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A PHASE TRANSITION FOR REPEATED AVERAGES

BY SOURAV CHATTERJEE1,*, PERSI DIACONIS1,†, ALLAN SLY2,‡ AND

LINGFU ZHANG2,§

1Departments of Mathematics and Statistics, Stanford University, *souravc@stanford.edu; †diaconis@math.stanford.edu
2Department of Mathematics, Princeton University, ‡allansly@princeton.edu; §lingfuz@math.princeton.edu

Let x1, . . . , xn be a fixed sequence of real numbers. At each stage, pick
two indices I and J uniformly at random, and replace xI , xJ by (xI +xJ )/2,
(xI + xJ )/2. Clearly, all the coordinates converge to (x1 + · · · + xn)/n. We
determine the rate of convergence, establishing a sharp “cutoff” transition
answering a question of Jean Bourgain.
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HIDDEN INVARIANCE OF LAST PASSAGE PERCOLATION AND
DIRECTED POLYMERS

BY DUNCAN DAUVERGNE

Department of Mathematics, Princeton University, dd18@math.princeton.edu

Last passage percolation and directed polymer models on Z2 are invari-
ant under translation and certain reflections. When these models have an in-
tegrable structure coming from either the RSK correspondence or the geo-
metric RSK correspondence (e.g., geometric last passage percolation or the
log-gamma polymer), we show that these basic invariances can be combined
with a decoupling property to yield a rich new set of symmetries. Among
other results, we prove shift and rearrangement invariance statements for last
passage times, geodesic locations, disjointness probabilities, polymer parti-
tion functions and quenched polymer measures. We also use our framework
to find “scrambled” versions of the classical RSK correspondence and to find
an RSK correspondence for moon polyominoes. The results extend to limit-
ing models, including the KPZ equation and the Airy sheet.
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We establish the ray and strip approximation criteria for the identifica-
tion of the Poisson boundary of random walks on locally compact groups.
This settles a conjecture from the 1990s by Kaimanovich, who formulated
and proved the criterion for discrete groups. The key result is the proof of
a version of the Shannon–McMillan–Breiman theorem for locally compact
groups. We provide several applications to locally compact groups of isome-
tries of nonpositively curved spaces, as well as Diestel–Leader graphs and
horocylic products.
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In this paper, we consider the geodesic tree in exponential last passage
percolation. We show that for a large class of initial conditions around the
origin, the line-to-point geodesic that terminates in a cylinder located around
the point (N,N), and whose width and length are o(N2/3) and o(N), respec-
tively, agrees in the cylinder, with the stationary geodesic sharing the same
end-point. In the case of the point-to-point model where the geodesic starts
from the origin, we consider width δN2/3, length up to δ3/2N/(log(δ−1))3,
and provide lower and upper bounds for the probability that the geodesics
agree in that cylinder.
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This article studies large N limits of a coupled system of N interacting
�4 equations posed over T

d for d = 2, known as the O(N) linear sigma
model. Uniform in N bounds on the dynamics are established, allowing us
to show convergence to a mean-field singular SPDE, also proved to be glob-
ally well posed. Moreover, we show tightness of the invariant measures in
the large N limit. For large enough mass, they converge to the (massive)
Gaussian free field, the unique invariant measure of the mean-field dynamics,
at a rate of order 1/

√
N with respect to the Wasserstein distance. We also

consider fluctuations and obtain tightness results for certain O(N) invariant
observables, along with an exact description of the limiting correlations.
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[24] ERDŐS, L., SCHLEIN, B. and YAU, H.-T. (2010). Derivation of the Gross-Pitaevskii equation for the dy-
namics of Bose-Einstein condensate. Ann. of Math. (2) 172 291–370. MR2680421 https://doi.org/10.
4007/annals.2010.172.291

[25] FRÖHLICH, J., MARDIN, A. and RIVASSEAU, V. (1982). Borel summability of the 1/N expansion for the
N -vector [O(N) nonlinear σ ] models. Comm. Math. Phys. 86 87–110. MR0678004

[26] FUNAKI, T. and HOSHINO, M. (2017). A coupled KPZ equation, its two types of approximations and
existence of global solutions. J. Funct. Anal. 273 1165–1204. MR3653951 https://doi.org/10.1016/j.
jfa.2017.05.002

[27] GLIMM, J. and JAFFE, A. (1987). Quantum Physics: A Functional Integral Point of View, 2nd ed. Springer,
New York. MR0887102 https://doi.org/10.1007/978-1-4612-4728-9

[28] GOLSE, F. (2016). On the dynamics of large particle systems in the mean field limit. In Macroscopic and
Large Scale Phenomena: Coarse Graining, Mean Field Limits and Ergodicity. Lect. Notes Appl. Math.
Mech. 3 1–144. Springer, Cham. MR3468297 https://doi.org/10.1007/978-3-319-26883-5_1

[29] GRAFAKOS, L. and OH, S. (2014). The Kato-Ponce inequality. Comm. Partial Differential Equations 39
1128–1157. MR3200091 https://doi.org/10.1080/03605302.2013.822885

[30] GROSS, D. J. and NEVEU, A. (1974). Dynamical symmetry breaking in asymptotically free field theories.
Phys. Rev. D 10 3235.

