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MAXIMUM OF THE GINZBURG-LANDAU FIELDS

BY DAVID BELIUS! AND WEI WU?

lDepartmem‘ of Mathematics and Computer Science, University of Basel, david.belius @unibas.ch

2Mathematics Department, NYU Shanghai, wei.wu@nyu.edu

We study a two-dimensional massless field in a box with potential
V(Vé(-)) and zero boundary condition, where V is any symmetric and uni-
formly convex function. Naddaf—Spencer (Comm. Math. Phys. 183 (1997)
55-84) and Miller (Comm. Math. Phys. 308 (2011) 591-639) proved that the
rescaled macroscopic averages of this field converge to a continuum Gaussian
free field. In this paper, we prove that the distribution of local marginal ¢ (x),
for any x in the bulk, has a Gaussian tail. We further characterize the lead-
ing order of the maximum and the dimension of high points of this field, thus
generalizing the results of Bolthausen—Deuschel-Giacomin (Ann. Probab. 29
(2001) 1670-1692) and Daviaud (Ann. Probab. 34 (2006) 962-986) for the
discrete Gaussian free field.

REFERENCES

AIDEKON, E. (2013). Convergence in law of the minimum of a branching random walk. Ann. Probab. 41
1362-1426. MR3098680 https://doi.org/10.1214/12- AOP750

AIDEKON, E., BERESTYCKI, J., BRUNET, E. and SHI, Z. (2013). Branching Brownian motion seen
from its tip. Probab. Theory Related Fields 157 405-451. MR3101852 https://doi.org/10.1007/
s00440-012-0461-0

ANDRES, S., DEUSCHEL, J.-D. and SLOWIK, M. (2018). Green kernel asymptotics for two-dimensional
random walks under random conductances. Preprint. Available at arXiv:1808.08126.

ARGUIN, L.-P., BELIUS, D. and BOURGADE, P. (2017). Maximum of the characteristic polynomial of
random unitary matrices. Comm. Math. Phys. 349 703-751. MR3594368 https://doi.org/10.1007/
s00220-016-2740-6

ARGUIN, L.-P., BELIUS, D. and HARPER, A. J. (2017). Maxima of a randomized Riemann zeta function,
and branching random walks. Ann. Appl. Probab. 27 178-215. MR3619786 https://doi.org/10.1214/
16-AAP1201

ARGUIN, L.-P., BOVIER, A. and KISTLER, N. (2013). The extremal process of branching Brow-
nian motion. Probab. Theory Related Fields 157 535-574. MR3129797 https://doi.org/10.1007/
s00440-012-0464-x

ARMSTRONG, S. and WU, W. (2019). C? regularity of the surface tension for the V¢ interface model.
Preprint. Available at arXiv:1909.13325.

BELIUS, D. and KISTLER, N. (2017). The subleading order of two dimensional cover times. Probab. Theory
Related Fields 167 461-552. MR3602852 https://doi.org/10.1007/s00440-015-0689-6

BISKUP, M. and LOUIDOR, O. (2014). Conformal symmetries in the extremal process of two-dimensional
discrete Gaussian free field. Preprint. Available at arXiv:1410.4676.

BiskuUP, M. and LOUIDOR, O. (2016). Extreme local extrema of two-dimensional discrete Gaussian free
field. Comm. Math. Phys. 345 271-304. MR3509015 https://doi.org/10.1007/s00220-015-2565-8
BisKUP, M. and LOUIDOR, O. (2018). Full extremal process, cluster law and freezing for the two-
dimensional discrete Gaussian free field. Adv. Math. 330 589—687. MR3787554 https://doi.org/10.

1016/j.2im.2018.02.018

BOLTHAUSEN, E., DEUSCHEL, J.-D. and GIACOMIN, G. (2001). Entropic repulsion and the maximum of
the two-dimensional harmonic crystal. Ann. Probab. 29 1670-1692. MR1880237 https://doi.org/10.
1214/a0p/1015345767

BRAMSON, M. (1983). Convergence of solutions of the Kolmogorov equation to travelling waves. Mem.
Amer. Math. Soc. 44 iv+190. MR0705746 https://doi.org/10.1090/memo/0285

MSC2020 subject classifications. 60G50, 60K35.
Key words and phrases. Ginzburg-Landau field, stochstic interface models, extrema of log-correlated field,
multiscale decomposition.


