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MAXIMUM OF THE GINZBURG–LANDAU FIELDS

BY DAVID BELIUS1 AND WEI WU2

1Department of Mathematics and Computer Science, University of Basel, david.belius@unibas.ch
2Mathematics Department, NYU Shanghai, wei.wu@nyu.edu

We study a two-dimensional massless field in a box with potential
V (∇φ(·)) and zero boundary condition, where V is any symmetric and uni-
formly convex function. Naddaf–Spencer (Comm. Math. Phys. 183 (1997)
55–84) and Miller (Comm. Math. Phys. 308 (2011) 591–639) proved that the
rescaled macroscopic averages of this field converge to a continuum Gaussian
free field. In this paper, we prove that the distribution of local marginal φ(x),
for any x in the bulk, has a Gaussian tail. We further characterize the lead-
ing order of the maximum and the dimension of high points of this field, thus
generalizing the results of Bolthausen–Deuschel–Giacomin (Ann. Probab. 29
(2001) 1670–1692) and Daviaud (Ann. Probab. 34 (2006) 962–986) for the
discrete Gaussian free field.
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THE RIEMANN ZETA FUNCTION AND GAUSSIAN MULTIPLICATIVE
CHAOS: STATISTICS ON THE CRITICAL LINE
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We prove that if ω is uniformly distributed on [0,1], then as T → ∞,
t �→ ζ(iωT + it + 1/2) converges to a nontrivial random generalized func-
tion, which in turn is identified as a product of a very well-behaved random
smooth function and a random generalized function known as a complex
Gaussian multiplicative chaos distribution. This demonstrates a novel rigor-
ous connection between probabilistic number theory and the theory of mul-
tiplicative chaos—the latter is known to be connected to various branches of
modern probability theory and mathematical physics.

We also investigate the statistical behavior of the zeta function on the
mesoscopic scale. We prove that if we let δT approach zero slowly enough
as T → ∞, then t �→ ζ(1/2 + iδT t + iωT ) is asymptotically a product of
a divergent scalar quantity suggested by Selberg’s central limit theorem and
a strictly Gaussian multiplicative chaos. We also prove a similar result for
the characteristic polynomial of a Haar distributed random unitary matrix,
where the scalar quantity is slightly different but the multiplicative chaos part
is identical. This says that up to scalar multiples, the zeta function and the
characteristic polynomial of a Haar distributed random unitary matrix have
an identical distribution on the mesoscopic scale.
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For a broad class of Gaussian disordered systems at low temperature,
we show that the Gibbs measure is asymptotically localized in small neigh-
borhoods of a small number of states. From a single argument, we obtain:
(i) a version of “complete” path localization for directed polymers that is not
available even for exactly solvable models, and (ii) a result about the exhaus-
tiveness of Gibbs states in spin glasses not requiring the Ghirlanda–Guerra
identities.
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We develop a method for producing estimates on the spectral gaps of
reversible Markov jump processes with chaotic invariant measures, that is
effective in the case of degenerate jump rates, and we apply it to prove the
Kac conjecture for hard sphere collision in three dimensions.
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We derive a covariance formula for the class of ‘topological events’ of
smooth Gaussian fields on manifolds; these are events that depend only on
the topology of the level sets of the field, for example, (i) crossing events
for level or excursion sets, (ii) events measurable with respect to the number
of connected components of level or excursion sets of a given diffeomor-
phism class and (iii) persistence events. As an application of the covariance
formula, we derive strong mixing bounds for topological events, as well as
lower concentration inequalities for additive topological functionals (e.g., the
number of connected components) of the level sets that satisfy a law of large
numbers. The covariance formula also gives an alternate justification of the
Harris criterion, which conjecturally describes the boundary of the percola-
tion university class for level sets of stationary Gaussian fields. Our work is
inspired by (Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019) 1679–1711),
in which a correlation inequality was derived for certain topological events
on the plane, as well as by (Asymptotic Methods in the Theory of Gaussian
Processes and Fields (1996) Amer. Math. Soc.), in which a similar covariance
formula was established for finite-dimensional Gaussian vectors.

REFERENCES

[1] ALEXANDER, K. S. (1996). Boundedness of level lines for two-dimensional random fields. Ann. Probab.
24 1653–1674. MR1415224 https://doi.org/10.1214/aop/1041903201

[2] AURZADA, F. and SIMON, T. (2015). Persistence probabilities and exponents. In Lévy Matters.
V. Lecture Notes in Math. 2149 183–224. Springer, Cham. MR3468226 https://doi.org/10.1007/
978-3-319-23138-9_3

[3] AZAÏS, J.-M. and WSCHEBOR, M. (2009). Level Sets and Extrema of Random Processes and Fields. Wiley,
Hoboken, NJ. MR2478201 https://doi.org/10.1002/9780470434642

[4] BASU, R., DEMBO, A., FELDHEIM, N. and ZEITOUNI, O. (2020). Exponential concentration for zeroes of
stationary Gaussian processes. Int. Math. Res. Not. To appear.

