/10.3150/
12-BEJ414

[8] BROOKS, S., GELMAN, A., JONES, G. L. and MENG, X.-L. (2011). Handbook of Markov Chain Monte
Carlo. Chapman & Hall/CRC Handbooks of Modern Statistical Methods. CRC Press, Boca Raton, FL.
MR2742422 https://doi.org/10.1201/b10905

[9] CAPRIO, R. and JOHANSEN, A. M. (2023). A calculus for Markov chain Monte Carlo: Studying approxi-
mations in algorithms. arXiv preprint. Available at arXiv:2310.03853.

[10] CASELLA, G. and GEORGE, E. I. (1992). Explaining the Gibbs sampler. Amer. Statist. 46 167–174.
MR1183069 https://doi.org/10.2307/2685208

[11] CHLEBICKA, I., LATUSZYNSKI, K. and MIASOJEDOW, B. (2023). Solidarity of Gibbs samplers: The spec-
tral gap. arXiv preprint. Available at arXiv:2304.02109.

[12] DALALYAN, A. S. (2017). Theoretical guarantees for approximate sampling from smooth and log-concave
densities. J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 651–676. MR3641401 https://doi.org/10.1111/rssb.
12183

[13] DIEBOLT, J. and ROBERT, C. P. (1994). Estimation of finite mixture distributions through Bayesian sam-
pling. J. Roy. Statist. Soc. Ser. B 56 363–375. MR1281940

[14] DURANTE, D. (2019). Conjugate Bayes for probit regression via unified skew-normal distributions.
Biometrika 106 765–779. MR4031198 https://doi.org/10.1093/biomet/asz034

[15] DURMUS, A. and MOULINES, É. (2017). Nonasymptotic convergence analysis for the unadjusted Langevin
algorithm. Ann. Appl. Probab. 27 1551–1587. MR3678479 https://doi.org/10.1214/16-AAP1238

[16] DWIVEDI, R., CHEN, Y., WAINWRIGHT, M. J. and YU, B. (2019). Log-concave sampling: Metropolis–
Hastings algorithms are fast. J. Mach. Learn. Res. 20 Paper No. 183, 42. MR4048994

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/24-AOS2367
http://www.imstat.org
mailto:filippo.ascolani@duke.edu
mailto:giacomo.zanella@unibocconi.it
https://mathscinet.ams.org/mathscinet-getitem?mr=1128938
https://doi.org/10.1016/0047-259X(91)90033-X
http://arxiv.org/abs/2211.08959
https://doi.org/10.1214/24-AOS2367SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4303259
https://doi.org/10.1137/19M1283082
https://mathscinet.ams.org/mathscinet-getitem?mr=3687322
https://doi.org/10.1007/s11222-016-9700-z
https://mathscinet.ams.org/mathscinet-getitem?mr=2533478
https://doi.org/10.1214/08-AOS634
https://mathscinet.ams.org/mathscinet-getitem?mr=3129023
https://doi.org/10.3150/12-BEJ414
https://mathscinet.ams.org/mathscinet-getitem?mr=2742422
https://doi.org/10.1201/b10905
http://arxiv.org/abs/2310.03853
https://mathscinet.ams.org/mathscinet-getitem?mr=1183069
https://doi.org/10.2307/2685208
http://arxiv.org/abs/2304.02109
https://mathscinet.ams.org/mathscinet-getitem?mr=3641401
https://doi.org/10.1111/rssb.12183
https://mathscinet.ams.org/mathscinet-getitem?mr=1281940
https://mathscinet.ams.org/mathscinet-getitem?mr=4031198
https://doi.org/10.1093/biomet/asz034
https://mathscinet.ams.org/mathscinet-getitem?mr=3678479
https://doi.org/10.1214/16-AAP1238
https://mathscinet.ams.org/mathscinet-getitem?mr=4048994
https://doi.org/10.3150/12-BEJ414
https://doi.org/10.1111/rssb.12183


[17] FLEGAL, J. M., HUGHES, J., VATS, D., GUPTA, K. and MAJI, U. (2021). mcmcse: Monte Carlo standard
errors for MCMC. R package.

