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THE CRITICAL DENSITY FOR ACTIVATED RANDOM WALKS IS ALWAYS
LESS THAN 1

BY AMINE ASSELAH1,a, NICOLAS FORIEN2,b AND ALEXANDRE GAUDILLIÈRE3,c

1LAMA, UPEC, UPEM, CNRS, aamine.asselah@u-pec.fr
2Dipartimento di Matematica, Sapienza Università di Roma, bnicolas.forien@uniroma1.it

3Aix Marseille Université, CNRS, I2M, calexandre.gaudilliere@math.cnrs.fr

Activated Random Walks, on Z
d for any d ≥ 1, is an interacting particle

system, where particles can be in either of two states: active or frozen. Each
active particle performs a continuous-time simple random walk during an
exponential time of parameter λ, after which it stays still in the frozen state,
until another active particle shares its location, and turns it instantaneously
back into activity. This model is known to have a phase transition, and we
show that the critical density, controlling the phase transition, is less than one
in any dimension and for any value of the sleep rate λ. We provide upper
bounds for the critical density in both the small λ and large λ regimes.
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DIFFUSIVE SCALING LIMIT OF THE BUSEMANN PROCESS
IN LAST PASSAGE PERCOLATION

BY OFER BUSANIa

School of Mathematics, University of Edinburgh, aobusani@ed.ac.uk

In exponential last passage percolation, we consider the rescaled Buse-
mann process

x �→ N−1/3B
ρ

0,[xN2/3]e1
, x ∈R,

as a process parametrized by the scaled density ρ = 1/2 + μ
4 N−1/3, and tak-

ing values in C(R). We show that these processes, as N → ∞, have a right
continuous left limit scaling limit G = (Gμ)μ∈R, parametrized by μ and tak-
ing values in C(R). The limiting process G, which can be thought of as the
Busemann process under the KPZ scaling, can be described as an ensemble
of “sticky” lines of Brownian regularity. We believe G is the universal scal-
ing limit of Busemann processes in the KPZ universality class. Our proof
provides insight into this limiting behavior by highlighting a connection be-
tween the joint distribution of Busemann functions obtained by Fan and Sep-
päläinen (in Probab. Math. Phys. 1 (2020) 55–100), and a sorting algorithm
of random walks introduced by O’Connell and Yor (in Electron. Commun.
Probab. 7 (2002) 1–12).
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We consider a particle with position (Xt )t≥0 living in R+, whose veloc-
ity (Vt )t≥0 is a positive recurrent diffusion with heavy-tailed invariant dis-
tribution when the particle lives in (0,∞). When it hits the boundary x = 0,
the particle restarts with a random strictly positive velocity. We show that
the properly rescaled position process converges weakly to a stable process
reflected on its infimum. From a P.D.E. point of view, the time-marginals of
(Xt ,Vt )t≥0 solve a kinetic Fokker–Planck equation on (0,∞) × R+ × R

with diffusive boundary conditions. Properly rescaled, the space-marginal
converges to the solution of some fractional heat equation on (0,∞) ×R+.
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We introduce dynamical versions of loop (or Dyson–Schwinger) equa-
tions for large families of two–dimensional interacting particle systems, in-
cluding Dyson Brownian motion, Nonintersecting Bernoulli/Poisson ran-
dom walks, β–corners processes, uniform and Jack-deformed measures on
Gelfand–Tsetlin patterns, Macdonald processes, and (q, κ)-distributions on
lozenge tilings. Under technical assumptions we show that the dynamical
loop equations lead to Gaussian field type fluctuations.