https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/19-AOP1416
http://www.imstat.org
mailto:david.belius@unibas.ch
mailto:wei.wu@nyu.edu
http://www.ams.org/mathscinet-getitem?mr=3098680
https://doi.org/10.1214/12-AOP750
http://www.ams.org/mathscinet-getitem?mr=3101852
https://doi.org/10.1007/s00440-012-0461-0
http://arxiv.org/abs/arXiv:1808.08126
http://www.ams.org/mathscinet-getitem?mr=3594368
https://doi.org/10.1007/s00220-016-2740-6
http://www.ams.org/mathscinet-getitem?mr=3619786
https://doi.org/10.1214/16-AAP1201
http://www.ams.org/mathscinet-getitem?mr=3129797
https://doi.org/10.1007/s00440-012-0464-x
http://arxiv.org/abs/arXiv:1909.13325
http://www.ams.org/mathscinet-getitem?mr=3602852
https://doi.org/10.1007/s00440-015-0689-6
http://arxiv.org/abs/arXiv:1410.4676
http://www.ams.org/mathscinet-getitem?mr=3509015
https://doi.org/10.1007/s00220-015-2565-8
http://www.ams.org/mathscinet-getitem?mr=3787554
https://doi.org/10.1016/j.aim.2018.02.018
http://www.ams.org/mathscinet-getitem?mr=1880237
https://doi.org/10.1214/aop/1015345767
http://www.ams.org/mathscinet-getitem?mr=0705746
https://doi.org/10.1090/memo/0285
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s00440-012-0461-0
https://doi.org/10.1007/s00220-016-2740-6
https://doi.org/10.1214/16-AAP1201
https://doi.org/10.1007/s00440-012-0464-x
https://doi.org/10.1016/j.aim.2018.02.018
https://doi.org/10.1214/aop/1015345767

(14]

[15]

[16]

(17]

(18]

[19]
[20]
(21]
(22]
(23]
(24]

[25]

[26]
(27]
(28]
[29]
(30]
(31]

(32]

(33]
[34]
[35]
(36]

[37]

[38]

[39]

BRAMSON, M., DING, J. and ZEITOUNI, O. (2016). Convergence in law of the maximum of nonlat-
tice branching random walk. Ann. Inst. Henri Poincaré Probab. Stat. 52 1897-1924. MR3573300
https://doi.org/10.1214/15- AIHP703

BRAMSON, M., DING, J. and ZEITOUNI, O. (2016). Convergence in law of the maximum of the
two-dimensional discrete Gaussian free field. Comm. Pure Appl. Math. 69 62—-123. MR3433630
https://doi.org/10.1002/cpa.21621

BRAMSON, M. and ZEITOUNI, O. (2012). Tightness of the recentered maximum of the two-dimensional
discrete Gaussian free field. Comm. Pure Appl. Math. 65 1-20. MR2846636 https://doi.org/10.1002/
cpa.20390

BRAMSON, M. D. (1978). Maximal displacement of branching Brownian motion. Comm. Pure Appl. Math.
31 531-581. MR0494541 https://doi.org/10.1002/cpa.3160310502

BRASCAMP, H. J. and LIEB, E. H. (1976). On extensions of the Brunn—Minkowski and Prékopa—Leindler
theorems, including inequalities for log concave functions, and with an application to the diffusion
equation. J. Funct. Anal. 22 366-389. MR0450480 https://doi.org/10.1016/0022-1236(76)90004-5

BrAscamPp, H. J., L1EB, E. H. and LEBOWITZ, J. L. (1975). The statistical mechanics of anharmonic
lattices. In Statistical Mechanics 379-390. Springer, Berlin.

BRYDGES, D. and YAU, H.-T. (1990). Grad ¢ perturbations of massless Gaussian fields. Comm. Math.
Phys. 129 351-392. MR1048698

CHHAIBI, R., MADAULE, T. and NAJNUDEL, J. (2018). On the maximum of the CBE field. Duke Math. J.
167 2243-2345. MR3848391 https://doi.org/10.1215/00127094-2018-0016

CONLON, J. G. and SPENCER, T. (2014). A strong central limit theorem for a class of random surfaces.
Comm. Math. Phys. 325 1-15. MR3182484 https://doi.org/10.1007/s00220-013-1843-6

DAVIAUD, O. (2006). Extremes of the discrete two-dimensional Gaussian free field. Ann. Probab. 34 962—
986. MR2243875 https://doi.org/10.1214/009117906000000061

DEUSCHEL, J.-D. and GIACOMIN, G. (2000). Entropic repulsion for massless fields. Stochastic Process.
Appl. 89 333-354. MR1780295 https://doi.org/10.1016/S0304-4149(00)00030-2

DEUSCHEL, J.-D., GIACOMIN, G. and IOFFE, D. (2000). Large deviations and concentration properties
for V¢ interface models. Probab. Theory Related Fields 117 49-111. MR1759509 https://doi.org/10.
1007/s004400050266

DING, J., ROy, R. and ZEITOUNI, O. (2017). Convergence of the centered maximum of log-correlated
Gaussian fields. Ann. Probab. 45 3886-3928. MR3729618 https://doi.org/10.1214/16- AOP1152

DING, J. and ZEITOUNI, O. (2014). Extreme values for two-dimensional discrete Gaussian free field. Ann.
Probab. 42 1480-1515. MR3262484 https://doi.org/10.1214/13- AOP859