[31] GUBINELLI, M. and HOFMANOVÁ, M. (2019). Global solutions to elliptic and parabolic �4 mod-
els in Euclidean space. Comm. Math. Phys. 368 1201–1266. MR3951704 https://doi.org/10.1007/
s00220-019-03398-4

[32] GUBINELLI, M. and HOFMANOVÁ, M. (2021). A PDE construction of the Euclidean φ4
3 quantum field

theory. Comm. Math. Phys. 384 1–75. MR4252872 https://doi.org/10.1007/s00220-021-04022-0
[33] GUBINELLI, M., IMKELLER, P. and PERKOWSKI, N. (2015). Paracontrolled distributions and singular

PDEs. Forum Math. Pi 3 e6, 75. MR3406823 https://doi.org/10.1017/fmp.2015.2
[34] GUBINELLI, M. and PERKOWSKI, N. (2017). KPZ reloaded. Comm. Math. Phys. 349 165–269.

MR3592748 https://doi.org/10.1007/s00220-016-2788-3
[35] HAIRER, M. (2014). A theory of regularity structures. Invent. Math. 198 269–504. MR3274562

https://doi.org/10.1007/s00222-014-0505-4
[36] HAIRER, M. (2016). The motion of a random string. Available at arXiv:1605.02192.
[37] HAIRER, M. and MATETSKI, K. (2018). Discretisations of rough stochastic PDEs. Ann. Probab. 46 1651–

1709. MR3785597 https://doi.org/10.1214/17-AOP1212
[38] HAIRER, M. and MATTINGLY, J. (2018). The strong Feller property for singular stochastic PDEs. Ann. Inst.

Henri Poincaré Probab. Stat. 54 1314–1340. MR3825883 https://doi.org/10.1214/17-AIHP840
[39] HAIRER, M., MATTINGLY, J. C. and SCHEUTZOW, M. (2011). Asymptotic coupling and a general form

of Harris’ theorem with applications to stochastic delay equations. Probab. Theory Related Fields 149
223–259. MR2773030 https://doi.org/10.1007/s00440-009-0250-6

[40] HAIRER, M. and SCHÖNBAUER, P. (2019). The support of singular stochastic PDEs. Preprint. Available at
arXiv:1909.05526.

[41] JABIN, P.-E. (2014). A review of the mean field limits for Vlasov equations. Kinet. Relat. Models 7 661–711.
MR3317577 https://doi.org/10.3934/krm.2014.7.661

http://arxiv.org/abs/arXiv:1604.04777
http://www.ams.org/mathscinet-getitem?mr=4188188
https://doi.org/10.1090/tran/8193
http://www.ams.org/mathscinet-getitem?mr=4149531
https://doi.org/10.1214/20-AAP1560
http://www.ams.org/mathscinet-getitem?mr=2016604
https://doi.org/10.1214/aop/1068646370
http://www.ams.org/mathscinet-getitem?mr=1417491
https://doi.org/10.1017/CBO9780511662829
http://www.ams.org/mathscinet-getitem?mr=0905422
https://doi.org/10.1016/0370-1573(87)90144-X
http://www.ams.org/mathscinet-getitem?mr=3160067
https://doi.org/10.1007/s11425-013-4713-y
http://www.ams.org/mathscinet-getitem?mr=2680421
https://doi.org/10.4007/annals.2010.172.291
http://www.ams.org/mathscinet-getitem?mr=0678004
http://www.ams.org/mathscinet-getitem?mr=3653951
https://doi.org/10.1016/j.jfa.2017.05.002
http://www.ams.org/mathscinet-getitem?mr=0887102
https://doi.org/10.1007/978-1-4612-4728-9
http://www.ams.org/mathscinet-getitem?mr=3468297
https://doi.org/10.1007/978-3-319-26883-5_1
http://www.ams.org/mathscinet-getitem?mr=3200091
https://doi.org/10.1080/03605302.2013.822885
http://www.ams.org/mathscinet-getitem?mr=3951704
https://doi.org/10.1007/s00220-019-03398-4
http://www.ams.org/mathscinet-getitem?mr=4252872
https://doi.org/10.1007/s00220-021-04022-0
http://www.ams.org/mathscinet-getitem?mr=3406823
https://doi.org/10.1017/fmp.2015.2
http://www.ams.org/mathscinet-getitem?mr=3592748
https://doi.org/10.1007/s00220-016-2788-3
http://www.ams.org/mathscinet-getitem?mr=3274562
https://doi.org/10.1007/s00222-014-0505-4
http://arxiv.org/abs/arXiv:1605.02192
http://www.ams.org/mathscinet-getitem?mr=3785597
https://doi.org/10.1214/17-AOP1212
http://www.ams.org/mathscinet-getitem?mr=3825883
https://doi.org/10.1214/17-AIHP840
http://www.ams.org/mathscinet-getitem?mr=2773030
https://doi.org/10.1007/s00440-009-0250-6
http://arxiv.org/abs/arXiv:1909.05526
http://www.ams.org/mathscinet-getitem?mr=3317577
https://doi.org/10.3934/krm.2014.7.661
https://doi.org/10.1214/20-AAP1560
https://doi.org/10.4007/annals.2010.172.291
https://doi.org/10.1016/j.jfa.2017.05.002
https://doi.org/10.1007/s00220-019-03398-4


[42] JABIN, P.-E. and WANG, Z. (2018). Quantitative estimates of propagation of chaos for stochastic
systems with W−1,∞ kernels. Invent. Math. 214 523–591. MR3858403 https://doi.org/10.1007/
s00222-018-0808-y