[5] BEFFARA, V. and GAYET, D. (2017). Percolation without FKG. Preprint. Available at arXiv:1710.10644.
[6] BEFFARA, V. and GAYET, D. (2017). Percolation of random nodal lines. Publ. Math. Inst. Hautes Études

Sci. 126 131–176. MR3735866 https://doi.org/10.1007/s10240-017-0093-0
[7] BELIAEV, D., MCAULEY, M. and MUIRHEAD, S. (2020). On the number of excursion sets of planar Gaus-

sian fields. Probab. Theory Related Fields. To appear. https://doi.org/10.1007/s00440-020-00984-9
[8] BELIAEV, D. and MUIRHEAD, S. (2018). Discretisation schemes for level sets of planar Gaussian fields.

Comm. Math. Phys. 359 869–913. MR3784534 https://doi.org/10.1007/s00220-018-3084-1
[9] BELIAEV, D., MUIRHEAD, S. and WIGMAN, I. (2017). Russo–Seymour–Welsh estimates for the Kostlan

ensemble of random polynomials. Preprint. Available at arxiv:1709.08961.
[10] BELIAEV, D. and WIGMAN, I. (2018). Volume distribution of nodal domains of random band-

limited functions. Probab. Theory Related Fields 172 453–492. MR3851836 https://doi.org/10.1007/
s00440-017-0813-x

[11] BOGOMOLNY, E. and SCHMIT, C. (2007). Random wavefunctions and percolation. J. Phys. A 40 14033–
14043. MR2438110 https://doi.org/10.1088/1751-8113/40/47/001

[12] BOLLOBÁS, B. and RIORDAN, O. (2006). Percolation. Cambridge Univ. Press, New York. MR2283880
https://doi.org/10.1017/CBO9781139167383

MSC2020 subject classifications. Primary 60G60; secondary 60D05, 60G15.
Key words and phrases. Gaussian fields, topology, covariance formula.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/20-AOP1438
http://www.imstat.org
mailto:dmitry.belyaev@maths.ox.ac.uk
mailto:s.muirhead@qmul.ac.uk
mailto:alejandro.rivera@epfl.ch
http://www.ams.org/mathscinet-getitem?mr=1415224
https://doi.org/10.1214/aop/1041903201
http://www.ams.org/mathscinet-getitem?mr=3468226
https://doi.org/10.1007/978-3-319-23138-9_3
http://www.ams.org/mathscinet-getitem?mr=2478201
https://doi.org/10.1002/9780470434642
http://arxiv.org/abs/arXiv:1710.10644
http://www.ams.org/mathscinet-getitem?mr=3735866
https://doi.org/10.1007/s10240-017-0093-0
https://doi.org/10.1007/s00440-020-00984-9
http://www.ams.org/mathscinet-getitem?mr=3784534
https://doi.org/10.1007/s00220-018-3084-1
http://arxiv.org/abs/arxiv:1709.08961
http://www.ams.org/mathscinet-getitem?mr=3851836
https://doi.org/10.1007/s00440-017-0813-x
http://www.ams.org/mathscinet-getitem?mr=2438110
https://doi.org/10.1088/1751-8113/40/47/001
http://www.ams.org/mathscinet-getitem?mr=2283880
https://doi.org/10.1017/CBO9781139167383
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-3-319-23138-9_3
https://doi.org/10.1007/s00440-017-0813-x


[13] BRADLEY, R. C. (2005). Basic properties of strong mixing conditions. A survey and some open questions.
Probab. Surv. 2 107–144. MR2178042 https://doi.org/10.1214/154957805100000104

[14] CANZANI, Y. and SARNAK, P. (2014). On the topology of the zero sets of monochromatic random waves.
Preprint. Available at arXiv:1412.4437.

[15] CHATTERJEE, S. (2008). Chaos, concentration, and multiple valleys. Preprint. Available at arXiv:0810.
4221.

[16] DEMBO, A. and MUKHERJEE, S. (2015). No zero-crossings for random polynomials and the heat equation.
Ann. Probab. 43 85–118. MR3298469 https://doi.org/10.1214/13-AOP852

[17] DOUKHAN, P. (1994). Mixing: Properties and Examples. Lecture Notes in Statistics 85. Springer, New York.
MR1312160 https://doi.org/10.1007/978-1-4612-2642-0

[18] EDWARDS, R. D. and KIRBY, R. C. (1971). Deformations of spaces of imbeddings. Ann. of Math. (2) 93
63–88. MR0283802 https://doi.org/10.2307/1970753

[19] EKSTRÖM, M. (2014). A general central limit theorem for strong mixing sequences. Statist. Probab. Lett.
94 236–238. MR3257385 https://doi.org/10.1016/j.spl.2014.07.024

[20] FELDHEIM, N., FELDHEIM, O. and NITZAN, S. (2017). Persistence of Gaussian stationary processes:
A spectral perspective. Preprint. Available at arXiv:1709.00204.