DUPLANTIER, B. and SHEFFIELD, S. (2011). Liouville quantum gravity and KPZ. Invent. Math. 185 333—
393. MR2819163 https://doi.org/10.1007/s00222-010-0308- 1

FuNAKI, T. and SPOHN, H. (1997). Motion by mean curvature from the Ginzburg—Landau V¢ interface
model. Comm. Math. Phys. 185 1-36. MR1463032 https://doi.org/10.1007/s002200050080

GAWEDZKI, K. and KUPIAINEN, A. (1980). A rigorous block spin approach to massless lattice theories.
Comm. Math. Phys. 77 31-64. MR0588686

GIACOMIN, G., OLLA, S. and SPOHN, H. (2001). Equilibrium fluctuations for V¢ interface model. Ann.
Probab. 29 1138-1172. MR1872740 https://doi.org/10.1214/a0p/1015345600

HELFFER, B. (2002). Semiclassical Analysis, Witten Laplacians, and Statistical Mechanics. Series in
Partial Differential Equations and Applications 1. World Scientific, River Edge, NJ. MR1936110
https://doi.org/10.1142/9789812776891

HELFFER, B. and SJOSTRAND, J. (1994). On the correlation for Kac-like models in the convex case. J. Stat.
Phys. 74 349-409. MR1257821 https://doi.org/10.1007/BF02186817

Hu, X., MILLER, J. and PERES, Y. (2010). Thick points of the Gaussian free field. Ann. Probab. 38 896—
926. MR2642894 https://doi.org/10.1214/09- AOP498

KENYON, R. (2000). Conformal invariance of domino tiling. Ann. Probab. 28 759-795. MR1782431
https://doi.org/10.1214/a0p/1019160260

KENYON, R. (2001). Dominos and the Gaussian free field. Ann. Probab. 29 1128-1137. MR1872739
https://doi.org/10.1214/a0p/1015345599

KISTLER, N. (2015). Derrida’s random energy models. In Correlated Random Systems: Five Different Meth-
ods: CIRM Jean-Morlet Chair, Spring 2013 (V. Gayrard and N. Kistler, eds.) 71-120. Springer, Cham.
https://doi.org/10.1007/978-3-319-17674-1_3

LAMBERT, G. and PAQUETTE, E. (2019). The law of large numbers for the maximum of almost Gaus-
sian log-correlated fields coming from random matrices. Probab. Theory Related Fields 173 157-209.
MR3916106 https://doi.org/10.1007/s00440-018-0832-2

LAWLER, G. F. (2008). Conformally Invariant Processes in the Plane. Mathematical Surveys and Mono-
graphs 114. Amer. Math. Soc., Providence, RI. MR2129588


http://www.ams.org/mathscinet-getitem?mr=3573300
https://doi.org/10.1214/15-AIHP703
http://www.ams.org/mathscinet-getitem?mr=3433630
https://doi.org/10.1002/cpa.21621
http://www.ams.org/mathscinet-getitem?mr=2846636
https://doi.org/10.1002/cpa.20390
http://www.ams.org/mathscinet-getitem?mr=0494541
https://doi.org/10.1002/cpa.3160310502
http://www.ams.org/mathscinet-getitem?mr=0450480
https://doi.org/10.1016/0022-1236(76)90004-5
http://www.ams.org/mathscinet-getitem?mr=1048698
http://www.ams.org/mathscinet-getitem?mr=3848391
https://doi.org/10.1215/00127094-2018-0016
http://www.ams.org/mathscinet-getitem?mr=3182484
https://doi.org/10.1007/s00220-013-1843-6
http://www.ams.org/mathscinet-getitem?mr=2243875
https://doi.org/10.1214/009117906000000061
http://www.ams.org/mathscinet-getitem?mr=1780295
https://doi.org/10.1016/S0304-4149(00)00030-2
http://www.ams.org/mathscinet-getitem?mr=1759509
https://doi.org/10.1007/s004400050266
http://www.ams.org/mathscinet-getitem?mr=3729618
https://doi.org/10.1214/16-AOP1152
http://www.ams.org/mathscinet-getitem?mr=3262484
https://doi.org/10.1214/13-AOP859
http://www.ams.org/mathscinet-getitem?mr=2819163
https://doi.org/10.1007/s00222-010-0308-1
http://www.ams.org/mathscinet-getitem?mr=1463032
https://doi.org/10.1007/s002200050080
http://www.ams.org/mathscinet-getitem?mr=0588686
http://www.ams.org/mathscinet-getitem?mr=1872740
https://doi.org/10.1214/aop/1015345600
http://www.ams.org/mathscinet-getitem?mr=1936110
https://doi.org/10.1142/9789812776891
http://www.ams.org/mathscinet-getitem?mr=1257821
https://doi.org/10.1007/BF02186817
http://www.ams.org/mathscinet-getitem?mr=2642894
https://doi.org/10.1214/09-AOP498
http://www.ams.org/mathscinet-getitem?mr=1782431
https://doi.org/10.1214/aop/1019160260
http://www.ams.org/mathscinet-getitem?mr=1872739
https://doi.org/10.1214/aop/1015345599
https://doi.org/10.1007/978-3-319-17674-1_3
http://www.ams.org/mathscinet-getitem?mr=3916106
https://doi.org/10.1007/s00440-018-0832-2
http://www.ams.org/mathscinet-getitem?mr=2129588
https://doi.org/10.1002/cpa.20390
https://doi.org/10.1007/s004400050266