[43] KALLIANPUR, G. and XIONG, J. (1995). Stochastic Differential Equations in Infinite-Dimensional Spaces.
Institute of Mathematical Statistics Lecture Notes—Monograph Series 26. IMS, Hayward, CA.
MR1465436

[44] KUPIAINEN, A. (1980). 1/n expansion—some rigorous results. In Mathematical Problems in Theoretical
Physics (Proc. Internat. Conf. Math. Phys., Lausanne, 1979). Lecture Notes in Physics 116 208–210.
Springer, Berlin. MR0582622

[45] KUPIAINEN, A. J. (1980). 1/n expansion for a quantum field model. Comm. Math. Phys. 74 199–222.
MR0578040

[46] KUPIAINEN, A. J. (1980). On the 1/n expansion. Comm. Math. Phys. 73 273–294. MR0574175
[47] LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229–260. MR2295621

https://doi.org/10.1007/s11537-007-0657-8
[48] LÉVY, T. (2017). The master field on the plane. Astérisque 388 ix+201. MR3636410
[49] MCKEAN, H. P. JR. (1967). Propagation of chaos for a class of non-linear parabolic equations. In Stochastic

Differential Equations (Lecture Series in Differential Equations, Session 7, Catholic Univ., 1967) 41–
57. Air Force Office Sci. Res., Arlington, VA. MR0233437

[50] MOINAT, A. and WEBER, H. (2020). Space-time localisation for the dynamic �4
3 model. Comm. Pure Appl.

Math. 73 2519–2555. MR4164267 https://doi.org/10.1002/cpa.21925
[51] MOSHE, M. and ZINN-JUSTIN, J. (2003). Quantum field theory in the large N limit: A review. Phys. Rep.

385 69–228. MR2010168 https://doi.org/10.1016/S0370-1573(03)00263-1
[52] MOURRAT, J.-C. and WEBER, H. (2017). The dynamic �4

3 model comes down from infinity. Comm. Math.
Phys. 356 673–753. MR3719541 https://doi.org/10.1007/s00220-017-2997-4

[53] MOURRAT, J.-C. and WEBER, H. (2017). Global well-posedness of the dynamic �4 model in the plane.
Ann. Probab. 45 2398–2476. MR3693966 https://doi.org/10.1214/16-AOP1116

[54] RÖCKNER, M., WU, B., ZHU, R. and ZHU, X. (2020). Stochastic heat equations with values in a man-
ifold via Dirichlet forms. SIAM J. Math. Anal. 52 2237–2274. MR4093593 https://doi.org/10.1137/
18M1211076

[55] RÖCKNER, M., YANG, H. and ZHU, R. (2021). Conservative stochastic two-dimensional Cahn–Hilliard
equation. Ann. Appl. Probab. 31 1336–1375. MR4278786 https://doi.org/10.1214/20-aap1620

[56] RÖCKNER, M., ZHU, R. and ZHU, X. (2017). Ergodicity for the stochastic quantization prob-
lems on the 2D-torus. Comm. Math. Phys. 352 1061–1090. MR3631399 https://doi.org/10.1007/
s00220-017-2865-2

[57] RÖCKNER, M., ZHU, R. and ZHU, X. (2017). Restricted Markov uniqueness for the stochastic quantization
of P(�)2 and its applications. J. Funct. Anal. 272 4263–4303. MR3626040 https://doi.org/10.1016/j.
jfa.2017.01.023

[58] SHEN, H. (2021). Stochastic quantization of an Abelian gauge theory. Comm. Math. Phys. 384 1445–1512.
MR4268826 https://doi.org/10.1007/s00220-021-04114-x

[59] SHEN, H., SMITH, S., ZHU, R. and ZHU, X. (2022). Supplement to “Large N limit of the O(N) linear
sigma model via stochastic quantization.” https://doi.org/10.1214/21-AOP1531SUPP

[60] SIMON, B. (1974). The P(φ)2 Euclidean (Quantum) Field Theory. Princeton Series in Physics. Princeton
Univ. Press, Princeton, NJ. MR0489552

[61] SPOHN, H. (1991). Large Scale Dynamics of Interacting Particles. Texts and Monographs in Physics.
Springer, Berlin.

[62] STANLEY, H. E. (1968). Spherical model as the limit of infinite spin dimensionality. Phys. Rev. 176 718.
[63] SYMANZIK, K. (1977). 1/N expansion in P(ϕ2)4−ε theory I. Massless theory 0 < ε < 2. DESY 77 Preprint.
[64] SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In École D’Été de Probabilités de Saint-Flour

XIX—1989. Lecture Notes in Math. 1464 165–251. Springer, Berlin. MR1108185 https://doi.org/10.
1007/BFb0085169

[65] T’HOOFT, G. (1974). A planar diagram theory for strong interactions. Nuclear Phys. B 72 461–473.
[66] TRIEBEL, H. (1978). Interpolation Theory, Function Spaces, Differential Operators. North-Holland Math-

ematical Library 18. North-Holland, Amsterdam. MR0503903
[67] TRIEBEL, H. (2006). Theory of Function Spaces. III. Monographs in Mathematics 100. Birkhäuser, Basel.