As an application, we compute the limit shape for (q, κ)–distributions
on lozenge tilings and prove that their height fluctuations converge to the
Gaussian free field in an appropriate complex structure.
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[56] GELFAND, I. M. and NAĬMARK, M. A. (1950). Unitarnye Predstavleniya Klassičeskih Grupp. Tr. Mat.
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Differential equations perturbed by multiplicative fractional Brownian
motions are considered. Depending on the value of the Hurst parameter H ,
the resulting equation is pathwise viewed as an ODE, YDE, or RDE. In all
three regimes, we show regularisation by noise phenomena by proving the
strongest kind of well-posedness with irregular drift: strong existence and
path-by-path uniqueness. In the Young and smooth regime H > 1/2, the con-
dition on the drift coefficient is optimal in the sense that it agrees with the one
known for the additive case. In the rough regime H ∈ (1/3,1/2), we assume
positive but arbitrarily small drift regularity for strong well-posedness, while
for distributional drift we obtain weak existence.
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LYAPUNOV EXPONENTS AND SYNCHRONISATION BY NOISE FOR
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Quantitative estimates for the top Lyapunov exponents for systems of
stochastic reaction-diffusion equations are proven. The treatment includes re-
action potentials with degenerate minima. The proof relies on an asymptotic
expansion of the invariant measure, with careful control on the resulting er-
ror terms. As a consequence of these estimates, synchronisation by noise is
deduced for systems of stochastic reaction-diffusion equations for the first
time.

REFERENCES

[1] ALBEVERIO, S., HØEGH-KROHN, R., HOLDEN, H. and KOLSRUD, T. (1989). Construction of quantized
Higgs-like fields in two dimensions. Phys. Lett. B 222 263–268. MR0998729 https://doi.org/10.1016/
0370-2693(89)91263-X

[2] ARNOLD, L. and CHUESHOV, I. (1998). Order-preserving random dynamical systems: Equilib-
ria, attractors, applications. Dyn. Stab. Syst. 13 265–280. MR1645467 https://doi.org/10.1080/
02681119808806264

[3] ARNOLD, L., CRAUEL, H. and WIHSTUTZ, V. (1983). Stabilization of linear systems by noise. SIAM J.
Control Optim. 21 451–461. MR0696907 https://doi.org/10.1137/0321027

[4] BAXENDALE, P. H. (1991). Statistical equilibrium and two-point motion for a stochastic flow of diffeomor-
phisms. In Spatial Stochastic Processes. Progress in Probability 19 189–218. Birkhäuser, Boston, MA.
MR1144097

[5] BEDROSSIAN, J., BLUMENTHAL, A. and PUNSHON-SMITH, S. (2019). Almost-sure exponential mixing
of passive scalars by the stochastic Navier–Stokes equations. Preprint. Available at arXiv:1905.03869.

[6] BEDROSSIAN, J., BLUMENTHAL, A. and PUNSHON-SMITH, S. (2021). Almost-sure enhanced dis-
sipation and uniform-in-diffusivity exponential mixing for advection-diffusion by stochastic
Navier–Stokes. Probab. Theory Related Fields 179 777–834. MR4242626 https://doi.org/10.1007/
s00440-020-01010-8

[7] BERGLUND, N., DI GESÙ, G. and WEBER, H. (2017). An Eyring–Kramers law for the stochastic
Allen–Cahn equation in dimension two. Electron. J. Probab. 22 Paper No. 41, 27 pp. MR3646067
https://doi.org/10.1214/17-EJP60

[8] BERGLUND, N. and GENTZ, B. (2013). Sharp estimates for metastable lifetimes in parabolic SPDEs:
Kramers’ law and beyond. Electron. J. Probab. 18 Paper No. 24, 58 pp. MR3035752 https://doi.org/10.
1214/EJP.v18-1802

[9] BERTINI, L., PRESUTTI, E., RÜDIGER, B. and SAADA, E. (1993). Dynamical fluctuations at the critical
point: Convergence to a nonlinear stochastic PDE. Teor. Veroyatn. Primen. 38 689–741. MR1317994
https://doi.org/10.1137/1138062

[10] BIANCHI, L. A., BLÖMKER, D. and YANG, M. (2016). Additive noise destroys the random attractor
close to bifurcation. Nonlinearity 29 3934–3960. MR3580336 https://doi.org/10.1088/0951-7715/29/
12/3934