(40]

(41]

[42]
[43]

[44]

[45]
[46]
[47]

(48]

LAWLER, G. F. and L1MIC, V. (2010). Random Walk: A Modern Introduction. Cambridge Studies in Ad-
vanced Mathematics 123. Cambridge Univ. Press, Cambridge. MR2677157 https://doi.org/10.1017/
CB0O9780511750854

MADAULE, T. (2017). Convergence in law for the branching random walk seen from its tip. J. Theoret.
Probab. 30 27-63. MR3615081 https://doi.org/10.1007/s10959-015-0636-6

MILLER, J. (2010). Universality for SLE (4). Preprint. Available at arXiv:1010.1356.

MILLER, J. (2011). Fluctuations for the Ginzburg-Landau V¢ interface model on a bounded domain.
Comm. Math. Phys. 308 591-639. MR2855536 https://doi.org/10.1007/s00220-011-1315-9

NADDAF, A. and SPENCER, T. (1997). On homogenization and scaling limit of some gradient perturba-
tions of a massless free field. Comm. Math. Phys. 183 55-84. MR1461951 https://doi.org/10.1007/
BF02509796

PAQUETTE, E. and ZEITOUNI, O. (2018). The maximum of the CUE field. Int. Math. Res. Not. IMRN 16
5028-5119. MR3848227 https://doi.org/10.1093/imrn/rnx033

ROBERT, R. and VARGAS, V. (2008). Hydrodynamic turbulence and intermittent random fields. Comm.
Math. Phys. 284 649—673. MR2452591 https://doi.org/10.1007/s00220-008-0642-y

SHEFFIELD, S. (2007). Gaussian free fields for mathematicians. Probab. Theory Related Fields 139 521—
541. MR2322706 https://doi.org/10.1007/s00440-006-0050- 1

SHEFFIELD, S. and WERNER, W. (2012). Conformal loop ensembles: The Markovian characterization and
the loop-soup construction. Ann. of Math. (2) 176 1827-1917. MR2979861 https://doi.org/10.4007/
annals.2012.176.3.8


http://www.ams.org/mathscinet-getitem?mr=2677157
https://doi.org/10.1017/CBO9780511750854
http://www.ams.org/mathscinet-getitem?mr=3615081
https://doi.org/10.1007/s10959-015-0636-6
http://arxiv.org/abs/arXiv:1010.1356
http://www.ams.org/mathscinet-getitem?mr=2855536
https://doi.org/10.1007/s00220-011-1315-9
http://www.ams.org/mathscinet-getitem?mr=1461951
https://doi.org/10.1007/BF02509796
http://www.ams.org/mathscinet-getitem?mr=3848227
https://doi.org/10.1093/imrn/rnx033
http://www.ams.org/mathscinet-getitem?mr=2452591
https://doi.org/10.1007/s00220-008-0642-y
http://www.ams.org/mathscinet-getitem?mr=2322706
https://doi.org/10.1007/s00440-006-0050-1
http://www.ams.org/mathscinet-getitem?mr=2979861
https://doi.org/10.4007/annals.2012.176.3.8
https://doi.org/10.1017/CBO9780511750854
https://doi.org/10.1007/BF02509796
https://doi.org/10.4007/annals.2012.176.3.8

The Annals of Probability

2020, Vol. 48, No. 6, 26802754
https://doi.org/10.1214/20-A0P1433

© Institute of Mathematical Statistics, 2020

THE RIEMANN ZETA FUNCTION AND GAUSSIAN MULTIPLICATIVE
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We prove that if w is uniformly distributed on [0, 1], then as T — oo,
t+— ¢({wT + it 4+ 1/2) converges to a nontrivial random generalized func-
tion, which in turn is identified as a product of a very well-behaved random
smooth function and a random generalized function known as a complex
Gaussian multiplicative chaos distribution. This demonstrates a novel rigor-
ous connection between probabilistic number theory and the theory of mul-
tiplicative chaos—the latter is known to be connected to various branches of
modern probability theory and mathematical physics.