MR2250142
[68] TSATSOULIS, P. and WEBER, H. (2018). Spectral gap for the stochastic quantization equation on

the 2-dimensional torus. Ann. Inst. Henri Poincaré Probab. Stat. 54 1204–1249. MR3825880
https://doi.org/10.1214/17-AIHP837

[69] WANG, F.-Y. (2018). Distribution dependent SDEs for Landau type equations. Stochastic Process. Appl.
128 595–621. MR3739509 https://doi.org/10.1016/j.spa.2017.05.006

http://www.ams.org/mathscinet-getitem?mr=3858403
https://doi.org/10.1007/s00222-018-0808-y
http://www.ams.org/mathscinet-getitem?mr=1465436
http://www.ams.org/mathscinet-getitem?mr=0582622
http://www.ams.org/mathscinet-getitem?mr=0578040
http://www.ams.org/mathscinet-getitem?mr=0574175
http://www.ams.org/mathscinet-getitem?mr=2295621
https://doi.org/10.1007/s11537-007-0657-8
http://www.ams.org/mathscinet-getitem?mr=3636410
http://www.ams.org/mathscinet-getitem?mr=0233437
http://www.ams.org/mathscinet-getitem?mr=4164267
https://doi.org/10.1002/cpa.21925
http://www.ams.org/mathscinet-getitem?mr=2010168
https://doi.org/10.1016/S0370-1573(03)00263-1
http://www.ams.org/mathscinet-getitem?mr=3719541
https://doi.org/10.1007/s00220-017-2997-4
http://www.ams.org/mathscinet-getitem?mr=3693966
https://doi.org/10.1214/16-AOP1116
http://www.ams.org/mathscinet-getitem?mr=4093593
https://doi.org/10.1137/18M1211076
http://www.ams.org/mathscinet-getitem?mr=4278786
https://doi.org/10.1214/20-aap1620
http://www.ams.org/mathscinet-getitem?mr=3631399
https://doi.org/10.1007/s00220-017-2865-2
http://www.ams.org/mathscinet-getitem?mr=3626040
https://doi.org/10.1016/j.jfa.2017.01.023
http://www.ams.org/mathscinet-getitem?mr=4268826
https://doi.org/10.1007/s00220-021-04114-x
https://doi.org/10.1214/21-AOP1531SUPP
http://www.ams.org/mathscinet-getitem?mr=0489552
http://www.ams.org/mathscinet-getitem?mr=1108185
https://doi.org/10.1007/BFb0085169
http://www.ams.org/mathscinet-getitem?mr=0503903
http://www.ams.org/mathscinet-getitem?mr=2250142
http://www.ams.org/mathscinet-getitem?mr=3825880
https://doi.org/10.1214/17-AIHP837
http://www.ams.org/mathscinet-getitem?mr=3739509
https://doi.org/10.1016/j.spa.2017.05.006
https://doi.org/10.1007/s00222-018-0808-y
https://doi.org/10.1137/18M1211076
https://doi.org/10.1007/s00220-017-2865-2
https://doi.org/10.1016/j.jfa.2017.01.023
https://doi.org/10.1007/BFb0085169


[70] WILSON, K. G. (1973). Quantum field-theory models in less than 4 dimensions. Phys. Rev. D 7 2911–2926.
MR0386545 https://doi.org/10.1103/PhysRevD.7.2911

[71] WITTEN, E. (1980). The 1/N expansion in atomic and particle physics. In Recent Developments in Gauge
Theories 403–419. Springer, Berlin.

[72] ZHU, R. and ZHU, X. (2015). Three-dimensional Navier–Stokes equations driven by space-time white
noise. J. Differential Equations 259 4443–4508. MR3373412 https://doi.org/10.1016/j.jde.2015.06.
002

[73] ZHU, R. and ZHU, X. (2018). Lattice approximation to the dynamical �4
3 model. Ann. Probab. 46 397–455.

MR3758734 https://doi.org/10.1214/17-AOP1188

http://www.ams.org/mathscinet-getitem?mr=0386545
https://doi.org/10.1103/PhysRevD.7.2911
http://www.ams.org/mathscinet-getitem?mr=3373412
https://doi.org/10.1016/j.jde.2015.06.002
http://www.ams.org/mathscinet-getitem?mr=3758734
https://doi.org/10.1214/17-AOP1188
https://doi.org/10.1016/j.jde.2015.06.002


The Annals of Probability
2022, Vol. 50, No. 1, 203–240
https://doi.org/10.1214/21-AOP1532
© Institute of Mathematical Statistics, 2022

UNIVERSALITY OF CUTOFF FOR GRAPHS WITH AN ADDED RANDOM
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We establish universality of cutoff for simple random walk on a class of
random graphs defined as follows. Given a finite graph G = (V,E) with |V |
even we define a random graph G∗ = (V,E ∪ E′) obtained by picking E′ to
be the (unordered) pairs of a random perfect matching of V . We show that for
a sequence of such graphs Gn of diverging sizes and of uniformly bounded
degree, if the minimal size of a connected component of Gn is at least 3 for all
n, then the random walk on G∗

n exhibits cutoff w.h.p. This provides a simple
generic operation of adding some randomness to a given graph, which results
in cutoff.
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ALMOST-SURE EXPONENTIAL MIXING OF PASSIVE SCALARS BY THE
STOCHASTIC NAVIER–STOKES EQUATIONS
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We deduce almost-sure exponentially fast mixing of passive scalars ad-
vected by solutions of the stochastically-forced 2D Navier–Stokes equations
and 3D hyper-viscous Navier–Stokes equations in T