[18] GELFAND, A. E., KIM, H.-J., SIRMANS, C. F. and BANERJEE, S. (2003). Spatial modeling with spa-
tially varying coefficient processes. J. Amer. Statist. Assoc. 98 387–396. MR1995715 https://doi.org/10.
1198/016214503000170

[19] GELFAND, A. E., SAHU, S. K. and CARLIN, B. P. (1995). Efficient parameterisations for normal linear
mixed models. Biometrika 82 479–488. MR1366275 https://doi.org/10.1093/biomet/82.3.479

[20] GELMAN, A., CARLIN, J. B., STERN, H. S., DUNSON, D. B., VEHTARI, A. and RUBIN, D. B. (2014).
Bayesian Data Analysis, 3rd ed. Texts in Statistical Science Series. CRC Press, Boca Raton, FL.
MR3235677

[21] GELMAN, A. and HILL, J. L. (2007). Data Analysis Using Regression and Multilevel/Hierarchical Models.
Cambridge Univ. Press, Cambridge.

[22] GILKS, W. R. and WILD, P. (1992). Adaptive rejection sampling for Gibbs sampling. J. R. Stat. Soc. Ser.
C. Appl. Stat. 41 337–348.

[23] GONG, L. and FLEGAL, J. M. (2016). A practical sequential stopping rule for high-dimensional Markov
chain Monte Carlo. J. Comput. Graph. Statist. 25 684–700. MR3533633 https://doi.org/10.1080/
10618600.2015.1044092
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Model-X approaches to testing conditional independence between a pre-
dictor and an outcome variable given a vector of covariates usually assume
exact knowledge of the conditional distribution of the predictor given the co-
variates. Nevertheless, model-X methodologies are often deployed with this
conditional distribution learned in sample. We investigate the consequences
of this choice through the lens of the distilled conditional randomization test
(dCRT). We find that Type-I error control is still possible, but only if the
mean of the outcome variable given the covariates is estimated well enough.
This demonstrates that the dCRT is doubly robust, and motivates a compari-
son to the generalized covariance measure (GCM) test, another doubly robust
conditional independence test. We prove that these two tests are asymptoti-
cally equivalent, and show that the GCM test is optimal against (generalized)
partially linear alternatives by leveraging semiparametric efficiency theory.
In an extensive simulation study, we compare the dCRT to the GCM test.
These two tests have broadly similar Type-I error and power, though dCRT
can have somewhat better Type-I error control but somewhat worse power in
small samples or when the response is discrete. We also find that post-lasso
based test statistics (as compared to lasso based statistics) can dramatically
improve Type-I error control for both methods.
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The development of modern technology has enabled data collection of
unprecedented size, which poses new challenges to many statistical estima-
tion and inference problems. This paper studies the maximum score estimator
of a semiparametric binary choice model under a distributed computing en-
vironment without prespecifying the noise distribution. An intuitive divide-
and-conquer estimator is computationally expensive and restricted by a non-
regular constraint on the number of machines, due to the highly nonsmooth
nature of the objective function.

We propose (1) a one-shot divide-and-conquer estimator after smoothing
the objective to relax the constraint, and (2) a multiround estimator to com-
pletely remove the constraint via iterative smoothing. We specify an adap-
tive choice of kernel smoother with a sequentially shrinking bandwidth to
achieve the superlinear improvement of the optimization error over multiple
iterations. The improved statistical accuracy per iteration is derived, and a
quadratic convergence up to the optimal statistical error rate is established.
We further provide two generalizations to handle the heterogeneity of data
sets and high-dimensional problems where the parameter of interest is sparse.
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Genetic prediction holds immense promise for translating genetic dis-
coveries into medical advances. As the high-dimensional covariance matrix
(or the linkage disequilibrium (LD) pattern) of genetic variants often presents
a block-diagonal structure, numerous methods account for the dependence
among variants in predetermined local LD blocks. Moreover, due to privacy
considerations and data protection concerns, genetic variant dependence in
each LD block is typically estimated from external reference panels rather
than the original training data set. This paper presents a unified analysis of
blockwise and reference panel-based estimators in a high-dimensional pre-
diction framework without sparsity restrictions. We find that, surprisingly,
even when the covariance matrix has a block-diagonal structure with well-
defined boundaries, blockwise estimation methods adjusting for local depen-
dence can be substantially less accurate than methods controlling for the
whole covariance matrix. Further, estimation methods built on the original
training data set and external reference panels are likely to have varying per-
formance in high dimensions, which may reflect the cost of having only ac-
cess to summary level data from the training data set. This analysis is based
on novel results in random matrix theory for block-diagonal covariance ma-
trix. We numerically evaluate our results using extensive simulations and real
data analysis in the UK Biobank.
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We analyze a number of natural estimators for the optimal transport map
between two distributions and show that they are minimax optimal. We adopt
the plugin approach: our estimators are simply optimal couplings between
measures derived from our observations, appropriately extended so that they
define functions on R