We also investigate the statistical behavior of the zeta function on the
mesoscopic scale. We prove that if we let 87 approach zero slowly enough
as T — oo, then t — ¢(1/2 4+ id7t + iwT) is asymptotically a product of
a divergent scalar quantity suggested by Selberg’s central limit theorem and
a strictly Gaussian multiplicative chaos. We also prove a similar result for
the characteristic polynomial of a Haar distributed random unitary matrix,
where the scalar quantity is slightly different but the multiplicative chaos part
is identical. This says that up to scalar multiples, the zeta function and the
characteristic polynomial of a Haar distributed random unitary matrix have
an identical distribution on the mesoscopic scale.
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For a broad class of Gaussian disordered systems at low temperature,
we show that the Gibbs measure is asymptotically localized in small neigh-
borhoods of a small number of states. From a single argument, we obtain:
(i) a version of “complete” path localization for directed polymers that is not
available even for exactly solvable models, and (ii) a result about the exhaus-
tiveness of Gibbs states in spin glasses not requiring the Ghirlanda—Guerra
identities.
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We develop a method for producing estimates on the spectral gaps of
reversible Markov jump processes with chaotic invariant measures, that is
effective in the case of degenerate jump rates, and we apply it to prove the
Kac conjecture for hard sphere collision in three dimensions.
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We derive a covariance formula for the class of ‘topological events’ of
smooth Gaussian fields on manifolds; these are events that depend only on
the topology of the level sets of the field, for example, (i) crossing events
for level or excursion sets, (ii) events measurable with respect to the number
of connected components of level or excursion sets of a given diffeomor-
phism class and (iii) persistence events. As an application of the covariance
formula, we derive strong mixing bounds for topological events, as well as
lower concentration inequalities for additive topological functionals (e.g., the
number of connected components) of the level sets that satisfy a law of large
numbers. The covariance formula also gives an alternate justification of the
Harris criterion, which conjecturally describes the boundary of the percola-
tion university class for level sets of stationary Gaussian fields. Our work is
inspired by (Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019) 1679-1711),
in which a correlation inequality was derived for certain topological events
on the plane, as well as by (Asymptotic Methods in the Theory of Gaussian
Processes and Fields (1996) Amer. Math. Soc.), in which a similar covariance
formula was established for finite-dimensional Gaussian vectors.
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We introduce a method for the comparison of some extremal eigenvalue
statistics of random matrices. For example, it allows one to compare the max-
imal eigenvalue gap in the bulk of two generalized Wigner ensembles, pro-
vided that the first four moments of their matrix entries match. As an applica-
tion, we extend results of Ben Arous—Bourgade and Feng—Wei that identify
the limit of the maximal eigenvalue gap in the bulk of the GUE to all complex
Hermitian generalized Wigner matrices.

REFERENCES

[1] BEN AROUS, G. and BOURGADE, P. (2013). Extreme gaps between eigenvalues of random matrices. Ann.
Probab. 41 2648-2681. MR3112927 https://doi.org/10.1214/11- AOP710
[2] BENAYCH-GEORGES, F. and KNOWLES, A. (2018). Lectures on the local semicircle law for Wigner ma-
trices. Preprint. Available at arXiv:1601.04055.
[3] BOURGADE, P. (2019). Extreme gaps between eigenvalues of Wigner matrices. Preprint. Available at
arXiv:1812.10376.
[4] BOURGADE, P., ERDOS, L., YAU, H.-T. and YIN, J. (2016). Fixed energy universality for generalized
Wigner matrices. Comm. Pure Appl. Math. 69 1815-1881. MR3541852 https://doi.org/10.1002/cpa.
21624
[5] BOURGADE, P. and YAU, H.-T. (2017). The eigenvector moment flow and local quantum unique ergodicity.
Comm. Math. Phys. 350 231-278. MR3606475 https://doi.org/10.1007/s00220-016-2627-6
[6] CHATTERIJEE, S. (2006). A generalization of the Lindeberg principle. Ann. Probab. 34 2061-2076.
MR2294976 https://doi.org/10.1214/009117906000000575
[7]1 CHE, Z. and LOPATTO, P. (2019). Universality of the least singular value for sparse random matrices.
Electron. J. Probab. 24 Paper No. 9, 53. MR3916329 https://doi.org/10.1214/19-EJP269
[8] DIACONIS, P. (2003). Patterns in eigenvalues: The 70th Josiah Willard Gibbs lecture. Bull. Amer. Math. Soc.
(N.S.) 40 155-178. MR1962294 https://doi.org/10.1090/S0273-0979-03-00975-3
[9] ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2012). Spectral statistics of Erd6s—Rényi Graphs
II: Eigenvalue spacing and the extreme eigenvalues. Comm. Math. Phys. 314 587-640. MR2964770
https://doi.org/10.1007/s00220-012-1527-7
[10] ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2013). The local semicircle law for a general class
of random matrices. Electron. J. Probab. 18 no. 59, 58. MR3068390 https://doi.org/10.1214/EJP.
v18-2473
[11] ERDOGS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2013). Spectral statistics of ErdGs—Rényi graphs I:
Local semicircle law. Ann. Probab. 41 2279-2375. MR3098073 https://doi.org/10.1214/11- AOP734
[12] ERDOS, L., PECHE, S., RAMIREZ, J. A., SCHLEIN, B. and YAU, H.-T. (2010). Bulk universality for
Wigner matrices. Comm. Pure Appl. Math. 63 895-925. MR2662426 https://doi.org/10.1002/cpa.
20317
[13] ERDOS, L., SCHLEIN, B. and YAU, H.-T. (2010). Wegner estimate and level repulsion for Wigner random
matrices. Int. Math. Res. Not. IMRN 2010 436-479. MR2587574 https://doi.org/10.1093/imrn/rnp136
[14] ErRDOS, L., SCHLEIN, B. and YAU, H.-T. (2011). Universality of random matrices and local relaxation
flow. Invent. Math. 185 75-119. MR2810797 https://doi.org/10.1007/s00222-010-0302-7
[15] ERDOS, L. and YAU, H.-T. (2012). Universality of local spectral statistics of random matrices. Bull. Amer.
Math. Soc. (N.S.) 49 377-414. MR2917064 https://doi.org/10.1090/S0273-0979-2012-01372-1