[11] BLÖMKER, D., HAIRER, M. and PAVLIOTIS, G. A. (2005). Modulation equations: Stochastic bifur-
cation in large domains. Comm. Math. Phys. 258 479–512. MR2171705 https://doi.org/10.1007/
s00220-005-1368-8

[12] BLUMENTHAL, A., ENGEL, M. and NEAMŢU, A. (2023). On the pitchfork bifurcation for the Chafee–
Infante equation with additive noise. Probab. Theory Related Fields 187 603–627. MR4664581
https://doi.org/10.1007/s00440-023-01235-3

MSC2020 subject classifications. 60H15, 37H15, 37L30, 35K57.
Key words and phrases. Systems of stochastic reaction-diffusion equations, Lyapunov exponents, synchroni-

sation by noise.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/24-AOP1690
http://www.imstat.org
mailto:bgess@math.uni-bielefeld.de
mailto:ptsatsoulis@math.uni-bielefeld.de
https://mathscinet.ams.org/mathscinet-getitem?mr=0998729
https://doi.org/10.1016/0370-2693(89)91263-X
https://mathscinet.ams.org/mathscinet-getitem?mr=1645467
https://doi.org/10.1080/02681119808806264
https://mathscinet.ams.org/mathscinet-getitem?mr=0696907
https://doi.org/10.1137/0321027
https://mathscinet.ams.org/mathscinet-getitem?mr=1144097
http://arxiv.org/abs/1905.03869
https://mathscinet.ams.org/mathscinet-getitem?mr=4242626
https://doi.org/10.1007/s00440-020-01010-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3646067
https://doi.org/10.1214/17-EJP60
https://mathscinet.ams.org/mathscinet-getitem?mr=3035752
https://doi.org/10.1214/EJP.v18-1802
https://mathscinet.ams.org/mathscinet-getitem?mr=1317994
https://doi.org/10.1137/1138062
https://mathscinet.ams.org/mathscinet-getitem?mr=3580336
https://doi.org/10.1088/0951-7715/29/12/3934
https://mathscinet.ams.org/mathscinet-getitem?mr=2171705
https://doi.org/10.1007/s00220-005-1368-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4664581
https://doi.org/10.1007/s00440-023-01235-3
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1016/0370-2693(89)91263-X
https://doi.org/10.1080/02681119808806264
https://doi.org/10.1007/s00440-020-01010-8
https://doi.org/10.1214/EJP.v18-1802
https://doi.org/10.1088/0951-7715/29/12/3934
https://doi.org/10.1007/s00220-005-1368-8


[13] BOGACHEV, V. I. (1998). Gaussian Measures. Mathematical Surveys and Monographs 62. Amer. Math.
Soc., Providence, RI. MR1642391 https://doi.org/10.1090/surv/062

[14] BUTKOVSKY, O. and SCHEUTZOW, M. (2020). Couplings via comparison principle and exponential er-
godicity of SPDEs in the hypoelliptic setting. Comm. Math. Phys. 379 1001–1034. MR4163359
https://doi.org/10.1007/s00220-020-03834-w

[15] CARABALLO, T., CRAUEL, H., LANGA, J. A. and ROBINSON, J. C. (2007). The effect of noise on the
Chafee–Infante equation: A nonlinear case study. Proc. Amer. Math. Soc. 135 373–382. MR2255283
https://doi.org/10.1090/S0002-9939-06-08593-5

[16] CARVERHILL, A. (1985). Flows of stochastic dynamical systems: Ergodic theory. Stochastics 14 273–317.
MR0805125 https://doi.org/10.1080/17442508508833343

[17] CHANDRA, A., CHEVYREV, I., HAIRER, M. and SHEN, H. (2022). Langevin dynamic for the 2D Yang–
Mills measure. Publ. Math. Inst. Hautes Études Sci. 136 1–147. MR4517645 https://doi.org/10.1007/
s10240-022-00132-0

[18] CHEN, L. Q. (2002). Phase-field models for microstructure evolution. Ann. Rev. Mater. Res. 32 113–140.
https://doi.org/10.1146/annurev.matsci.32.112001.132041