d . When the underlying map is assumed to be Lips-
chitz, we show that computing the optimal coupling between the empirical
measures, and extending it using linear smoothers, already gives a minimax
optimal estimator. When the underlying map enjoys higher regularity, we
show that the optimal coupling between appropriate nonparametric density
estimates yields faster rates. Our work also provides new bounds on the risk
of corresponding plugin estimators for the quadratic Wasserstein distance,
and we show how this problem relates to that of estimating optimal trans-
port maps using stability arguments for smooth and strongly convex Brenier
potentials. As an application of our results, we derive central limit theorems
for plugin estimators of the squared Wasserstein distance, which are centered
at their population counterpart when the underlying distributions have suf-
ficiently smooth densities. In contrast to known central limit theorems for
empirical estimators, this result easily lends itself to statistical inference for
the quadratic Wasserstein distance.
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This paper concerns the limiting distributions of change-point estimators,
in a high-dimensional linear regression time-series context, where a regres-
sion object (yt ,Xt ) ∈ R×R

p is observed at every time point t ∈ {1, . . . , n}.
At unknown time points, called change points, the regression coefficients
change, with the jump sizes measured in �2-norm. We provide limiting distri-
butions of the change-point estimators in the regimes where the minimal jump
size vanishes and where it remains a constant. We allow for both the covari-
ate and noise sequences to be temporally dependent, in the functional depen-
dence framework, which is the first time seen in the change-point inference
literature. We show that a block-type long-run variance estimator is consistent
under the functional dependence, which facilitates the practical implementa-
tion of our derived limiting distributions. We also present a few important
byproducts of our analysis, which are of their own interest. These include
a novel variant of the dynamic programming algorithm to boost the compu-
tational efficiency, consistent change-point localization rates under temporal
dependence and a new Bernstein inequality for data possessing functional
dependence. Extensive numerical results are provided to support our the-
oretical results. The proposed methods are implemented in the R package
changepoints (Xu et al. (2022)).
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CSÖRGŐ, M. and HORVÁTH, L. (1997). Limit Theorems in Change-Point Analysis. Wiley Series in Probability
and Statistics. Wiley, Chichester. MR2743035

DAHLHAUS, R., RICHTER, S. and WU, W. B. (2019). Towards a general theory for nonlinear locally stationary
processes. Bernoulli 25 1013–1044. MR3920364 https://doi.org/10.3150/17-bej1011

EFRON, B., HASTIE, T., JOHNSTONE, I. and TIBSHIRANI, R. (2004). Least angle regression. Ann. Statist. 32
407–499. MR2060166 https://doi.org/10.1214/009053604000000067

FRIEDRICH, F., KEMPE, A., LIEBSCHER, V. and WINKLER, G. (2008). Complexity penalized M-
estimation: Fast computation. J. Comput. Graph. Statist. 17 201–224. MR2424802 https://doi.org/10.1198/
106186008X285591

HAN, Y. and TSAY, R. S. (2020). High-dimensional linear regression for dependent data with applications to
nowcasting. Statist. Sinica 30 1797–1827. MR4260745 https://doi.org/10.5705/ss.202018.0044