[21] GAYET, D. and WELSCHINGER, J.-Y. (2014). Lower estimates for the expected Betti numbers of ran-
dom real hypersurfaces. J. Lond. Math. Soc. (2) 90 105–120. MR3245138 https://doi.org/10.1112/
jlms/jdu018

[22] GOLUBITSKY, M. and GUILLEMIN, V. (1980). Stable Mappings and Their Singularities. Graduate Texts in
Mathematics 14. Springer, New York. MR0341518

[23] GORESKY, M. and MACPHERSON, R. (1988). Stratified Morse Theory. Ergebnisse der Mathematik
und Ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)] 14. Springer, Berlin.
MR0932724 https://doi.org/10.1007/978-3-642-71714-7

[24] GRIMMETT, G. (1999). Percolation, 2nd ed. Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences] 321. Springer, Berlin. MR1707339 https://doi.org/10.1007/
978-3-662-03981-6

[25] IBRAGIMOV, I. A. and LINNIK, YU. V. (1971). Independent and Stationary Sequences of Random Vari-
ables. Wolters-Noordhoff Publishing, Groningen. MR0322926

[26] KAC, M. (1943). On the average number of real roots of a random algebraic equation. Bull. Amer. Math.
Soc. 49 314–320. MR0007812 https://doi.org/10.1090/S0002-9904-1943-07912-8

[27] KESTEN, H. (1987). Scaling relations for 2D-percolation. Comm. Math. Phys. 109 109–156. MR0879034
[28] KOLMOGOROV, A. N. and ROZANOV, JU. A. (1960). On a strong mixing condition for stationary Gaussian

processes. Teor. Veroyatn. Primen. 5 222–227. MR0133175
[29] KOSTLAN, E. (1993). On the distribution of roots of random polynomials. In From Topology to Computa-

tion: Proceedings of the Smalefest (Berkeley, CA, 1990) 419–431. Springer, New York. MR1246137
[30] KOSTLAN, E. (2002). On the expected number of real roots of a system of random polynomial equations.

In Foundations of Computational Mathematics (Hong Kong, 2000) 149–188. World Sci., River Edge,
NJ. MR2021981

[31] KURLBERG, P. and WIGMAN, I. (2018). Variation of the Nazarov–Sodin constant for random plane waves
and arithmetic random waves. Adv. Math. 330 516–552. MR3787552 https://doi.org/10.1016/j.aim.
2018.03.026

[32] LIN, Z. and LU, C. (1996). Limit Theory for Mixing Dependent Random Variables. Mathematics and Its
Applications 378. Kluwer Academic, Dordrecht; Science Press Beijing, New York. MR1486580

[33] LOYNES, R. M. (1965). Extreme values in uniformly mixing stationary stochastic processes. Ann. Math.
Stat. 36 993–999. MR0176530 https://doi.org/10.1214/aoms/1177700071

[34] MATHER, J. N. (1973). Stratifications and mappings. In Dynamical Systems (Proc. Sympos., Univ. Bahia,
Salvador, 1971) 195–232. MR0368064

[35] MOLCHANOV, S. A. and STEPANOV, A. K. (1983). Percolation in random fields. II. Theoret. Math. Phys.
55 592–599.

[36] MUIRHEAD, S. and VANNEUVILLE, H. (2020). The sharp phase transition for level set percolation of
smooth planar Gaussian fields. Ann. Inst. Henri Poincaré Probab. Stat. 56 1358–1390. MR4076787
https://doi.org/10.1214/19-AIHP1006

[37] NAZAROV, F. and SODIN, M. (2011). Fluctuations in random complex zeroes: Asymptotic normality revis-
ited. Int. Math. Res. Not. 2011 5720–5759. MR2863379 https://doi.org/10.1093/imrn/rnr007

[38] NAZAROV, F. and SODIN, M. (2016). Asymptotic laws for the spatial distribution and the number of con-
nected components of zero sets of Gaussian random functions. Zh. Mat. Fiz. Anal. Geom. 12 205–278.
MR3522141 https://doi.org/10.15407/mag12.03.205

[39] NICOLAESCU, L. (2011). An Invitation to Morse Theory, 2nd ed. Universitext. Springer, New York.
MR2883440 https://doi.org/10.1007/978-1-4614-1105-5

http://www.ams.org/mathscinet-getitem?mr=2178042
https://doi.org/10.1214/154957805100000104
http://arxiv.org/abs/arXiv:1412.4437
http://arxiv.org/abs/arXiv:0810.4221
http://arxiv.org/abs/arXiv:0810.4221
http://www.ams.org/mathscinet-getitem?mr=3298469
https://doi.org/10.1214/13-AOP852
http://www.ams.org/mathscinet-getitem?mr=1312160
https://doi.org/10.1007/978-1-4612-2642-0
http://www.ams.org/mathscinet-getitem?mr=0283802
https://doi.org/10.2307/1970753
http://www.ams.org/mathscinet-getitem?mr=3257385
https://doi.org/10.1016/j.spl.2014.07.024
http://arxiv.org/abs/arXiv:1709.00204
http://www.ams.org/mathscinet-getitem?mr=3245138
https://doi.org/10.1112/jlms/jdu018
http://www.ams.org/mathscinet-getitem?mr=0341518
http://www.ams.org/mathscinet-getitem?mr=0932724
https://doi.org/10.1007/978-3-642-71714-7
http://www.ams.org/mathscinet-getitem?mr=1707339
https://doi.org/10.1007/978-3-662-03981-6
http://www.ams.org/mathscinet-getitem?mr=0322926
http://www.ams.org/mathscinet-getitem?mr=0007812
https://doi.org/10.1090/S0002-9904-1943-07912-8
http://www.ams.org/mathscinet-getitem?mr=0879034
http://www.ams.org/mathscinet-getitem?mr=0133175
http://www.ams.org/mathscinet-getitem?mr=1246137
http://www.ams.org/mathscinet-getitem?mr=2021981
http://www.ams.org/mathscinet-getitem?mr=3787552
https://doi.org/10.1016/j.aim.2018.03.026
http://www.ams.org/mathscinet-getitem?mr=1486580
http://www.ams.org/mathscinet-getitem?mr=0176530
https://doi.org/10.1214/aoms/1177700071
http://www.ams.org/mathscinet-getitem?mr=0368064
http://www.ams.org/mathscinet-getitem?mr=4076787
https://doi.org/10.1214/19-AIHP1006
http://www.ams.org/mathscinet-getitem?mr=2863379
https://doi.org/10.1093/imrn/rnr007
http://www.ams.org/mathscinet-getitem?mr=3522141
https://doi.org/10.15407/mag12.03.205
http://www.ams.org/mathscinet-getitem?mr=2883440
https://doi.org/10.1007/978-1-4614-1105-5
https://doi.org/10.1112/jlms/jdu018
https://doi.org/10.1007/978-3-662-03981-6
https://doi.org/10.1016/j.aim.2018.03.026