MSC2020 subject classifications. 60B20.
Key words and phrases. Random matrix theory, universality, Dyson Brownian motion, extreme value theory,
eigenvalues.


https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/20-AOP1439
http://www.imstat.org
mailto:blandon@mit.edu
mailto:lopatto@math.harvard.edu
mailto:marcinek@math.harvard.edu
http://www.ams.org/mathscinet-getitem?mr=3112927
https://doi.org/10.1214/11-AOP710
http://arxiv.org/abs/arXiv:1601.04055
http://arxiv.org/abs/arXiv:1812.10376
http://www.ams.org/mathscinet-getitem?mr=3541852
https://doi.org/10.1002/cpa.21624
http://www.ams.org/mathscinet-getitem?mr=3606475
https://doi.org/10.1007/s00220-016-2627-6
http://www.ams.org/mathscinet-getitem?mr=2294976
https://doi.org/10.1214/009117906000000575
http://www.ams.org/mathscinet-getitem?mr=3916329
https://doi.org/10.1214/19-EJP269
http://www.ams.org/mathscinet-getitem?mr=1962294
https://doi.org/10.1090/S0273-0979-03-00975-3
http://www.ams.org/mathscinet-getitem?mr=2964770
https://doi.org/10.1007/s00220-012-1527-7
http://www.ams.org/mathscinet-getitem?mr=3068390
https://doi.org/10.1214/EJP.v18-2473
http://www.ams.org/mathscinet-getitem?mr=3098073
https://doi.org/10.1214/11-AOP734
http://www.ams.org/mathscinet-getitem?mr=2662426
https://doi.org/10.1002/cpa.20317
http://www.ams.org/mathscinet-getitem?mr=2587574
https://doi.org/10.1093/imrn/rnp136
http://www.ams.org/mathscinet-getitem?mr=2810797
https://doi.org/10.1007/s00222-010-0302-7
http://www.ams.org/mathscinet-getitem?mr=2917064
https://doi.org/10.1090/S0273-0979-2012-01372-1
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1002/cpa.21624
https://doi.org/10.1214/EJP.v18-2473
https://doi.org/10.1002/cpa.20317

(16]
(17]
(18]
(19]
[20]
[21]
(22]
(23]
[24]

[25]

[26]

(27]
(28]
[29]
(30]
(31]
(32]
(33]
[34]

[35]

ERDOS, L. and YAU, H.-T. (2015). Gap universality of generalized Wigner and B8-ensembles. J. Eur. Math.
Soc. (JEMS) 17 1927-2036. MR3372074 https://doi.org/10.4171/JEMS/548

ERDOS, L. and YAU, H.-T. (2017). A Dynamical Approach to Random Matrix Theory. Courant Lecture
Notes in Mathematics 28. Courant Institute of Mathematical Sciences, New York. MR3699468

ERDOS, L., YAU, H.-T. and YIN, J. (2012). Bulk universality for generalized Wigner matrices. Probab.
Theory Related Fields 154 341-407. MR2981427 https://doi.org/10.1007/s00440-011-0390-3

ERDOS, L., YAU, H.-T. and YIN, J. (2012). Rigidity of eigenvalues of generalized Wigner matrices. Adv.
Math. 229 1435-1515. MR2871147 https://doi.org/10.1016/j.aim.2011.12.010

FENG, R., TIAN, G. and WEI, D. (2019). Small gaps of GOE. Geom. Funct. Anal. 29 1794-1827.
MR4034920 https://doi.org/10.1007/s00039-019-00520-5

FENG, R. and WEI, D. (2018). Large gaps of CUE and GUE. Preprint. Available at arXiv:1807.02149.

FENG, R. and WEI, D. (2018). Small gaps of circular S-ensemble. Preprint. Available at arXiv:1806.01555.