KAUL, A., FOTOPOULOS, S. B., JANDHYALA, V. K. and SAFIKHANI, A. (2021). Inference on the change point
under a high dimensional sparse mean shift. Electron. J. Stat. 15 71–134. MR4195770 https://doi.org/10.1214/
20-EJS1791

KAUL, A., JANDHYALA, V. K. and FOTOPOULOS, S. B. (2019). An efficient two step algorithm for high dimen-
sional change point regression models without grid search. J. Mach. Learn. Res. 20 1–40. MR3990465

KAUL, A. and MICHAILIDIS, G. (2021). Inference for change points in high dimensional mean shift models.
arXiv preprint. Available at arXiv:2107.09150.

KILLICK, R., FEARNHEAD, P. and ECKLEY, I. A. (2012). Optimal detection of changepoints with a linear
computational cost. J. Amer. Statist. Assoc. 107 1590–1598. MR3036418 https://doi.org/10.1080/01621459.
2012.737745

KUCHIBHOTLA, A. K., BROWN, L. D., BUJA, A., GEORGE, E. I. and ZHAO, L. (2023). Uniform-in-submodel
bounds for linear regression in a model-free framework. Econometric Theory 39 1202–1248. MR4678102
https://doi.org/10.1017/s0266466621000219

LEE, S., SEO, M. H. and SHIN, Y. (2016). The lasso for high dimensional regression with a possible change
point. J. R. Stat. Soc. Ser. B. Stat. Methodol. 78 193–210. MR3453652 https://doi.org/10.1111/rssb.12108

LEONARDI, F. BÜHLMANN, P. (2016). Computationally efficient change point detection for high-dimensional
regression. arXiv preprint. Available at arXiv:1601.03704.

MADRID PADILLA, C. M., WANG, D., ZHAO, Z. and YU, Y. Change-point detection for sparse and dense
functional data in general dimensions. arXiv e-prints arXiv–2205.

MCCRACKEN, M. W. and NG, S. (2016). FRED-MD: A monthly database for macroeconomic research. J. Bus.
Econom. Statist. 34 574–589. MR3547997 https://doi.org/10.1080/07350015.2015.1086655

MERLEVÈDE, F., PELIGRAD, M. and RIO, E. (2009). Bernstein inequality and moderate deviations under strong
mixing conditions. In High Dimensional Probability V: The Luminy Volume. Inst. Math. Stat. (IMS) Collect. 5
273–292. IMS, Beachwood, OH. MR2797953 https://doi.org/10.1214/09-IMSCOLL518

MUKHERJEE, D., BANERJEE, M. and RITOV, Y. (2022). On robust learning in the canonical change point prob-
lem under heavy tailed errors in finite and growing dimensions. Electron. J. Stat. 16 1153–1252. MR4381059
https://doi.org/10.1214/21-ejs1927

NATIONAL RESEARCH COUNCIL (2013). Frontiers in Massive Data Analysis. The National Academies Press,
Washington, DC.

PILLIAT, E., CARPENTIER, A. and VERZELEN, N. (2023). Optimal multiple change-point detection for high-
dimensional data. Electron. J. Stat. 17 1240–1315. MR4576243 https://doi.org/10.1214/23-ejs2126

RICHTER, S., WANG, W. and WU, W. B. (2023). Testing for parameter change epochs in GARCH time series.
Econom. J. 26 467–491. MR4643834 https://doi.org/10.1093/ectj/utad006

RINALDO, A., WANG, D., WEN, Q., WILLETT, R. and YU, Y. (2021). Localizing changes in high-dimensional
regression models. In International Conference on Artificial Intelligence and Statistics 2089–2097. PMLR.