[40] PITERBARG, V. I. (1996). Asymptotic Methods in the Theory of Gaussian Processes and Fields. Translations
of Mathematical Monographs 148. Amer. Math. Soc., Providence, RI. MR1361884

[41] PITT, L. D. (1982). Positively correlated normal variables are associated. Ann. Probab. 10 496–499.
MR0665603

[42] RICE, S. O. (1945). Mathematical analysis of random noise. Bell Syst. Tech. J. 24 46–156. MR0011918
https://doi.org/10.1002/j.1538-7305.1945.tb00453.x

[43] RIVERA, A. (2017). Hole probability for nodal sets of the cut-off Gaussian free field. Adv. Math. 319 1–39.
MR3695866 https://doi.org/10.1016/j.aim.2017.08.002

[44] RIVERA, A. and VANNEUVILLE, H. (2019). Quasi-independence for nodal lines. Ann. Inst. Henri Poincaré
Probab. Stat. 55 1679–1711. MR4010948 https://doi.org/10.1214/18-aihp931

[45] RIVERA, A. and VANNEUVILLE, H. (2020). The critical threshold for Bargmann–Fock percolation. Ann.
Henri Lebesgue 3 169–215. https://doi.org/10.5802/agk.29

[46] ROSENBLATT, M. (1956). A central limit theorem and a strong mixing condition. Proc. Natl. Acad. Sci.
USA 42 43–47. MR0074711 https://doi.org/10.1073/pnas.42.1.43

[47] SARNAK, P. and WIGMAN, I. (2016). Topologies of nodal sets of random band limited functions. In Ad-
vances in the Theory of Automorphic Forms and Their L-Functions. Contemp. Math. 664 351–365.
Amer. Math. Soc., Providence, RI. MR3502990 https://doi.org/10.1090/conm/664/13040

[48] VANNEUVILLE, H. (2019). Reading group on random nodal lines at ETHZ. Available at https://metaphor.
ethz.ch/x/2019/hs/401-4600-69L/Reading_group_nodal_1_2.pdf.

[49] WEINRIB, A. (1984). Long-range correlated percolation. Phys. Rev. B 29 387–395. MR0729982
https://doi.org/10.1103/physrevb.29.387

http://www.ams.org/mathscinet-getitem?mr=1361884
http://www.ams.org/mathscinet-getitem?mr=0665603
http://www.ams.org/mathscinet-getitem?mr=0011918
https://doi.org/10.1002/j.1538-7305.1945.tb00453.x
http://www.ams.org/mathscinet-getitem?mr=3695866
https://doi.org/10.1016/j.aim.2017.08.002
http://www.ams.org/mathscinet-getitem?mr=4010948
https://doi.org/10.1214/18-aihp931
https://doi.org/10.5802/agk.29
http://www.ams.org/mathscinet-getitem?mr=0074711
https://doi.org/10.1073/pnas.42.1.43
http://www.ams.org/mathscinet-getitem?mr=3502990
https://doi.org/10.1090/conm/664/13040
https://metaphor.ethz.ch/x/2019/hs/401-4600-69L/Reading_group_nodal_1_2.pdf
http://www.ams.org/mathscinet-getitem?mr=0729982
https://doi.org/10.1103/physrevb.29.387
https://metaphor.ethz.ch/x/2019/hs/401-4600-69L/Reading_group_nodal_1_2.pdf


The Annals of Probability
2020, Vol. 48, No. 6, 2894–2919
https://doi.org/10.1214/20-AOP1439
© Institute of Mathematical Statistics, 2020

COMPARISON THEOREM FOR SOME EXTREMAL
EIGENVALUE STATISTICS

BY BENJAMIN LANDON1, PATRICK LOPATTO2,* AND JAKE MARCINEK2,†

1Department of Mathematics, Massachusetts Institute of Technology, blandon@mit.edu
2Department of Mathematics, Harvard University, *lopatto@math.harvard.edu; †marcinek@math.harvard.edu

