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GAUSSIAN AND NON-GAUSSIAN FLUCTUATIONS FOR
MESOSCOPIC LINEAR STATISTICS IN

DETERMINANTAL PROCESSES1

BY KURT JOHANSSON AND GAULTIER LAMBERT

KTH Royal Institute of Technology and University of Zürich

We study mesoscopic linear statistics for a class of determinantal point
processes which interpolate between Poisson and random matrix statistics.
These processes are obtained by modifying the spectrum of the correlation
kernel of the Gaussian Unitary Ensemble (GUE) eigenvalue process. An ex-
ample of such a system comes from considering the distribution of noncol-
liding Brownian motions in a cylindrical geometry, or a grand canonical en-
semble of free fermions in a quadratic well at positive temperature. When
the scale of the modification of the spectrum of the correlation kernel, related
to the size of the cylinder or the temperature, is different from the scale in
the mesoscopic linear statistic, we obtain a central limit theorem (CLT) of
either Poisson or GUE type. On the other hand, in the critical regime where
the scales are the same, we observe a non-Gaussian process in the limit. Its
distribution is characterized by explicit but complicated formulae for the cu-
mulants of smooth linear statistics. These results rely on an asymptotic sine-
kernel approximation of the GUE kernel which is valid at all mesoscopic
scales, and a generalization of cumulant computations of Soshnikov for the
sine process. Analogous determinantal processes on the circle are also con-
sidered with similar results.
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ON GLOBAL FLUCTUATIONS FOR NON-COLLIDING
PROCESSES1

BY MAURICE DUITS

Royal Institute of Technology (KTH)

We study the global fluctuations for a class of determinantal point
processes coming from large systems of non-colliding processes and non-
intersecting paths. Our main assumption is that the point processes are con-
structed by biorthogonal families that satisfy finite term recurrence relations.
The central observation of the paper is that the fluctuations of multi-time or
multi-layer linear statistics can be efficiently expressed in terms of the asso-
ciated recurrence matrices. As a consequence, we prove that different models
that share the same asymptotic behavior of the recurrence matrices, also share
the same asymptotic behavior for the global fluctuations. An important spe-
cial case is when the recurrence matrices have limits along the diagonals,
in which case we prove Central Limit Theorems for the linear statistics. We
then show that these results prove Gaussian Free Field fluctuations for the
random surfaces associated to these systems. To illustrate the results, sev-
eral examples will be discussed, including non-colliding processes for which
the invariant measures are the classical orthogonal polynomial ensembles and
random lozenge tilings of a hexagon.
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MULTIVARIATE APPROXIMATION IN TOTAL VARIATION, I:
EQUILIBRIUM DISTRIBUTIONS OF MARKOV JUMP PROCESSES

BY A. D. BARBOUR1, M. J. LUCZAK2 AND A. XIA3

Universität Zürich, Queen Mary University of London
and University of Melbourne

For integer valued random variables, the translated Poisson distributions
form a flexible family for approximation in total variation, in much the same
way that the normal family is used for approximation in Kolmogorov dis-
tance. Using the Stein–Chen method, approximation can often be achieved
with error bounds of the same order as those for the CLT. In this paper, an
analogous theory, again based on Stein’s method, is developed in the multi-
variate context. The approximating family consists of the equilibrium distri-
butions of a collection of Markov jump processes, whose analogues in one
dimension are the immigration-death processes with Poisson distributions as
equilibria. The method is illustrated by providing total variation error bounds
for the approximation of the equilibrium distribution of one Markov jump
process by that of another. In a companion paper, it is shown how to use the
method for discrete normal approximation in Z

d .
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MULTIVARIATE APPROXIMATION IN TOTAL VARIATION, II:
DISCRETE NORMAL APPROXIMATION

BY A. D. BARBOUR1, M. J. LUCZAK2 AND A. XIA3

Universität Zürich, Queen Mary University of London and
University of Melbourne

The paper applies the theory developed in Part I to the discrete normal
approximation in total variation of random vectors in Z

d . We illustrate the
use of the method for sums of independent integer valued random vectors,
and for random vectors exhibiting an exchangeable pair. We conclude with
an application to random colourings of regular graphs.
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A GAUSSIAN SMALL DEVIATION INEQUALITY
FOR CONVEX FUNCTIONS

BY GRIGORIS PAOURIS1 AND PETROS VALETTAS2

Texas A&M University and University of Missouri

Let Z be an n-dimensional Gaussian vector and let f : Rn → R be a
convex function. We prove that

P
(
f (Z) ≤ Ef (Z) − t

√
Varf (Z)

) ≤ exp
(−ct2)

,

for all t > 1 where c > 0 is an absolute constant. As an application we derive
variance-sensitive small ball probabilities for Gaussian processes.