FIGALLI, A. and GUIONNET, A. (2016). Universality in several-matrix models via approximate transport
maps. Acta Math. 217 81-176. MR3646880 https://doi.org/10.1007/s11511-016-0142-4

HUANG, J., LANDON, B. and YAU, H.-T. (2015). Bulk universality of sparse random matrices. J. Math.
Phys. 56 123301, 19. MR3429490 https://doi.org/10.1063/1.4936139

KNOWLES, A. and YIN, J. (2013). Eigenvector distribution of Wigner matrices. Probab. Theory Related
Fields 155 543-582. MR3034787 https://doi.org/10.1007/s00440-011-0407-y

KORADA, S. B. and MONTANARI, A. (2011). Applications of the Lindeberg principle in communications
and statistical learning. IEEE Trans. Inf. Theory 57 2440-2450. MR2809100 https://doi.org/10.1109/
TIT.2011.2112231

LANDON, B., SOSOE, P. and YAU, H.-T. (2019). Fixed energy universality of Dyson Brownian motion.
Adv. Math. 346 1137-1332. MR3914908 https://doi.org/10.1016/j.aim.2019.02.010

LANDON, B. and YAU, H.-T. (2017). Convergence of local statistics of Dyson Brownian motion. Comm.
Math. Phys. 355 949-1000. MR3687212 https://doi.org/10.1007/s00220-017-2955-1

LoPATTO, P. and LUH, K. (2019). Tail bounds for gaps between eigenvalues of sparse random matrices.
Preprint. Available at arXiv:1901.05948.

LuH, K. and Vu, V. (2018). Sparse random matrices have simple spectrum. Preprint. Available at
arXiv:1802.03662.

NGUYEN, H., TA0o, T. and VU, V. (2017). Random matrices: Tail bounds for gaps between eigenvalues.
Probab. Theory Related Fields 167 777-816. MR3627428 https://doi.org/10.1007/s00440-016-0693-5

ODLYZKO, A. M. (1987). On the distribution of spacings between zeros of the zeta function. Math. Comp.
48 273-308. MR0866115 https://doi.org/10.2307/2007890

Tao, T. and VU, V. (2010). Random matrices: Universality of local eigenvalue statistics up to the edge.
Comm. Math. Phys. 298 549-572. MR2669449 https://doi.org/10.1007/s00220-010-1044-5

TAo, T. and VU, V. (2011). Random matrices: Universality of local eigenvalue statistics. Acta Math. 206
127-204. MR2784665 https://doi.org/10.1007/s11511-011-0061-3

VINSON, J. P. (2001). Closest Spacing of Eigenvalues. Ph.D. thesis, Princeton University, Princeton, NJ.
MR2702214


http://www.ams.org/mathscinet-getitem?mr=3372074
https://doi.org/10.4171/JEMS/548
http://www.ams.org/mathscinet-getitem?mr=3699468
http://www.ams.org/mathscinet-getitem?mr=2981427
https://doi.org/10.1007/s00440-011-0390-3
http://www.ams.org/mathscinet-getitem?mr=2871147
https://doi.org/10.1016/j.aim.2011.12.010
http://www.ams.org/mathscinet-getitem?mr=4034920
https://doi.org/10.1007/s00039-019-00520-5
http://arxiv.org/abs/arXiv:1807.02149
http://arxiv.org/abs/arXiv:1806.01555
http://www.ams.org/mathscinet-getitem?mr=3646880
https://doi.org/10.1007/s11511-016-0142-4
http://www.ams.org/mathscinet-getitem?mr=3429490
https://doi.org/10.1063/1.4936139
http://www.ams.org/mathscinet-getitem?mr=3034787
https://doi.org/10.1007/s00440-011-0407-y
http://www.ams.org/mathscinet-getitem?mr=2809100
https://doi.org/10.1109/TIT.2011.2112231
http://www.ams.org/mathscinet-getitem?mr=3914908
https://doi.org/10.1016/j.aim.2019.02.010
http://www.ams.org/mathscinet-getitem?mr=3687212
https://doi.org/10.1007/s00220-017-2955-1
http://arxiv.org/abs/arXiv:1901.05948
http://arxiv.org/abs/arXiv:1802.03662
http://www.ams.org/mathscinet-getitem?mr=3627428
https://doi.org/10.1007/s00440-016-0693-5
http://www.ams.org/mathscinet-getitem?mr=0866115
https://doi.org/10.2307/2007890
http://www.ams.org/mathscinet-getitem?mr=2669449
https://doi.org/10.1007/s00220-010-1044-5
http://www.ams.org/mathscinet-getitem?mr=2784665
https://doi.org/10.1007/s11511-011-0061-3
http://www.ams.org/mathscinet-getitem?mr=2702214
https://doi.org/10.1109/TIT.2011.2112231

The Annals of Probability

2020, Vol. 48, No. 6, 29202951
https://doi.org/10.1214/20-A0P1440

© Institute of Mathematical Statistics, 2020

ON SINGULARITY OF ENERGY MEASURES FOR SYMMETRIC

DIFFUSIONS WITH FULL OFF-DIAGONAL HEAT KERNEL ESTIMATES

(1]

(2]
(3]

(4]

[5]

[6]

[7]

(8]

[91

(10]

[11]

[12]

BY NAOTAKA KAJINO! AND MATHAV MURUGAN?