We introduce a method for the comparison of some extremal eigenvalue
statistics of random matrices. For example, it allows one to compare the max-
imal eigenvalue gap in the bulk of two generalized Wigner ensembles, pro-
vided that the first four moments of their matrix entries match. As an applica-
tion, we extend results of Ben Arous–Bourgade and Feng–Wei that identify
the limit of the maximal eigenvalue gap in the bulk of the GUE to all complex
Hermitian generalized Wigner matrices.
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[18] ERDŐS, L., YAU, H.-T. and YIN, J. (2012). Bulk universality for generalized Wigner matrices. Probab.
Theory Related Fields 154 341–407. MR2981427 https://doi.org/10.1007/s00440-011-0390-3
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ON SINGULARITY OF ENERGY MEASURES FOR SYMMETRIC
DIFFUSIONS WITH FULL OFF-DIAGONAL HEAT KERNEL ESTIMATES

BY NAOTAKA KAJINO1 AND MATHAV MURUGAN2

1Department of Mathematics, Graduate School of Science, Kobe University, nkajino@math.kobe-u.ac.jp
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We show that, for a strongly local, regular symmetric Dirichlet form over
a complete, locally compact geodesic metric space, full off-diagonal heat ker-
nel estimates with walk dimension strictly larger than two (sub-Gaussian
estimates) imply the singularity of the energy measures with respect to the
symmetric measure, verifying a conjecture by M. T. Barlow in (Contemp.
Math. 338 (2003) 11–40). We also prove that in the contrary case of walk di-
mension two, that is, where full off-diagonal Gaussian estimates of the heat
kernel hold, the symmetric measure and the energy measures are mutually
absolutely continuous in the sense that a Borel subset of the state space has
measure zero for the symmetric measure if and only if it has measure zero for
the energy measures of all functions in the domain of the Dirichlet form.
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We consider the model of random walk on dynamical percolation intro-
duced by Peres, Stauffer and Steif in (Probab. Theory Related Fields 162
(2015) 487–530). We obtain comparison results for this model for hitting and
mixing times and for the spectral gap and log-Sobolev constant with the cor-
responding quantities for simple random walk on the underlying graph G, for
general graphs. When G is the torus Z

d
n , we recover the results of Peres et

al., and we also extend them to the critical case. We also obtain bounds in the
cases where G is a transitive graph of moderate growth and also when it is
the hypercube.
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We prove a central limit theorem for the capacity of the range of a sym-
metric random walk on Z

5, under only a moment condition on the step dis-
tribution. The result is analogous to the central limit theorem for the size of
the range in dimension three, obtained by Jain and Pruitt in 1971. In particu-
lar, an atypical logarithmic correction appears in the scaling of the variance.
The proof is based on new asymptotic estimates, which hold in any dimen-
sion d ≥ 5, for the probability that the ranges of two independent random
walks intersect. The latter are then used for computing covariances of some
intersection events at the leading order.
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[11] ERDŐS, P. and TAYLOR, S. J. (1960). Some intersection properties of random walk paths. Acta Math. Acad.
Sci. Hung. 11 231–248. MR0126299 https://doi.org/10.1007/BF02020942

[12] FELLER, W. (1971). An Introduction to Probability Theory and Its Applications. Vol. II. Second Edition.
Wiley, New York. MR0270403

[13] JAIN, N. and OREY, S. (1968). On the range of random walk. Israel J. Math. 6 373–380. MR0243623
https://doi.org/10.1007/BF02771217

[14] JAIN, N. C. and PRUITT, W. E. (1971). The range of transient random walk. J. Anal. Math. 24 369–393.
MR0283890 https://doi.org/10.1007/BF02790380

[15] LAWLER, G. F. (1991). Intersections of Random Walks. Probability and Its Applications. Birkhäuser,
Boston, MA. MR1117680

MSC2020 subject classifications. 60F05, 60G50, 60J45.
Key words and phrases. Random walk, range, capacity, central limit theorem, intersection of random walk

ranges.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/20-AOP1442
http://www.imstat.org
mailto:bruno.schapira@univ-amu.fr
http://www.ams.org/mathscinet-getitem?mr=3663629
https://doi.org/10.1007/s00440-016-0722-4
http://www.ams.org/mathscinet-getitem?mr=3665554
https://doi.org/10.24033/asens.2331
http://www.ams.org/mathscinet-getitem?mr=3852443
https://doi.org/10.1090/tran/7247
http://www.ams.org/mathscinet-getitem?mr=3945751
https://doi.org/10.1214/18-AOP1288
http://www.ams.org/mathscinet-getitem?mr=2744887
https://doi.org/10.1214/09-AIHP345
http://www.ams.org/mathscinet-getitem?mr=3949955
https://doi.org/10.1214/18-aihp900
http://www.ams.org/mathscinet-getitem?mr=3652038
https://doi.org/10.1214/17-ECP55
http://arxiv.org/abs/arXiv:1810.10454
http://www.ams.org/mathscinet-getitem?mr=2722836
https://doi.org/10.1017/CBO9780511779398
http://www.ams.org/mathscinet-getitem?mr=0047272
http://www.ams.org/mathscinet-getitem?mr=0126299
https://doi.org/10.1007/BF02020942
http://www.ams.org/mathscinet-getitem?mr=0270403
http://www.ams.org/mathscinet-getitem?mr=0243623
https://doi.org/10.1007/BF02771217
http://www.ams.org/mathscinet-getitem?mr=0283890
https://doi.org/10.1007/BF02790380
http://www.ams.org/mathscinet-getitem?mr=1117680
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.24033/asens.2331
https://doi.org/10.1214/09-AIHP345
https://doi.org/10.1017/CBO9780511779398