[19] CHEN, L. Q. and YANG, W. (1994). Computer simulation of the domain dynamics of a quenched system
with a large number of nonconserved order parameters: The grain-growth kinetics. Phys. Rev. B 50
15752–15756. https://doi.org/10.1103/PhysRevB.50.15752

[20] CHUESHOV, I. (2002). Monotone Random Systems Theory and Applications. Lecture Notes in Math. 1779.
Springer, Berlin. MR1902500 https://doi.org/10.1007/b83277

[21] CHUESHOV, I. and SCHEUTZOW, M. (2004). On the structure of attractors and invariant measures for
a class of monotone random systems. Dyn. Syst. 19 127–144. MR2060422 https://doi.org/10.1080/
1468936042000207792

[22] COLEMAN, S., JACKIE, R. and POLITZER, H. D. (1974). Spontaneous symmetry breaking in the O(N)

model for large N . Phys. Rev. D 10 2491–2499.
[23] CRANSTON, M., GESS, B. and SCHEUTZOW, M. (2016). Weak synchronization for isotropic flows. Dis-

crete Contin. Dyn. Syst. Ser. B 21 3003–3014. MR3567798 https://doi.org/10.3934/dcdsb.2016084
[24] CRAUEL, H. and FLANDOLI, F. (1998). Additive noise destroys a pitchfork bifurcation. J. Dynam. Differ-

ential Equations 10 259–274. MR1623013 https://doi.org/10.1023/A:1022665916629
[25] CREUTZ, M., JACOBS, L. and REBBI, C. (1979). Monte Carlo study of Abelian lattice gauge theories.

Phys. Rev. D 20 1915–1922. https://doi.org/10.1103/PhysRevD.20.1915
[26] CREUTZ, M., JACOBS, L. and REBBI, C. (1983). Monte Carlo computations in lattice gauge theories. Phys.

Rep. 95 201–282. https://doi.org/10.1016/0370-1573(83)90016-9
[27] DA PRATO, G. and ZABCZYK, J. (1992). Stochastic Equations in Infinite Dimensions. Encyclope-

dia of Mathematics and Its Applications 44. Cambridge Univ. Press, Cambridge. MR1207136
https://doi.org/10.1017/CBO9780511666223

[28] DA PRATO, G. and ZABCZYK, J. (1996). Ergodicity for Infinite-Dimensional Systems. London Math-
ematical Society Lecture Note Series 229. Cambridge Univ. Press, Cambridge. MR1417491
https://doi.org/10.1017/CBO9780511662829

[29] DEBUSSCHE, A. (1998). Hausdorff dimension of a random invariant set. J. Math. Pures Appl. (9) 77 967–
988. MR1661029 https://doi.org/10.1016/S0021-7824(99)80001-4

[30] ELLIS, R. S. and ROSEN, J. S. (1981/82). Asymptotic analysis of Gaussian integrals. II. Manifold of mini-
mum points. Comm. Math. Phys. 82 153–181. MR0639055

[31] ELLIS, R. S. and ROSEN, J. S. (1982). Asymptotic analysis of Gaussian integrals. I. Isolated minimum
points. Trans. Amer. Math. Soc. 273 447–481. MR0667156 https://doi.org/10.2307/1999924

[32] FARIS, W. G. and JONA-LASINIO, G. (1982). Large fluctuations for a nonlinear heat equation with noise.
J. Phys. A 15 3025–3055. MR0684578

[33] FLANDOLI, F., GESS, B. and SCHEUTZOW, M. (2017). Synchronization by noise. Probab. Theory Related
Fields 168 511–556. MR3663624 https://doi.org/10.1007/s00440-016-0716-2

[34] FLANDOLI, F., GESS, B. and SCHEUTZOW, M. (2017). Synchronization by noise for order-preserving
random dynamical systems. Ann. Probab. 45 1325–1350. MR3630300 https://doi.org/10.1214/
16-AOP1088

[35] FRITZ, J. and RÜDIGER, B. (1995). Time dependent critical fluctuations of a one-dimensional local
mean field model. Probab. Theory Related Fields 103 381–407. MR1358083 https://doi.org/10.1007/
BF01195480