d subjected to nondene-
generate Hσ -regular noise for any σ sufficiently large. That is, for all s > 0
there is a deterministic exponential decay rate such that all mean-zero Hs pas-
sive scalars decay in H−s at this same rate with probability one. This is equiv-
alent to what is known as quenched correlation decay for the Lagrangian flow
in the dynamical systems literature. This is a follow-up to our previous work,
which establishes a positive Lyapunov exponent for the Lagrangian flow—
in general, almost-sure exponential mixing is much stronger than this. Our
methods also apply to velocity fields evolving according to finite-dimensional
models, for example, Galerkin truncations of Navier–Stokes or the Stokes
equations with very degenerate forcing. For all 0 ≤ k < ∞, this exhibits many
examples of Ck

t C∞
x random velocity fields that are almost-sure exponentially

fast mixers.
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[29] DRAGIČEVIĆ, D., FROYLAND, G., GONZÁLEZ-TOKMAN, C. and VAIENTI, S. (2018). A spectral ap-
proach for quenched limit theorems for random expanding dynamical systems. Comm. Math. Phys.
360 1121–1187. MR3803820 https://doi.org/10.1007/s00220-017-3083-7

[30] DUARTE, P. (1994). Plenty of elliptic islands for the standard family of area preserving maps. Ann. Inst.
H. Poincaré Anal. Non Linéaire 11 359–409. MR1287238 https://doi.org/10.1016/S0294-1449(16)
30180-9

[31] DUNFORD, N. and SCHWARTZ, J. T. (1957). Linear Operators. Part 1: General Theory. Interscience, New
York.

[32] E, W. and MATTINGLY, J. C. (2001). Ergodicity for the Navier–Stokes equation with degenerate ran-
dom forcing: Finite-dimensional approximation. Comm. Pure Appl. Math. 54 1386–1402. MR1846802
https://doi.org/10.1002/cpa.10007

[33] ECKMANN, J.-P. and HAIRER, M. (2001). Uniqueness of the invariant measure for a stochastic PDE
driven by degenerate noise. Comm. Math. Phys. 219 523–565. MR1838749 https://doi.org/10.1007/
s002200100424

[34] ELGINDI, T. M. and ZLATOŠ, A. (2019). Universal mixers in all dimensions. Adv. Math. 356 106807.
MR4008523 https://doi.org/10.1016/j.aim.2019.106807

http://www.ams.org/mathscinet-getitem?mr=1886006
https://doi.org/10.1016/S0012-9593(01)01083-7
http://www.ams.org/mathscinet-getitem?mr=0100457
https://doi.org/10.1017/S002211205900009X
http://www.ams.org/mathscinet-getitem?mr=0968817
https://doi.org/10.1007/BF00356102
http://arxiv.org/abs/arXiv:1809.06484
http://arxiv.org/abs/arXiv:1911.11014
http://www.ams.org/mathscinet-getitem?mr=4242626
https://doi.org/10.1007/s00440-020-01010-8
http://www.ams.org/mathscinet-getitem?mr=2033002
http://www.ams.org/mathscinet-getitem?mr=1930573
https://doi.org/10.1007/s00220-002-0708-1
http://www.ams.org/mathscinet-getitem?mr=0876254
https://doi.org/10.1007/BF00363514
http://www.ams.org/mathscinet-getitem?mr=0536429
https://doi.org/10.1016/0370-1573(79)90023-1
http://www.ams.org/mathscinet-getitem?mr=4156602
https://doi.org/10.1002/cpa.21831
http://www.ams.org/mathscinet-getitem?mr=3958293
https://doi.org/10.1016/j.physd.2019.01.009
http://www.ams.org/mathscinet-getitem?mr=3186829
https://doi.org/10.1007/978-88-7642-499-1
http://www.ams.org/mathscinet-getitem?mr=1417491
https://doi.org/10.1017/CBO9780511662829
http://www.ams.org/mathscinet-getitem?mr=1626749
https://doi.org/10.2307/121012
http://www.ams.org/mathscinet-getitem?mr=2040774
https://doi.org/10.1214/aop/1078415827
http://www.ams.org/mathscinet-getitem?mr=3803820
https://doi.org/10.1007/s00220-017-3083-7
http://www.ams.org/mathscinet-getitem?mr=1287238
https://doi.org/10.1016/S0294-1449(16)30180-9
http://www.ams.org/mathscinet-getitem?mr=1846802
https://doi.org/10.1002/cpa.10007
http://www.ams.org/mathscinet-getitem?mr=1838749
https://doi.org/10.1007/s002200100424
http://www.ams.org/mathscinet-getitem?mr=4008523
https://doi.org/10.1016/j.aim.2019.106807
https://doi.org/10.1016/S0012-9593(01)01083-7
https://doi.org/10.1007/s00440-020-01010-8
https://doi.org/10.1007/s00220-002-0708-1
https://doi.org/10.1016/S0294-1449(16)30180-9
https://doi.org/10.1007/s002200100424


[35] FENG, Y. and IYER, G. (2019). Dissipation enhancement by mixing. Nonlinearity 32 1810–1851.
MR3942601 https://doi.org/10.1088/1361-6544/ab0e56

[36] FLANDOLI, F. and MASLOWSKI, B. (1995). Ergodicity of the 2-D Navier–Stokes equation under random
perturbations. Comm. Math. Phys. 172 119–141. MR1346374