[16] LAWLER, G. F. and LIMIC, V. (2010). Random Walk: A Modern Introduction. Cambridge Studies in Ad-
vanced Mathematics 123. Cambridge Univ. Press, Cambridge. MR2677157 https://doi.org/10.1017/
CBO9780511750854

[17] LE GALL, J.-F. (1986). Propriétés d’intersection des marches aléatoires. I. Convergence vers le temps local
d’intersection. Comm. Math. Phys. 104 471–507. MR0840748

[18] OKADA, I. (2016). The inner boundary of random walk range. J. Math. Soc. Japan 68 939–959. MR3523532
https://doi.org/10.2969/jmsj/06830939

[19] SCHAPIRA, B. (2020). Supplement to “Capacity of the range in dimension 5.” https://doi.org/10.1214/
20-AOP1442SUPP

[20] SPITZER, F. (1976). Principles of Random Walk, 2nd ed. Springer, New York. MR0388547
[21] UCHIYAMA, K. (1998). Green’s functions for random walks on ZN . Proc. Lond. Math. Soc. (3) 77 215–240.

MR1625467 https://doi.org/10.1112/S0024611598000458

http://www.ams.org/mathscinet-getitem?mr=2677157
https://doi.org/10.1017/CBO9780511750854
http://www.ams.org/mathscinet-getitem?mr=0840748
http://www.ams.org/mathscinet-getitem?mr=3523532
https://doi.org/10.2969/jmsj/06830939
https://doi.org/10.1214/20-AOP1442SUPP
http://www.ams.org/mathscinet-getitem?mr=0388547
http://www.ams.org/mathscinet-getitem?mr=1625467
https://doi.org/10.1112/S0024611598000458
https://doi.org/10.1017/CBO9780511750854
https://doi.org/10.1214/20-AOP1442SUPP


The Annals of Probability
2020, Vol. 48, No. 6, 3041–3076
https://doi.org/10.1214/20-AOP1449
© Institute of Mathematical Statistics, 2020

WELL-POSEDNESS, STABILITY AND SENSITIVITIES FOR STOCHASTIC
DELAY EQUATIONS: A GENERALIZED COUPLING APPROACH

BY ALEXEI KULIK1 AND MICHAEL SCHEUTZOW2

1Faculty of Pure and Applied Mathematics, Wroclaw University of Science and Technology, kulik.alex.m@gmail.com
2Institut für Mathematik, Technische Universität Berlin, ms@math.tu-berlin.de

We develop a new generalized coupling approach to the study of stochas-
tic delay equations with Hölder continuous coefficients, for which analytical
PDE-based methods are not available. We prove that such equations possess
unique weak solutions, and establish weak ergodic rates for the corresponding
segment processes. We also prove, under additional smoothness assumptions
on the coefficients, stabilization rates for the sensitivities in the initial value
of the corresponding semigroups.

REFERENCES

[1] ABOURASHCHI, N. and VERETENNIKOV, A. Y. (2010). On stochastic averaging and mixing. Theory Stoch.
Process. 16 111–129. MR2779833

[2] BESSAIH, H., KAPICA, R. and SZAREK, T. (2014). Criterion on stability for Markov processes ap-
plied to a model with jumps. Semigroup Forum 88 76–92. MR3164152 https://doi.org/10.1007/
s00233-013-9503-x

[3] BISMUT, J.-M. (1981). Martingales, the Malliavin calculus and hypoellipticity under general Hörmander’s
conditions. Z. Wahrsch. Verw. Gebiete 56 469–505. MR0621660 https://doi.org/10.1007/BF00531428

[4] BODNARCHUK, S. V. and KULIK, O. M. (2009). Conditions for the existence and smoothness of a density
of distribution for Ornstein–Uhlenbeck processes with Lévy noise. Theory Probab. Math. Statist. 79
23–38.

[5] BUTKOVSKY, O. (2014). Subgeometric rates of convergence of Markov processes in the Wasserstein metric.
Ann. Appl. Probab. 24 526–552. MR3178490 https://doi.org/10.1214/13-AAP922

[6] BUTKOVSKY, O., KULIK, A. and SCHEUTZOW, M. (2020). Generalized couplings and ergodic rates for
SPDEs and other Markov models. Ann. Appl. Probab. 30 1–39. MR4068305 https://doi.org/10.1214/
19-AAP1485

[7] BUTKOVSKY, O. and SCHEUTZOW, M. (2017). Invariant measures for stochastic functional differential
equations. Electron. J. Probab. 22 Paper No. 98, 23. MR3724566 https://doi.org/10.1214/17-EJP122

[8] CERRAI, S. (1999). Differentiability of Markov semigroups for stochastic reaction-diffusion equations
and applications to control. Stochastic Process. Appl. 83 15–37. MR1705598 https://doi.org/10.1016/
S0304-4149(99)00014-9

[9] DA PRATO, G. and ZABCZYK, J. (1992). Stochastic Equations in Infinite Dimensions. Encyclope-
dia of Mathematics and Its Applications 44. Cambridge Univ. Press, Cambridge. MR1207136
https://doi.org/10.1017/CBO9780511666223