https://mathscinet.ams.org/mathscinet-getitem?mr=2807761
https://doi.org/10.1007/978-3-642-20192-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3431567
https://doi.org/10.1093/biomet/asv031
https://mathscinet.ams.org/mathscinet-getitem?mr=4528482
https://doi.org/10.1080/01621459.2021.1893178
https://www.kaggle.com/datasets/nelsonchu/air-quality-in-northern-taiwan
https://mathscinet.ams.org/mathscinet-getitem?mr=2743035
https://mathscinet.ams.org/mathscinet-getitem?mr=3920364
https://doi.org/10.3150/17-bej1011
https://mathscinet.ams.org/mathscinet-getitem?mr=2060166
https://doi.org/10.1214/009053604000000067
https://mathscinet.ams.org/mathscinet-getitem?mr=2424802
https://doi.org/10.1198/106186008X285591
https://mathscinet.ams.org/mathscinet-getitem?mr=4260745
https://doi.org/10.5705/ss.202018.0044
https://mathscinet.ams.org/mathscinet-getitem?mr=4195770
https://doi.org/10.1214/20-EJS1791
https://mathscinet.ams.org/mathscinet-getitem?mr=3990465
http://arxiv.org/abs/2107.09150
https://mathscinet.ams.org/mathscinet-getitem?mr=3036418
https://doi.org/10.1080/01621459.2012.737745
https://mathscinet.ams.org/mathscinet-getitem?mr=4678102
https://doi.org/10.1017/s0266466621000219
https://mathscinet.ams.org/mathscinet-getitem?mr=3453652
https://doi.org/10.1111/rssb.12108
http://arxiv.org/abs/1601.03704
https://mathscinet.ams.org/mathscinet-getitem?mr=3547997
https://doi.org/10.1080/07350015.2015.1086655
https://mathscinet.ams.org/mathscinet-getitem?mr=2797953
https://doi.org/10.1214/09-IMSCOLL518
https://mathscinet.ams.org/mathscinet-getitem?mr=4381059
https://doi.org/10.1214/21-ejs1927
https://mathscinet.ams.org/mathscinet-getitem?mr=4576243
https://doi.org/10.1214/23-ejs2126
https://mathscinet.ams.org/mathscinet-getitem?mr=4643834
https://doi.org/10.1093/ectj/utad006
https://doi.org/10.1007/978-3-642-20192-9
https://www.kaggle.com/datasets/nelsonchu/air-quality-in-northern-taiwan
https://doi.org/10.1198/106186008X285591
https://doi.org/10.1214/20-EJS1791
https://doi.org/10.1080/01621459.2012.737745


SHAO, X. and ZHANG, X. (2010). Testing for change points in time series. J. Amer. Statist. Assoc. 105 1228–
1240. MR2752617 https://doi.org/10.1198/jasa.2010.tm10103

VAN DE GEER, S. (2018). On tight bounds for the Lasso. J. Mach. Learn. Res. 19 1–48. MR3874154
VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical Processes: With Appli-

cations to Statistics. Springer Series in Statistics. Springer, New York. MR1385671 https://doi.org/10.1007/
978-1-4757-2545-2

VERSHYNIN, R. (2018). High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge Series in Statistical and Probabilistic Mathematics 47. Cambridge Univ. Press, Cambridge.
MR3837109 https://doi.org/10.1017/9781108231596

VERZELEN, N., FROMONT, M., LERASLE, M. and REYNAUD-BOURET, P. (2023). Optimal change-point de-
tection and localization. Ann. Statist. 51 1586–1610. MR4658569 https://doi.org/10.1214/23-aos2297

WANG, D., YU, Y. and RINALDO, A. (2020). Univariate mean change point detection: Penalization, CUSUM
and optimality. Electron. J. Stat. 14 1917–1961. MR4091859 https://doi.org/10.1214/20-EJS1710

WANG, D., YU, Y. and RINALDO, A. (2021). Optimal change point detection and localization in sparse dynamic
networks. Ann. Statist. 49 203–232. MR4206675 https://doi.org/10.1214/20-AOS1953

WANG, D. and ZHAO, Z. (2022). Optimal change-point testing for high-dimensional linear models with temporal
dependence. arXiv preprint. Available at arXiv:2205.03880.

WANG, D., ZHAO, Z., LIN, K. Z. and WILLETT, R. (2021). Statistically and computationally efficient change
point localization in regression settings. J. Mach. Learn. Res. 22 1–46.