[36] GASSIAT, P. and GESS, B. (2019). Regularization by noise for stochastic Hamilton–Jacobi equa-
tions. Probab. Theory Related Fields 173 1063–1098. MR3936151 https://doi.org/10.1007/
s00440-018-0848-7

[37] GESS, B. (2013). Random attractors for degenerate stochastic partial differential equations. J. Dynam. Dif-
ferential Equations 25 121–157. MR3027636 https://doi.org/10.1007/s10884-013-9294-5

https://mathscinet.ams.org/mathscinet-getitem?mr=1642391
https://doi.org/10.1090/surv/062
https://mathscinet.ams.org/mathscinet-getitem?mr=4163359
https://doi.org/10.1007/s00220-020-03834-w
https://mathscinet.ams.org/mathscinet-getitem?mr=2255283
https://doi.org/10.1090/S0002-9939-06-08593-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0805125
https://doi.org/10.1080/17442508508833343
https://mathscinet.ams.org/mathscinet-getitem?mr=4517645
https://doi.org/10.1007/s10240-022-00132-0
https://doi.org/10.1146/annurev.matsci.32.112001.132041
https://doi.org/10.1103/PhysRevB.50.15752
https://mathscinet.ams.org/mathscinet-getitem?mr=1902500
https://doi.org/10.1007/b83277
https://mathscinet.ams.org/mathscinet-getitem?mr=2060422
https://doi.org/10.1080/1468936042000207792
https://mathscinet.ams.org/mathscinet-getitem?mr=3567798
https://doi.org/10.3934/dcdsb.2016084
https://mathscinet.ams.org/mathscinet-getitem?mr=1623013
https://doi.org/10.1023/A:1022665916629
https://doi.org/10.1103/PhysRevD.20.1915
https://doi.org/10.1016/0370-1573(83)90016-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1207136
https://doi.org/10.1017/CBO9780511666223
https://mathscinet.ams.org/mathscinet-getitem?mr=1417491
https://doi.org/10.1017/CBO9780511662829
https://mathscinet.ams.org/mathscinet-getitem?mr=1661029
https://doi.org/10.1016/S0021-7824(99)80001-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0639055
https://mathscinet.ams.org/mathscinet-getitem?mr=0667156
https://doi.org/10.2307/1999924
https://mathscinet.ams.org/mathscinet-getitem?mr=0684578
https://mathscinet.ams.org/mathscinet-getitem?mr=3663624
https://doi.org/10.1007/s00440-016-0716-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3630300
https://doi.org/10.1214/16-AOP1088
https://mathscinet.ams.org/mathscinet-getitem?mr=1358083
https://doi.org/10.1007/BF01195480
https://mathscinet.ams.org/mathscinet-getitem?mr=3936151
https://doi.org/10.1007/s00440-018-0848-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3027636
https://doi.org/10.1007/s10884-013-9294-5
https://doi.org/10.1007/s10240-022-00132-0
https://doi.org/10.1080/1468936042000207792
https://doi.org/10.1214/16-AOP1088
https://doi.org/10.1007/BF01195480
https://doi.org/10.1007/s00440-018-0848-7


[38] GESS, B. (2013). Random attractors for singular stochastic evolution equations. J. Differ. Equ. 255 524–559.
MR3053476 https://doi.org/10.1016/j.jde.2013.04.023

[39] GESS, B. and TSATSOULIS, P. (2020). Synchronization by noise for the stochastic quantization equa-
tion in dimensions 2 and 3. Stoch. Dyn. 20 2040006, 17 pp. MR4161970 https://doi.org/10.1142/
S0219493720400067

[40] GESS, B. and YAROSLAVTSEV, I. (2021). Stabilization by transport noise and enhanced dissipation in the
Kraichnan model. Preprint. Available at arXiv:2104.03949.