[37] FURSTENBERG, H. (1963). Noncommuting random products. Trans. Amer. Math. Soc. 108 377–428.
MR0163345 https://doi.org/10.2307/1993589

[38] GLATT-HOLTZ, N. E., HERZOG, D. P. and MATTINGLY, J. C. (2018). Scaling and saturation in infinite-
dimensional control problems with applications to stochastic partial differential equations. Ann. PDE
4 16. MR3862850 https://doi.org/10.1007/s40818-018-0052-1

[39] GOLDYS, B. and MASLOWSKI, B. (2005). Exponential ergodicity for stochastic Burgers and 2D Navier–
Stokes equations. J. Funct. Anal. 226 230–255. MR2158741 https://doi.org/10.1016/j.jfa.2004.12.009

[40] GORODETSKI, A. (2012). On stochastic sea of the standard map. Comm. Math. Phys. 309 155–192.
MR2864790 https://doi.org/10.1007/s00220-011-1365-z

[41] HAIRER, M. (2011). On Malliavin’s proof of Hörmander’s theorem. Bull. Sci. Math. 135 650–666.
MR2838095 https://doi.org/10.1016/j.bulsci.2011.07.007

[42] HAIRER, M. and MATTINGLY, J. C. (2006). Ergodicity of the 2D Navier–Stokes equations with degenerate
stochastic forcing. Ann. of Math. (2) 164 993–1032. MR2259251 https://doi.org/10.4007/annals.2006.
164.993

[43] HAIRER, M. and MATTINGLY, J. C. (2008). Spectral gaps in Wasserstein distances and the 2D stochas-
tic Navier–Stokes equations. Ann. Probab. 36 2050–2091. MR2478676 https://doi.org/10.1214/
08-AOP392

[44] HAIRER, M. and MATTINGLY, J. C. (2011). A theory of hypoellipticity and unique ergodicity for semilinear
stochastic PDEs. Electron. J. Probab. 16 658–738. MR2786645 https://doi.org/10.1214/EJP.v16-875

[45] HAIRER, M. and MATTINGLY, J. C. (2011). Yet another look at Harris’ ergodic theorem for Markov
chains. In Seminar on Stochastic Analysis, Random Fields and Applications VI. Progress in Prob-
ability 63 109–117. Birkhäuser/Springer Basel AG, Basel. MR2857021 https://doi.org/10.1007/
978-3-0348-0021-1_7

[46] IYER, G., KISELEV, A. and XU, X. (2014). Lower bounds on the mix norm of passive scalars advected by
incompressible enstrophy-constrained flows. Nonlinearity 27 973–985. MR3207161 https://doi.org/10.
1088/0951-7715/27/5/973

[47] KUKSIN, S., NERSESYAN, V. and SHIRIKYAN, A. (2020). Exponential mixing for a class of dissipative
PDEs with bounded degenerate noise. Geom. Funct. Anal. 30 126–187. MR4081057 https://doi.org/10.
1007/s00039-020-00525-5

[48] KUKSIN, S., PIATNITSKI, A. and SHIRIKYAN, A. (2002). A coupling approach to randomly forced nonlin-
ear PDEs. II. Comm. Math. Phys. 230 81–85. MR1927233 https://doi.org/10.1007/s00220-002-0707-2

[49] KUKSIN, S. and SHIRIKYAN, A. (2002). Coupling approach to white-forced nonlinear PDEs. J. Math. Pures
Appl. (9) 81 567–602. MR1912412 https://doi.org/10.1016/S0021-7824(02)01259-X

[50] KUKSIN, S. and SHIRIKYAN, A. (2012). Mathematics of Two-Dimensional Turbulence. Cambridge
Tracts in Mathematics 194. Cambridge Univ. Press, Cambridge. MR3443633 https://doi.org/10.1017/
CBO9781139137119

[51] LEDRAPPIER, F. (1986). Positivity of the exponent for stationary sequences of matrices. In Lyapunov
Exponents (Bremen, 1984). Lecture Notes in Math. 1186 56–73. Springer, Berlin. MR0850070
https://doi.org/10.1007/BFb0076833

[52] LIN, Z., THIFFEAULT, J.-L. and DOERING, C. R. (2011). Optimal stirring strategies for passive scalar
mixing. J. Fluid Mech. 675 465–476. MR2801050 https://doi.org/10.1017/S0022112011000292

[53] LIVERANI, C. (2004). On contact Anosov flows. Ann. of Math. (2) 159 1275–1312. MR2113022
https://doi.org/10.4007/annals.2004.159.1275

[54] LUNASIN, E., LIN, Z., NOVIKOV, A., MAZZUCATO, A. and DOERING, C. R. (2012). Optimal mixing and
optimal stirring for fixed energy, fixed power, or fixed palenstrophy flows. J. Math. Phys. 53 115611.
MR3026556 https://doi.org/10.1063/1.4752098

[55] MAJDA, A. J. and BERTOZZI, A. L. (2002). Vorticity and Incompressible Flow. Cambridge Texts in Applied
Mathematics 27. Cambridge Univ. Press, Cambridge. MR1867882

[56] MATTINGLY, J. C. (2002). Exponential convergence for the stochastically forced Navier–Stokes equa-
tions and other partially dissipative dynamics. Comm. Math. Phys. 230 421–462. MR1937652
https://doi.org/10.1007/s00220-002-0688-1