[10] DUDLEY, R. M. (2002). Real Analysis and Probability. Cambridge Studies in Advanced Mathematics 74.
Cambridge Univ. Press, Cambridge. MR1932358 https://doi.org/10.1017/CBO9780511755347

[11] DURMUS, A., FORT, G. and MOULINES, É. (2016). Subgeometric rates of convergence in Wasserstein
distance for Markov chains. Ann. Inst. Henri Poincaré Probab. Stat. 52 1799–1822. MR3573296
https://doi.org/10.1214/15-AIHP699

[12] ELWORTHY, K. D. and LI, X.-M. (1994). Formulae for the derivatives of heat semigroups. J. Funct. Anal.
125 252–286. MR1297021 https://doi.org/10.1006/jfan.1994.1124

[13] ES-SARHIR, A., VON RENESSE, M.-K. and SCHEUTZOW, M. (2009). Harnack inequality for functional
SDEs with bounded memory. Electron. Commun. Probab. 14 560–565. MR2570679 https://doi.org/10.
1214/ECP.v14-1513

[14] GIKHMAN, I. and SKOROHOD, A. V. (1972). Stochastic Differential Equations. Springer, New York.
MR0346904

MSC2020 subject classifications. 34K50, 60H25, 60J25.
Key words and phrases. Stochastic delay equation, generalized coupling, weak solution, weak ergodic rate,

sensitivity.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/20-AOP1449
http://www.imstat.org
mailto:kulik.alex.m@gmail.com
mailto:ms@math.tu-berlin.de
http://www.ams.org/mathscinet-getitem?mr=2779833
http://www.ams.org/mathscinet-getitem?mr=3164152
https://doi.org/10.1007/s00233-013-9503-x
http://www.ams.org/mathscinet-getitem?mr=0621660
https://doi.org/10.1007/BF00531428
http://www.ams.org/mathscinet-getitem?mr=3178490
https://doi.org/10.1214/13-AAP922
http://www.ams.org/mathscinet-getitem?mr=4068305
https://doi.org/10.1214/19-AAP1485
http://www.ams.org/mathscinet-getitem?mr=3724566
https://doi.org/10.1214/17-EJP122
http://www.ams.org/mathscinet-getitem?mr=1705598
https://doi.org/10.1016/S0304-4149(99)00014-9
http://www.ams.org/mathscinet-getitem?mr=1207136
https://doi.org/10.1017/CBO9780511666223
http://www.ams.org/mathscinet-getitem?mr=1932358
https://doi.org/10.1017/CBO9780511755347
http://www.ams.org/mathscinet-getitem?mr=3573296
https://doi.org/10.1214/15-AIHP699
http://www.ams.org/mathscinet-getitem?mr=1297021
https://doi.org/10.1006/jfan.1994.1124
http://www.ams.org/mathscinet-getitem?mr=2570679
https://doi.org/10.1214/ECP.v14-1513
http://www.ams.org/mathscinet-getitem?mr=0346904
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s00233-013-9503-x
https://doi.org/10.1214/19-AAP1485
https://doi.org/10.1016/S0304-4149(99)00014-9
https://doi.org/10.1214/ECP.v14-1513


[15] HAIRER, M. (2002). Exponential mixing properties of stochastic PDEs through asymptotic coupling.
Probab. Theory Related Fields 124 345–380. MR1939651 https://doi.org/10.1007/s004400200216

[16] HAIRER, M. and MATTINGLY, J. C. (2006). Ergodicity of the 2D Navier–Stokes equations with degenerate
stochastic forcing. Ann. of Math. (2) 164 993–1032. MR2259251 https://doi.org/10.4007/annals.2006.
164.993

[17] HAIRER, M., MATTINGLY, J. C. and SCHEUTZOW, M. (2011). Asymptotic coupling and a general form
of Harris’ theorem with applications to stochastic delay equations. Probab. Theory Related Fields 149
223–259. MR2773030 https://doi.org/10.1007/s00440-009-0250-6

[18] KOMOROWSKI, T., PESZAT, S. and SZAREK, T. (2010). On ergodicity of some Markov processes. Ann.
Probab. 38 1401–1443. MR2663632 https://doi.org/10.1214/09-AOP513

[19] KULIK, A. (2018). Ergodic Behavior of Markov Processes: With Applications to Limit Theorems. De
Gruyter Studies in Mathematics 67. de Gruyter, Berlin. MR3791835

[20] LIPTSER, R. S. and SHIRYAYEV, A. N. (2013). Statistics of Random Processes. I. Springer, Berlin.
[21] MOHAMMED, S. E. A. (1984). Stochastic Functional Differential Equations. Research Notes in Mathemat-

ics 99. Pitman (Advanced Publishing Program), Boston, MA. MR0754561
[22] PAGÈS, G. and PANLOUP, F. (2014). A mixed-step algorithm for the approximation of the stationary regime

of a diffusion. Stochastic Process. Appl. 124 522–565. MR3131304 https://doi.org/10.1016/j.spa.2013.
07.011

[23] PARDOUX, È. and VERETENNIKOV, A. Y. (2003). On Poisson equation and diffusion approximation. II.
Ann. Probab. 31 1166–1192. MR1988467 https://doi.org/10.1214/aop/1055425774