[41] GIACOMIN, G., LEBOWITZ, J. L. and PRESUTTI, E. (1999). Deterministic and stochastic hydrodynamic
equations arising from simple microscopic model systems. In Stochastic Partial Differential Equations:
Six Perspectives. Math. Surveys Monogr. 64 107–152. Amer. Math. Soc., Providence, RI. MR1661764
https://doi.org/10.1090/surv/064/03

[42] GLIMM, J. and JAFFE, A. (1987). Quantum Physics: A Functional Integral Point of View, 2nd ed. Springer,
New York. MR0887102 https://doi.org/10.1007/978-1-4612-4728-9

[43] GUNTON, J. D., SAN MIGUEL, M. and SAHNI, P. S. (1983). The dynamics of first-order phase transitions.
In Phase Transitions and Critical Phenomena, Vol. 8 267–482. Academic Press, London. MR0794319

[44] HAIRER, M. and MATTINGLY, J. C. (2008). Spectral gaps in Wasserstein distances and the 2D stochas-
tic Navier–Stokes equations. Ann. Probab. 36 2050–2091. MR2478676 https://doi.org/10.1214/
08-AOP392

[45] HAIRER, M., MATTINGLY, J. C. and SCHEUTZOW, M. (2011). Asymptotic coupling and a general form
of Harris’ theorem with applications to stochastic delay equations. Probab. Theory Related Fields 149
223–259. MR2773030 https://doi.org/10.1007/s00440-009-0250-6

[46] IBERTI, M. (2017). Convergence of Glauber dynamic on Ising-like models with Kac interaction to �2n
2 .

Preprint. Available at arXiv:1708.00948.
[47] JAFFE, A. (2000). Constructive quantum field theory. In Mathematical Physics 2000 111–127. Imp. Coll.

Press, London. MR1773042 https://doi.org/10.1142/9781848160224_0007
[48] JAFFE, A. (2008). Quantum theory and relativity. In Group Representations, Ergodic Theory, and Mathe-

matical Physics: A Tribute to George W. Mackey. Contemp. Math. 449 209–245. Amer. Math. Soc.,
Providence, RI. MR2391806 https://doi.org/10.1090/conm/449/08714

[49] LEMAIRE, V., PAGÈS, G. and PANLOUP, F. (2015). Invariant measure of duplicated diffusions and appli-
cation to Richardson–Romberg extrapolation. Ann. Inst. Henri Poincaré Probab. Stat. 51 1562–1596.
MR3414458 https://doi.org/10.1214/13-AIHP591

[50] MARTINELLI, F., OLIVIERI, E. and SCOPPOLA, E. (1989). Small random perturbations of finite- and
infinite-dimensional dynamical systems: Unpredictability of exit times. J. Stat. Phys. 55 477–504.
MR1003525 https://doi.org/10.1007/BF01041595

[51] MARTINELLI, F., SBANO, L. and SCOPPOLA, E. (1994). Small random perturbation of dynamical systems:
Recursive multiscale analysis. Stoch. Stoch. Rep. 49 253–272. MR1785008 https://doi.org/10.1080/
17442509408833923

[52] MARTINELLI, F. and SCOPPOLA, E. (1988). Small random perturbations of dynamical systems: Exponen-
tial loss of memory of the initial condition. Comm. Math. Phys. 120 25–69. MR0972542

[53] MOURRAT, J.-C. and WEBER, H. (2017). Convergence of the two-dimensional dynamic Ising–Kac model
to �4

2. Comm. Pure Appl. Math. 70 717–812. MR3628883 https://doi.org/10.1002/cpa.21655
[54] NEWMAN, J. (2018). Necessary and sufficient conditions for stable synchronization in random dynamical

systems. Ergodic Theory Dynam. Systems 38 1857–1875. MR3820004 https://doi.org/10.1017/etds.
2016.109

[55] NEWMAN, J. (2020). Synchronisation of almost all trajectories of a random dynamical system. Discrete
Contin. Dyn. Syst. 40 4163–4177. MR4097539 https://doi.org/10.3934/dcds.2020176

[56] PARISI, G. and WU, Y. S. (1981). Perturbation theory without gauge fixing. Sci. Sin. 24 483–496.
MR0626795