WANG, R. and SHAO, X. (2023). Dating the break in high-dimensional data. Bernoulli 29 2879–2901.
MR4632124 https://doi.org/10.3150/22-bej1567

WANG, R., ZHU, C., VOLGUSHEV, S. and SHAO, X. (2022). Inference for change points in high-dimensional
data via selfnormalization. Ann. Statist. 50 781–806. MR4405366 https://doi.org/10.1214/21-aos2127

WONG, K. C., LI, Z. and TEWARI, A. (2020). Lasso guarantees for β-mixing heavy-tailed time series. Ann.
Statist. 48 1124–1142. MR4102690 https://doi.org/10.1214/19-AOS1840

WU, W.-B. and WU, Y. N. (2016). Performance bounds for parameter estimates of high-dimensional linear
models with correlated errors. Electron. J. Stat. 10 352–379. MR3466186 https://doi.org/10.1214/16-EJS1108

WU, W. B. (2005). Nonlinear system theory: Another look at dependence. Proc. Natl. Acad. Sci. USA 102 14150–
14154. MR2172215 https://doi.org/10.1073/pnas.0506715102

WU, W. B. (2011). Asymptotic theory for stationary processes. Stat. Interface 4 207–226. MR2812816
https://doi.org/10.4310/SII.2011.v4.n2.a15

XU, H., PADILLA, O., WANG, D. and LI, M. (2022). changepoints: A collection of change-point detection
methods R package version 1.1.0.

XU, H., WANG, D., ZHAO, Z. and YU, Y. (2024). Supplement to “Change-point inference in high-dimensional
regression models under temporal dependence.” https://doi.org/10.1214/24-AOS2380SUPP

YAO, Y.-C. (1987). Approximating the distribution of the maximum likelihood estimate of the change-point in a
sequence of independent random variables. Ann. Statist. 15 1321–1328. MR0902262 https://doi.org/10.1214/
aos/1176350509

YAO, Y.-C. (1988). Estimating the number of change-points via Schwarz’ criterion. Statist. Probab. Lett. 6 181–
189. MR0919373 https://doi.org/10.1016/0167-7152(88)90118-6