REFERENCES

[1] BOGACHEV, V. I. (1998). Gaussian Measures. Mathematical Surveys and Monographs 62.
Amer. Math. Soc., Providence, RI. MR1642391

[2] BORELL, C. (1975). The Brunn–Minkowski inequality in Gauss space. Invent. Math. 30 207–
216. MR0399402

[3] BORELL, C. (2003). The Ehrhard inequality. C. R. Math. Acad. Sci. Paris 337 663–666.
MR2030108

[4] BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities: A Non-
asymptotic Theory of Independence. Oxford Univ. Press, Oxford. MR3185193

[5] CHATTERJEE, S. (2014). Superconcentration and Related Topics. Springer, Cham.
MR3157205

[6] CHEN, L. H. Y. (1982). An inequality for the multivariate normal distribution. J. Multivariate
Anal. 12 306–315. MR0661566

[7] CORDERO-ERAUSQUIN, D., FRADELIZI, M. and MAUREY, B. (2004). The (B) conjecture for
the Gaussian measure of dilates of symmetric convex sets and related problems. J. Funct.
Anal. 214 410–427. MR2083308

[8] EHRHARD, A. (1983). Symétrisation dans l’espace de Gauss. Math. Scand. 53 281–301.
MR0745081

[9] ESKENAZIS, A., NAYAR, P. and TKOCZ, T. (2016). Gaussian mixtures: Entropy and geometric
inequalities. Preprint. Available at https://arxiv.org/abs/1611.04921.

[10] GRAFAKOS, L. (2004). Classical and Modern Fourier Analysis. Pearson Education, Upper
Saddle River, NJ. MR2449250

[11] INDYK, P. (2001). Algorithmic applications of low-distortion geometric embeddings. In 42nd
IEEE Symposium on Foundations of Computer Science (Las Vegas, NV, 2001) 10–33.
IEEE Computer Soc., Los Alamitos, CA. MR1948692

[12] IVANISVILI, P. and VOLBERG, A. (2015). Bellman partial differential equation and the hill
property for classical isoperimetric problems. Preprint. Available at https://arxiv.org/abs/
1506.03409.

MSC2010 subject classifications. Primary 60D05; secondary 52A21, 52A23.
Key words and phrases. Ehrhard’s inequality, concentration for convex functions, small ball prob-

ability, Johnson–Lindenstrauss lemma.

http://www.imstat.org/aop/
https://doi.org/10.1214/17-AOP1206
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1642391
http://www.ams.org/mathscinet-getitem?mr=0399402
http://www.ams.org/mathscinet-getitem?mr=2030108
http://www.ams.org/mathscinet-getitem?mr=3185193
http://www.ams.org/mathscinet-getitem?mr=3157205
http://www.ams.org/mathscinet-getitem?mr=0661566
http://www.ams.org/mathscinet-getitem?mr=2083308
http://www.ams.org/mathscinet-getitem?mr=0745081
https://arxiv.org/abs/1611.04921
http://www.ams.org/mathscinet-getitem?mr=2449250
http://www.ams.org/mathscinet-getitem?mr=1948692
https://arxiv.org/abs/1506.03409
http://www.ams.org/mathscinet/msc/msc2010.html
https://arxiv.org/abs/1506.03409


[13] JOHNSON, W. B. and LINDENSTRAUSS, J. (1984). Extensions of Lipschitz mappings into a
Hilbert space. In Conference in Modern Analysis and Probability (New Haven, Conn.,
1982). 189–206. Amer. Math. Soc., Providence, RI. MR0737400

[14] JOHNSON, W. B. and NAOR, A. (2010). The Johnson–Lindenstrauss lemma almost character-
izes Hilbert space, but not quite. Discrete Comput. Geom. 43 542–553. MR2587836

[15] KLARTAG, B. and VERSHYNIN, R. (2007). Small ball probability and Dvoretzky’s theorem.
Israel J. Math. 157 193–207. MR2342445

[16] KUSHILEVITZ, E., OSTROVSKY, R. and RABANI, Y. (2000). Efficient search for approximate
nearest neighbor in high dimensional spaces. SIAM J. Comput. 30 457–474. MR1769366
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A VARIATIONAL APPROACH TO DISSIPATIVE SPDES WITH
SINGULAR DRIFT1