[57] PIGATI, A. and STERN, D. (2021). Minimal submanifolds from the Abelian Higgs model. Invent. Math.
223 1027–1095. MR4213771 https://doi.org/10.1007/s00222-020-01000-6

[58] ROSATI, T. C. (2022). Synchronization for KPZ. Stoch. Dyn. 22 Paper No. 2250010, 46 pp. MR4439607
https://doi.org/10.1142/S0219493722500101

[59] RUELLE, D. (1982). Characteristic exponents and invariant manifolds in Hilbert space. Ann. of Math. (2)
115 243–290. MR0647807 https://doi.org/10.2307/1971392

[60] SCHEUTZOW, M. and VORKASTNER, I. (2018). Synchronization, Lyapunov exponents and stable man-
ifolds for random dynamical systems. In Stochastic Partial Differential Equations and Related
Fields. Springer Proc. Math. Stat. 229 359–366. Springer, Cham. MR3828181 https://doi.org/10.1007/
978-3-319-74929-7_2

[61] SHEN, H., SMITH, S. A., ZHU, R. and ZHU, X. (2022). Large N limit of the O(N) linear sigma model via
stochastic quantization. Ann. Probab. 50 131–202. MR4385125 https://doi.org/10.1214/21-aop1531

https://mathscinet.ams.org/mathscinet-getitem?mr=3053476
https://doi.org/10.1016/j.jde.2013.04.023
https://mathscinet.ams.org/mathscinet-getitem?mr=4161970
https://doi.org/10.1142/S0219493720400067
http://arxiv.org/abs/2104.03949
https://mathscinet.ams.org/mathscinet-getitem?mr=1661764
https://doi.org/10.1090/surv/064/03
https://mathscinet.ams.org/mathscinet-getitem?mr=0887102
https://doi.org/10.1007/978-1-4612-4728-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0794319
https://mathscinet.ams.org/mathscinet-getitem?mr=2478676
https://doi.org/10.1214/08-AOP392
https://mathscinet.ams.org/mathscinet-getitem?mr=2773030
https://doi.org/10.1007/s00440-009-0250-6
http://arxiv.org/abs/1708.00948
https://mathscinet.ams.org/mathscinet-getitem?mr=1773042
https://doi.org/10.1142/9781848160224_0007
https://mathscinet.ams.org/mathscinet-getitem?mr=2391806
https://doi.org/10.1090/conm/449/08714
https://mathscinet.ams.org/mathscinet-getitem?mr=3414458
https://doi.org/10.1214/13-AIHP591
https://mathscinet.ams.org/mathscinet-getitem?mr=1003525
https://doi.org/10.1007/BF01041595
https://mathscinet.ams.org/mathscinet-getitem?mr=1785008
https://doi.org/10.1080/17442509408833923
https://mathscinet.ams.org/mathscinet-getitem?mr=0972542
https://mathscinet.ams.org/mathscinet-getitem?mr=3628883
https://doi.org/10.1002/cpa.21655
https://mathscinet.ams.org/mathscinet-getitem?mr=3820004
https://doi.org/10.1017/etds.2016.109
https://mathscinet.ams.org/mathscinet-getitem?mr=4097539
https://doi.org/10.3934/dcds.2020176
https://mathscinet.ams.org/mathscinet-getitem?mr=0626795
https://mathscinet.ams.org/mathscinet-getitem?mr=4213771
https://doi.org/10.1007/s00222-020-01000-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4439607
https://doi.org/10.1142/S0219493722500101
https://mathscinet.ams.org/mathscinet-getitem?mr=0647807
https://doi.org/10.2307/1971392
https://mathscinet.ams.org/mathscinet-getitem?mr=3828181
https://doi.org/10.1007/978-3-319-74929-7_2
https://mathscinet.ams.org/mathscinet-getitem?mr=4385125
https://doi.org/10.1214/21-aop1531
https://doi.org/10.1142/S0219493720400067
https://doi.org/10.1214/08-AOP392
https://doi.org/10.1080/17442509408833923
https://doi.org/10.1017/etds.2016.109
https://doi.org/10.1007/978-3-319-74929-7_2