[57] MEYN, S. P. and TWEEDIE, R. L. (2012). Markov Chains and Stochastic Stability. Springer, New York.
[58] MILES, C. J. and DOERING, C. R. (2018). Diffusion-limited mixing by incompressible flows. Nonlinearity

31 2346–2350. MR3816677 https://doi.org/10.1088/1361-6544/aab1c8
[59] NUALART, D. (1995). The Malliavin Calculus and Related Topics. Probability and Its Applications (New

York). Springer, New York. MR1344217 https://doi.org/10.1007/978-1-4757-2437-0

http://www.ams.org/mathscinet-getitem?mr=3942601
https://doi.org/10.1088/1361-6544/ab0e56
http://www.ams.org/mathscinet-getitem?mr=1346374
http://www.ams.org/mathscinet-getitem?mr=0163345
https://doi.org/10.2307/1993589
http://www.ams.org/mathscinet-getitem?mr=3862850
https://doi.org/10.1007/s40818-018-0052-1
http://www.ams.org/mathscinet-getitem?mr=2158741
https://doi.org/10.1016/j.jfa.2004.12.009
http://www.ams.org/mathscinet-getitem?mr=2864790
https://doi.org/10.1007/s00220-011-1365-z
http://www.ams.org/mathscinet-getitem?mr=2838095
https://doi.org/10.1016/j.bulsci.2011.07.007
http://www.ams.org/mathscinet-getitem?mr=2259251
https://doi.org/10.4007/annals.2006.164.993
http://www.ams.org/mathscinet-getitem?mr=2478676
https://doi.org/10.1214/08-AOP392
http://www.ams.org/mathscinet-getitem?mr=2786645
https://doi.org/10.1214/EJP.v16-875
http://www.ams.org/mathscinet-getitem?mr=2857021
https://doi.org/10.1007/978-3-0348-0021-1_7
http://www.ams.org/mathscinet-getitem?mr=3207161
https://doi.org/10.1088/0951-7715/27/5/973
http://www.ams.org/mathscinet-getitem?mr=4081057
https://doi.org/10.1007/s00039-020-00525-5
http://www.ams.org/mathscinet-getitem?mr=1927233
https://doi.org/10.1007/s00220-002-0707-2
http://www.ams.org/mathscinet-getitem?mr=1912412
https://doi.org/10.1016/S0021-7824(02)01259-X
http://www.ams.org/mathscinet-getitem?mr=3443633
https://doi.org/10.1017/CBO9781139137119
http://www.ams.org/mathscinet-getitem?mr=0850070
https://doi.org/10.1007/BFb0076833
http://www.ams.org/mathscinet-getitem?mr=2801050
https://doi.org/10.1017/S0022112011000292
http://www.ams.org/mathscinet-getitem?mr=2113022
https://doi.org/10.4007/annals.2004.159.1275
http://www.ams.org/mathscinet-getitem?mr=3026556
https://doi.org/10.1063/1.4752098
http://www.ams.org/mathscinet-getitem?mr=1867882
http://www.ams.org/mathscinet-getitem?mr=1937652
https://doi.org/10.1007/s00220-002-0688-1
http://www.ams.org/mathscinet-getitem?mr=3816677
https://doi.org/10.1088/1361-6544/aab1c8
http://www.ams.org/mathscinet-getitem?mr=1344217
https://doi.org/10.1007/978-1-4757-2437-0
https://doi.org/10.4007/annals.2006.164.993
https://doi.org/10.1214/08-AOP392
https://doi.org/10.1007/978-3-0348-0021-1_7
https://doi.org/10.1088/0951-7715/27/5/973
https://doi.org/10.1007/s00039-020-00525-5
https://doi.org/10.1017/CBO9781139137119


[60] PESIN, Y. and CLIMENHAGA, V. (2010). Open problems in the theory of non-uniform hyperbolicity. Dis-
crete Contin. Dyn. Syst. 27 589–607. MR2600681 https://doi.org/10.3934/dcds.2010.27.589

[61] PETERSEN, K. (1989). Ergodic Theory. Cambridge Studies in Advanced Mathematics 2. Cambridge Univ.
Press, Cambridge. MR1073173

[62] PIERREHUMBERT, R. T. (1994). Tracer microstructure in the large-eddy dominated regime. Chaos Solitons
Fractals 4 1091–1110.

[63] PROVENZALE, A. (1999). Transport by coherent barotropic vortices. In Annual Review of Fluid Me-
chanics, Vol. 31. Annu. Rev. Fluid Mech. 31 55–93. Annual Reviews, Palo Alto, CA. MR1670944
https://doi.org/10.1146/annurev.fluid.31.1.55

[64] PROVENZALE, A., BABIANO, A., BRACCO, A., PASQUERO, C. and WEISS, J. B. (2008). Coherent vor-
tices and tracer transport. In Transport and Mixing in Geophysical Flows, Springer 101–118.