YAO, Y.-C. and AU, S. T. (1989). Least-squares estimation of a step function. Sankhyā Ser. A 51 370–381.
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We study the estimation of high-dimensional covariance matrices and
their empirical spectral distributions under dynamic volatility models. Data
under such models have nonlinear dependency both cross-sectionally and
temporally. We establish the condition under which the limiting spectral dis-
tribution (LSD) of the sample covariance matrix under scalar BEKK mod-
els is different from the i.i.d. case. We then propose a time-variation ad-
justed (TV-adj) sample covariance matrix and prove that its LSD follows the
Marčenko–Pastur law. Based on the asymptotics of the TV-adj sample co-
variance matrix, we develop a consistent population spectrum estimator and
an asymptotically optimal nonlinear shrinkage estimator of the unconditional
covariance matrix.
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A novel sequential change detection problem is proposed, in which the
goal is to not only detect but also accelerate the change. Specifically, it is
assumed that the sequentially collected observations are responses to treat-
ments selected in real time. The assigned treatments determine the pre-change
and post-change distributions of the responses and also influence when the
change happens. The goal is to find a treatment assignment rule and a stop-
ping rule that minimize the expected total number of observations subject
to a user-specified bound on the false alarm probability. The optimal solu-
tion is obtained under a general Markovian change-point model. Moreover,
an alternative procedure is proposed, whose applicability is not restricted to
Markovian change-point models and whose design requires minimal compu-
tation. For a large class of change-point models, the proposed procedure is
shown to achieve the optimal performance in an asymptotic sense. Finally, its
performance is found in simulation studies to be comparable to the optimal,
uniformly with respect to the error probability.
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Over the last decade, an approach that has gained a lot of popularity to
tackle nonparametric testing problems on general (i.e., non-Euclidean) do-
mains is based on the notion of reproducing kernel Hilbert space (RKHS)
embedding of probability distributions. The main goal of our work is to un-
derstand the optimality of two-sample tests constructed based on this ap-
proach. First, we show the popular MMD (maximum mean discrepancy) two-
sample test to be not optimal in terms of the separation boundary measured
in Hellinger distance. Second, we propose a modification to the MMD test
based on spectral regularization by taking into account the covariance infor-
mation (which is not captured by the MMD test) and prove the proposed test
to be minimax optimal with a smaller separation boundary than that achieved
by the MMD test. Third, we propose an adaptive version of the above test
which involves a data-driven strategy to choose the regularization parameter
and show the adaptive test to be almost minimax optimal up to a logarithmic
factor. Moreover, our results hold for the permutation variant of the test where
the test threshold is chosen elegantly through the permutation of the samples.
Through numerical experiments on synthetic and real data, we demonstrate
the superior performance of the proposed test in comparison to the MMD test
and other popular tests in the literature.
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Multivariate adaptive regression splines (MARS) is a popular method for
nonparametric regression introduced by Friedman in 1991. MARS fits sim-
ple nonlinear and non-additive functions to regression data. We propose and
study a natural lasso variant of the MARS method. Our method is based on
least squares estimation over a convex class of functions obtained by con-
sidering infinite-dimensional linear combinations of functions in the MARS
basis and imposing a variation based complexity constraint. Our estimator
can be computed via finite-dimensional convex optimization, although it is
defined as a solution to an infinite-dimensional optimization problem. Under
a few standard design assumptions, we prove that our estimator achieves a
rate of convergence that depends only logarithmically on dimension and thus
avoids the usual curse of dimensionality to some extent. We also show that
our method is naturally connected to nonparametric estimation techniques
based on smoothness constraints. We implement our method with a cross-
validation scheme for the selection of the involved tuning parameter and
compare it to the usual MARS method in various simulation and real data
settings.
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Within the nonparametric diffusion model, we develop a multiple test
to infer about similarity of an unknown drift b to some reference drift b0:
At prescribed significance, we simultaneously identify those regions where
violation from similarity occurs, without a priori knowledge of their number,
size and location. This test is shown to be minimax-optimal and adaptive. At
the same time, the procedure is robust under small deviation from Brownian
motion as the driving noise process. A detailed investigation for fractional
driving noise, which is neither a semimartingale nor a Markov process, is
provided for Hurst indices close to the Brownian motion case.
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Frequency domain analysis of time series is often difficult, as
periodogram-based statistics involve non-linear averages with complicated
variances. Due to the latter, nonparametric approximations from resam-
pling or empirical likelihood (EL) are useful. However, current versions of
periodogram-based EL for time series are highly restricted: these are valid
only for linear processes and for special parameters (i.e., ratios). For general
frequency domain inference with stationary, weakly dependent time series,
we develop a spectral EL (SEL) method by combining two previously sepa-
rate EL frameworks for time series: block-based EL and periodogram-based
EL. This hybridization strategy is new and theoretically non-trivial, particu-
larly as existing block-based EL relies on time domain averages that differ
substantially from frequency domain counterparts. We formulate SEL statis-
tics for parameters based on spectral estimating functions and periodogram