1Departmem of Mathematics, Graduate School of Science, Kobe University, nkajino@math.kobe-u.ac.jp

2Department of Mathematics, University of British Columbia, mathav@math.ubc.ca

We show that, for a strongly local, regular symmetric Dirichlet form over
a complete, locally compact geodesic metric space, full off-diagonal heat ker-
nel estimates with walk dimension strictly larger than two (sub-Gaussian
estimates) imply the singularity of the energy measures with respect to the
symmetric measure, verifying a conjecture by M. T. Barlow in (Contemp.
Math. 338 (2003) 11-40). We also prove that in the contrary case of walk di-
mension two, that is, where full off-diagonal Gaussian estimates of the heat
kernel hold, the symmetric measure and the energy measures are mutually
absolutely continuous in the sense that a Borel subset of the state space has
measure zero for the symmetric measure if and only if it has measure zero for
the energy measures of all functions in the domain of the Dirichlet form.
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We consider the model of random walk on dynamical percolation intro-
duced by Peres, Stauffer and Steif in (Probab. Theory Related Fields 162
(2015) 487-530). We obtain comparison results for this model for hitting and
mixing times and for the spectral gap and log-Sobolev constant with the cor-
responding quantities for simple random walk on the underlying graph G, for
general graphs. When G is the torus Zg, we recover the results of Peres et
al., and we also extend them to the critical case. We also obtain bounds in the
cases where G is a transitive graph of moderate growth and also when it is
the hypercube.
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CAPACITY OF THE RANGE IN DIMENSION 5
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We prove a central limit theorem for the capacity of the range of a sym-
metric random walk on Z°, under only a moment condition on the step dis-
tribution. The result is analogous to the central limit theorem for the size of
the range in dimension three, obtained by Jain and Pruitt in 1971. In particu-
lar, an atypical logarithmic correction appears in the scaling of the variance.
The proof is based on new asymptotic estimates, which hold in any dimen-
sion d > 5, for the probability that the ranges of two independent random
walks intersect. The latter are then used for computing covariances of some
intersection events at the leading order.
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We develop a new generalized coupling approach to the study of stochas-
tic delay equations with Holder continuous coefficients, for which analytical
PDE-based methods are not available. We prove that such equations possess
unique weak solutions, and establish weak ergodic rates for the corresponding
segment processes. We also prove, under additional smoothness assumptions
on the coefficients, stabilization rates for the sensitivities in the initial value
of the corresponding semigroups.
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THE EXCLUSION PROCESS MIXES (ALMOST) FASTER THAN
INDEPENDENT PARTICLES
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Oliveira conjectured that the order of the mixing time of the exclusion
process with k-particles on an arbitrary n-vertex graph is at most that of the
mixing-time of k independent particles. We verify this up to a constant factor
for d-regular graphs when each edge rings at rate 1/d in various cases:

(1) when d = Q(logn/k n),

(2) when gap := the spectral-gap of a single walk is O(1/ log4n) and
k>nSM),

(3) when k < n“ for some constant 0 < a < 1.

In these cases, our analysis yields a probabilistic proof of a weaker ver-
sion of Aldous’ famous spectral-gap conjecture (resolved by Caputo et al.).
We also prove a general bound of O(lognloglogn/gap), which is within a
loglogn factor from Oliveira’s conjecture when k > n2 M Ag applications,
we get new mixing bounds:

(a) O(lognloglogn) for expanders,

(b) order d log(dk) for the hypercube {0, l}d,

(c) order (Diameter)2 logk for vertex-transitive graphs of moderate
growth and for supercritical percolation on a fixed dimensional torus.
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We establish an invariance principle for a one-dimensional random walk
in a dynamic random environment given by a speed-change exclusion pro-
cess. The jump probabilities of the walk depend on the configuration of the
exclusion in a finite box around the walker. The environment starts from equi-
librium. After a suitable space-time rescaling, the random walk converges to
a sum of two independent processes: a Brownian motion and a Gaussian pro-
cess with stationary increments.
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Interest in the skew-normal and related families of distributions
has grown enormously over recent years, as theory has advanced,
challenges of data have grown, and computational tools have made
substantial progress. This comprehensive treatment, blending
theory and practice, will be the standard resource for statisticians
and applied researchers. Assuming only basic knowledge of (non-
measure-theoretic) probability and statistical inference, the book
is accessible to the wide range of researchers who use statistical
modelling techniques. Guiding readers through the main concepts
and results, it covers both the probability and the statistics sides
of the subject, in the univariate and multivariate settings. The
theoretical development is complemented by numerousillustrations
and applications to a range of fields including quantitative finance,
medical statistics, environmental risk studies, and industrial and
business efficiency.

The author’s freely available R package sn, available from CRAN,
equips readers to put the methods into action with their own data.
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