[65] ROMITO, M. (2004). Ergodicity of the finite dimensional approximation of the 3D Navier–Stokes equations
forced by a degenerate noise. J. Stat. Phys. 114 155–177. MR2032128 https://doi.org/10.1023/B:JOSS.
0000003108.92097.5c

[66] RUELLE, D. (1983). Flots qui ne mélangent pas exponentiellement. C. R. Acad. Sci. Paris Sér. I Math. 296
191–193. MR0692974 https://doi.org/10.1142/9789812833709_0024

[67] SARIG, O. (2002). Subexponential decay of correlations. Invent. Math. 150 629–653. MR1946554
https://doi.org/10.1007/s00222-002-0248-5

[68] SEIS, C. (2013). Maximal mixing by incompressible fluid flows. Nonlinearity 26 3279–3289. MR3141856
https://doi.org/10.1088/0951-7715/26/12/3279

[69] SHRAIMAN, B. I. and SIGGIA, E. D. (2000). Scalar turbulence. Nature 405 639.
[70] VARADHAN, S. R. S. (1984). Large Deviations and Applications. CBMS-NSF Regional Conference Se-

ries in Applied Mathematics 46. SIAM, Philadelphia, PA. MR0758258 https://doi.org/10.1137/1.
9781611970241.bm

[71] WARHAFT, Z. (2000). Passive scalars in turbulent flows. In Annual Review of Fluid Mechanics, Vol. 32.
Annu. Rev. Fluid Mech. 32 203–240. Annual Reviews, Palo Alto, CA. MR1744308 https://doi.org/10.
1146/annurev.fluid.32.1.203

[72] WUNSCH, C. and FERRARI, R. (2004). Vertical mixing, energy, and the general circulation of the oceans.
In Annual Review of Fluid Mechanics. Vol. 36. Annu. Rev. Fluid Mech. 36 281–314. Annual Reviews,
Palo Alto, CA. MR2062315 https://doi.org/10.1146/annurev.fluid.36.050802.122121

[73] YAO, Y. and ZLATOŠ, A. (2017). Mixing and un-mixing by incompressible flows. J. Eur. Math. Soc. (JEMS)
19 1911–1948. MR3656475 https://doi.org/10.4171/JEMS/709

[74] YOUNG, L.-S. (2013). Mathematical theory of Lyapunov exponents. J. Phys. A 46 254001. MR3067028
https://doi.org/10.1088/1751-8113/46/25/254001

http://www.ams.org/mathscinet-getitem?mr=2600681
https://doi.org/10.3934/dcds.2010.27.589
http://www.ams.org/mathscinet-getitem?mr=1073173
http://www.ams.org/mathscinet-getitem?mr=1670944
https://doi.org/10.1146/annurev.fluid.31.1.55
http://www.ams.org/mathscinet-getitem?mr=2032128
https://doi.org/10.1023/B:JOSS.0000003108.92097.5c
http://www.ams.org/mathscinet-getitem?mr=0692974
https://doi.org/10.1142/9789812833709_0024
http://www.ams.org/mathscinet-getitem?mr=1946554
https://doi.org/10.1007/s00222-002-0248-5
http://www.ams.org/mathscinet-getitem?mr=3141856
https://doi.org/10.1088/0951-7715/26/12/3279
http://www.ams.org/mathscinet-getitem?mr=0758258
https://doi.org/10.1137/1.9781611970241.bm
http://www.ams.org/mathscinet-getitem?mr=1744308
https://doi.org/10.1146/annurev.fluid.32.1.203
http://www.ams.org/mathscinet-getitem?mr=2062315
https://doi.org/10.1146/annurev.fluid.36.050802.122121
http://www.ams.org/mathscinet-getitem?mr=3656475
https://doi.org/10.4171/JEMS/709
http://www.ams.org/mathscinet-getitem?mr=3067028
https://doi.org/10.1088/1751-8113/46/25/254001
https://doi.org/10.1023/B:JOSS.0000003108.92097.5c
https://doi.org/10.1137/1.9781611970241.bm
https://doi.org/10.1146/annurev.fluid.32.1.203


The Annals of Probability
2022, Vol. 50, No. 1, 304–338
https://doi.org/10.1214/21-AOP1534
© Institute of Mathematical Statistics, 2022

CUTOFF FOR RANDOM LIFTS OF WEIGHTED GRAPHS

BY GUILLAUME CONCHON-KERJAN

LPSM, UMR 8001, Université de Paris, gconchon@lpsm.paris

We prove the cutoff phenomenon for the random walk on random n-lifts
of finite weighted graphs, even when the random walk on the base graph G
of the lift is not reversible. The mixing time is w.h.p. tmix = h−1 logn, where
h is a constant associated to G, namely the entropy of its universal cover.
Moreover, this mixing time is the smallest possible among all n-lifts of G. In
the particular case where the base graph is a vertex with d/2 loops, d even,
we obtain a cutoff for a d-regular random graph, as did Lubetzky and Sly in
(Duke Math. J. 153 (2010) 475–510) (with a slightly different distribution on
d-regular graphs, but the mixing time is the same).
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SCALING LIMIT OF THE SUBDIFFUSIVE RANDOM WALK ON
A GALTON–WATSON TREE IN RANDOM ENVIRONMENT
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We consider a random walk on a Galton–Watson tree in random environ-
ment, in the subdiffusive case. We prove the convergence of the renormalised
height function of the walk towards the continuous-time height process of a
spectrally positive strictly stable Lévy process, jointly with the convergence
of the renormalised trace of the walk towards the real tree coded by the latter
continuous-time height process.
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In this paper we complete the full characterization of the expected
suprema of infinitely divisible processes. In particular, we remove the techni-
cal assumption called H(C0, δ) condition and settle positively the conjecture
posed by M. Talagrand.
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