subsamples. Under mild conditions, SEL log-ratio statistics are shown to be
well-defined, admitting chi-square limits. Further, we formally establish an
effective bootstrap procedure coupled with SEL. As a result, the SEL method
can be used for nonparametric, asymptotically correct confidence regions and
tests for frequency domain inference without explicit estimation of intricate
variances of periodogram-based statistics. This broadly extends the applica-
bility of EL for time series in three directions: (i) SEL can treat any spectral
mean parameters; (ii) SEL is valid for both linear and non-linear processes;
and (iii) SEL has a provable bootstrap development, which is rare for time se-
ries EL, and provides a novel alternative to other resampling approximations
in the frequency domain. Simulation studies suggest the proposed method
performs well compared to other non-EL approaches. A real data example
demonstrates that SEL has application and extension to complicated scenar-
ios.
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We introduce a new nonparametric framework for classification prob-
lems in the presence of missing data. The key aspect of our framework is
that the regression function decomposes into an anova-type sum of orthogo-
nal functions, of which some (or even many) may be zero. Working under a
general missingness setting, which allows features to be missing not at ran-
dom, our main goal is to derive the minimax rate for the excess risk in this
problem. In addition to the decomposition property, the rate depends on pa-
rameters that control the tail behaviour of the marginal feature distributions,
the smoothness of the regression function and a margin condition. The ambi-
ent data dimension does not appear in the minimax rate, which can therefore
be faster than in the classical nonparametric setting. We further propose a
new method, called the Hard-thresholding Anova Missing data (HAM) clas-
sifier, based on a careful combination of a k-nearest neighbour algorithm and
a thresholding step. The HAM classifier attains the minimax rate up to poly-
logarithmic factors and numerical experiments further illustrate its utility.
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Linear sufficient dimension reduction, as exemplified by sliced inverse
regression, has seen substantial development in the past thirty years. How-
ever, with the advent of more complex scenarios, nonlinear dimension re-
duction has gained considerable interest recently. This paper introduces a
novel method for nonlinear sufficient dimension reduction, utilizing the gen-
eralized martingale difference divergence measure in conjunction with deep
neural networks. The optimal solution of the proposed objective function is
shown to be unbiased at the general level of σ -fields. And two optimization
schemes, based on the fascinating deep neural networks, exhibit higher effi-
ciency and flexibility compared to the classical eigendecomposition of linear
operators. Moreover, we systematically investigate the slow rate and fast rate
for the estimation error based on advanced U -process theory. Remarkably, the
fast rate almost coincides with the minimax rate of nonparametric regression.
The validity of our deep nonlinear sufficient dimension reduction methods is
demonstrated through simulations and real data analysis.
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Selective inference is the problem of giving valid answers to statistical
questions chosen in a data-driven manner. A standard solution to selective in-
ference is simultaneous inference, which delivers valid answers to the set of
all questions that could possibly have been asked. However, simultaneous in-
ference can be unnecessarily conservative if this set includes many questions
that were unlikely to be asked in the first place. We introduce a less conserva-
tive solution to selective inference that we call locally simultaneous inference,
which only answers those questions that could plausibly have been asked in
light of the observed data, all the while preserving rigorous type I error guar-
antees. For example, if the objective is to construct a confidence interval for
the “winning” treatment effect in a clinical trial with multiple treatments,
and it is obvious in hindsight that only one treatment had a chance to win,
then our approach will return an interval that is nearly the same as the un-
corrected, standard interval. Locally simultaneous inference is implemented
by refining any method for simultaneous inference of interest. Under mild
conditions satisfied by common confidence intervals, locally simultaneous
inference strictly dominates its underlying simultaneous inference method,
meaning it can never yield less statistical power but only more. Compared to
conditional selective inference, which demands stronger guarantees, locally
simultaneous inference is more easily applicable in nonparametric settings
and is more numerically stable.
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SPECTRAL ANALYSIS OF GRAM MATRICES WITH MISSING AT
RANDOM OBSERVATIONS: CONVERGENCE, CENTRAL LIMIT
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Motivated by the statistical inference using the Gram matrix in the con-
text of missing at random observations, this paper investigates the spectral
properties of the random matrices Sn = 1

n ZZ∗, where Z = D ◦ (�1/2X) rep-
resents a Hadamard random matrix with entries determined by independent
Bernoulli variables D. Operating within the high-dimensional framework, we
establish the convergence of the empirical spectral distribution of Sn to a
well-defined limiting distribution. In addition, we explore the impact of the
missing mechanism on the second-order properties of the spectral distribution
of the Gram matrix Sn. We establish the central limit theorem for the linear
spectral statistics of Sn, shedding light on their fluctuations. Surprisingly, our
analysis reveals that even in the ideal Gaussian distribution scenario, the fluc-
tuations of statistics generated by eigenvalues are influenced by the eigenvec-
tors of the population covariance matrix in the missing-at-random case. This
discovery uncovers a remarkable phenomenon that starkly contrasts with the
classical case. Subsequently, we demonstrate the practical application of our
central limit theorem in hypothesis testing for the population covariance ma-
trix.
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