[24] PESZAT, S. and ZABCZYK, J. (2007). Stochastic Partial Differential Equations with Lévy Noise: An Evo-
lution Equation Approach. Encyclopedia of Mathematics and Its Applications 113. Cambridge Univ.
Press, Cambridge. MR2356959 https://doi.org/10.1017/CBO9780511721373

[25] REVUZ, D. and YOR, M. (2005). Continuous Martingales and Brownian Motion, 3rd ed. Springer, Berlin.
[26] STROOCK, D. W. and VARADHAN, S. R. S. (1979). Multidimensional Diffusion Processes. Grundlehren

der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 233.
Springer, Berlin. MR0532498

[27] THORISSON, H. (2000). Coupling, Stationarity, and Regeneration. Probability and Its Applications (New
York). Springer, New York. MR1741181 https://doi.org/10.1007/978-1-4612-1236-2

[28] TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer Series in Statistics. Springer,
New York. MR2724359 https://doi.org/10.1007/b13794

[29] VON RENESSE, M.-K. and SCHEUTZOW, M. (2010). Existence and uniqueness of solutions of
stochastic functional differential equations. Random Oper. Stoch. Equ. 18 267–284. MR2718125
https://doi.org/10.1515/ROSE.2010.015

[30] WANG, F.-Y. (2011). Harnack inequality for SDE with multiplicative noise and extension to Neumann semi-
group on nonconvex manifolds. Ann. Probab. 39 1449–1467. MR2857246 https://doi.org/10.1214/
10-AOP600

http://www.ams.org/mathscinet-getitem?mr=1939651
https://doi.org/10.1007/s004400200216
http://www.ams.org/mathscinet-getitem?mr=2259251
https://doi.org/10.4007/annals.2006.164.993
http://www.ams.org/mathscinet-getitem?mr=2773030
https://doi.org/10.1007/s00440-009-0250-6
http://www.ams.org/mathscinet-getitem?mr=2663632
https://doi.org/10.1214/09-AOP513
http://www.ams.org/mathscinet-getitem?mr=3791835
http://www.ams.org/mathscinet-getitem?mr=0754561
http://www.ams.org/mathscinet-getitem?mr=3131304
https://doi.org/10.1016/j.spa.2013.07.011
http://www.ams.org/mathscinet-getitem?mr=1988467
https://doi.org/10.1214/aop/1055425774
http://www.ams.org/mathscinet-getitem?mr=2356959
https://doi.org/10.1017/CBO9780511721373
http://www.ams.org/mathscinet-getitem?mr=0532498
http://www.ams.org/mathscinet-getitem?mr=1741181
https://doi.org/10.1007/978-1-4612-1236-2
http://www.ams.org/mathscinet-getitem?mr=2724359
https://doi.org/10.1007/b13794
http://www.ams.org/mathscinet-getitem?mr=2718125
https://doi.org/10.1515/ROSE.2010.015
http://www.ams.org/mathscinet-getitem?mr=2857246
https://doi.org/10.1214/10-AOP600
https://doi.org/10.4007/annals.2006.164.993
https://doi.org/10.1016/j.spa.2013.07.011
https://doi.org/10.1214/10-AOP600


The Annals of Probability
2020, Vol. 48, No. 6, 3077–3123
https://doi.org/10.1214/20-AOP1455
© Institute of Mathematical Statistics, 2020

THE EXCLUSION PROCESS MIXES (ALMOST) FASTER THAN
INDEPENDENT PARTICLES

BY JONATHAN HERMON1 AND RICHARD PYMAR2

1Department of Mathematics, University of British Columbia, jhermon@math.ubc.ca
2Department of Economics, Mathematics and Statistics, Birkbeck, University of London, r.pymar@bbk.ac.uk

Oliveira conjectured that the order of the mixing time of the exclusion
process with k-particles on an arbitrary n-vertex graph is at most that of the
mixing-time of k independent particles. We verify this up to a constant factor
for d-regular graphs when each edge rings at rate 1/d in various cases:

(1) when d = �(logn/k n),

(2) when gap := the spectral-gap of a single walk is O(1/ log4 n) and
k ≥ n�(1),

(3) when k � na for some constant 0 < a < 1.
In these cases, our analysis yields a probabilistic proof of a weaker ver-

sion of Aldous’ famous spectral-gap conjecture (resolved by Caputo et al.).
We also prove a general bound of O(logn log logn/gap), which is within a
log logn factor from Oliveira’s conjecture when k ≥ n�(1). As applications,
we get new mixing bounds:

(a) O(logn log logn) for expanders,
(b) order d log(dk) for the hypercube {0,1}d ,
(c) order (Diameter)2 log k for vertex-transitive graphs of moderate

growth and for supercritical percolation on a fixed dimensional torus.
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We establish an invariance principle for a one-dimensional random walk
in a dynamic random environment given by a speed-change exclusion pro-
cess. The jump probabilities of the walk depend on the configuration of the
exclusion in a finite box around the walker. The environment starts from equi-
librium. After a suitable space-time rescaling, the random walk converges to
a sum of two independent processes: a Brownian motion and a Gaussian pro-
cess with stationary increments.
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