[62] SIMON, J. (1987). Compact sets in the space Lp(0, T ;B). Ann. Mat. Pura Appl. (4) 146 65–96. MR0916688
https://doi.org/10.1007/BF01762360

[63] SWIFT, J. and HOHENBERG, P. C. (1977). Hydrodynamic fluctuations at the convective instability. Phys.
Rev. A 15 319–328. https://doi.org/10.1103/PhysRevA.15.319

[64] TALAY, D. and TUBARO, L. (1990). Expansion of the global error for numerical schemes solving stochas-
tic differential equations. Stoch. Anal. Appl. 8 483–509 (1991). MR1091544 https://doi.org/10.1080/
07362999008809220

[65] TEARNE, O. M. (2008). Collapse of attractors for ODEs under small random perturbations. Probab. Theory
Related Fields 141 1–18. MR2372963 https://doi.org/10.1007/s00440-006-0051-0

[66] TSATSOULIS, P. and WEBER, H. (2020). Exponential loss of memory for the 2-dimensional Allen–
Cahn equation with small noise. Probab. Theory Related Fields 177 257–322. MR4095014
https://doi.org/10.1007/s00440-019-00945-x

[67] VORKASTNER, I. (2018). Noise dependent synchronization of a degenerate SDE. Stoch. Dyn. 18 1850007,
21 pp. MR3720520 https://doi.org/10.1142/S0219493718500077

[68] VORKASTNER, I. (2020). On the approaching time towards the attractor of differential equations perturbed
by small noise. Discrete Contin. Dyn. Syst. Ser. B 25 4295–4316. MR4160108 https://doi.org/10.3934/
dcdsb.2020098

https://mathscinet.ams.org/mathscinet-getitem?mr=0916688
https://doi.org/10.1007/BF01762360
https://doi.org/10.1103/PhysRevA.15.319
https://mathscinet.ams.org/mathscinet-getitem?mr=1091544
https://doi.org/10.1080/07362999008809220
https://mathscinet.ams.org/mathscinet-getitem?mr=2372963
https://doi.org/10.1007/s00440-006-0051-0
https://mathscinet.ams.org/mathscinet-getitem?mr=4095014
https://doi.org/10.1007/s00440-019-00945-x
https://mathscinet.ams.org/mathscinet-getitem?mr=3720520
https://doi.org/10.1142/S0219493718500077
https://mathscinet.ams.org/mathscinet-getitem?mr=4160108
https://doi.org/10.3934/dcdsb.2020098
https://doi.org/10.1080/07362999008809220
https://doi.org/10.3934/dcdsb.2020098


The Annals of Probability
2024, Vol. 52, No. 5, 1954–1991
https://doi.org/10.1214/24-AOP1692
© Institute of Mathematical Statistics, 2024

CAPACITY OF THE RANGE OF RANDOM WALK: THE LAW OF THE
ITERATED LOGARITHM
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We establish both the lim sup and the lim inf law of the iterated logarithm
(LIL) for the capacity of the range of a simple random walk in any dimension
d ≥ 3. While for d ≥ 4, the order of growth in n of such LIL at dimension d

matches that for the volume of the random walk range in dimension d − 2,
somewhat surprisingly this correspondence breaks down for the capacity of
the range at d = 3. We further establish such LIL for the Brownian capacity
of a three-dimensional Brownian sample path and novel, sharp moderate de-
viations bounds for the capacity of the range of a four-dimensional simple
random walk.
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A LARGE DEVIATION INEQUALITY FOR THE RANK OF A RANDOM
MATRIX

BY MARK RUDELSONa

Department of Mathematics, University of Michigan, arudelson@umich.edu

Let A be an n×n random matrix with independent identically distributed
nonconstant sub-Gaussian entries. Then for any k ≤ c

√
n,

rank(A) ≥ n − k

with probability at least 1 − exp(−c′kn).
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