BY CARLO MARINELLI AND LUCA SCARPA

University College London

We prove global well-posedness for a class of dissipative semilinear
stochastic evolution equations with singular drift and multiplicative Wiener
noise. In particular, the nonlinear term in the drift is the superposition opera-
tor associated to a maximal monotone graph everywhere defined on the real
line, on which neither continuity nor growth assumptions are imposed. The
hypotheses on the diffusion coefficient are also very general, in the sense that
the noise does not need to take values in spaces of continuous, or bounded,
functions in space and time. Our approach combines variational techniques
with a priori estimates, both pathwise and in expectation, on solutions to reg-
ularized equations.
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STRONG SOLUTIONS TO STOCHASTIC DIFFERENTIAL
EQUATIONS WITH ROUGH COEFFICIENTS
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We study strong existence and pathwise uniqueness for stochastic differ-
ential equations in R

d with rough coefficients, and without assuming uniform
ellipticity for the diffusion matrix. Our approach relies on direct quantitative
estimates on solutions to the SDE, assuming Sobolev bounds on the drift and
diffusion coefficients, and Lp bounds for the solution of the corresponding
Fokker–Planck PDE, which can be proved separately. This allows a great flex-
ibility regarding the method employed to obtain these last bounds. Hence we
are able to obtain general criteria in various cases, including the uniformly
elliptic case in any dimension, the one-dimensional case and the Langevin
(kinetic) case.
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DIMENSIONS OF RANDOM COVERING SETS IN RIEMANN
MANIFOLDS

BY DE-JUN FENG∗,1, ESA JÄRVENPÄÄ†,2, MAARIT JÄRVENPÄÄ†,2 AND

VILLE SUOMALA†,2

Chinese University of Hong Kong∗ and University of Oulu†

Let M, N and K be d-dimensional Riemann manifolds. Assume that A :=
(An)n∈N is a sequence of Lebesgue measurable subsets of M satisfying a
necessary density condition and x := (xn)n∈N is a sequence of independent
random variables, which are distributed on K according to a measure, which
is not purely singular with respect to the Riemann volume. We give a formula
for the almost sure value of the Hausdorff dimension of random covering
sets E(x,A) := lim supn→∞ An(xn) ⊂ N. Here, An(xn) is a diffeomorphic
image of An depending on xn. We also verify that the packing dimensions of
E(x,A) equal d almost surely.
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OPTIMAL SURVIVING STRATEGY FOR DRIFTED BROWNIAN
MOTIONS WITH ABSORPTION

BY WENPIN TANG AND LI-CHENG TSAI1

University of California, Berkeley and Columbia University

We study the “Up the River” problem formulated by Aldous (2002),
where a unit drift is distributed among a finite collection of Brownian par-
ticles on R+, which are annihilated once they reach the origin. Starting
K particles at x = 1, we prove Aldous’ conjecture [Aldous (2002)] that
the “push-the-laggard” strategy of distributing the drift asymptotically (as
K → ∞) maximizes the total number of surviving particles, with approxi-
mately 4√

π

√
K surviving particles. We further establish the hydrodynamic

limit of the particle density, in terms of a two-phase partial differential equa-
tion (PDE) with a moving boundary, by utilizing certain integral identities
and coupling techniques.
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DISCRETISATIONS OF ROUGH STOCHASTIC PDES

BY M. HAIRER1 AND K. MATETSKI

Imperial College London and University of Toronto

We develop a general framework for spatial discretisations of parabolic
stochastic PDEs whose solutions are provided in the framework of the theory
of regularity structures and which are functions in time. As an application,
we show that the dynamical �4

3 model on the dyadic grid converges after
renormalisation to its continuous counterpart. This result in particular implies
that, as expected, the �4

3 measure with a sufficiently small coupling constant
is invariant for this equation and that the lifetime of its solutions is almost
surely infinite for almost every initial condition.
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MULTIDIMENSIONAL SDES WITH SINGULAR DRIFT AND
UNIVERSAL CONSTRUCTION OF THE POLYMER MEASURE

WITH WHITE NOISE POTENTIAL

BY GIUSEPPE CANNIZZARO1 AND KHALIL CHOUK2

University of Warwick and Technische Universität Berlin

We study the existence and uniqueness of solution for stochastic differ-
ential equations with distributional drift by giving a meaning to the Stroock–
Varadhan martingale problem associated to such equations. The approach we
exploit is the one of paracontrolled distributions introduced in (Forum Math.
Pi 3 (2015) e6). As a result, we make sense of the three-dimensional polymer
measure with white noise potential.
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CHAINING, INTERPOLATION AND CONVEXITY II:
THE CONTRACTION PRINCIPLE1

BY RAMON VAN HANDEL

Princeton University

The generic chaining method provides a sharp description of the suprema
of many random processes in terms of the geometry of their index sets. The
chaining functionals that arise in this theory are however notoriously difficult
to control in any given situation. In the first paper in this series, we introduced
a particularly simple method for producing the requisite multiscale geometry
by means of real interpolation. This method is easy to use, but does not always
yield sharp bounds on chaining functionals. In the present paper, we show that
a refinement of the interpolation method provides a canonical mechanism for
controlling chaining functionals. The key innovation is a simple but powerful
contraction principle that makes it possible to efficiently exploit interpolation.
We illustrate the utility of this approach by developing new dimension-free
bounds on the norms of random matrices and on chaining functionals in Ba-
nach lattices. As another application, we give a remarkably short interpola-
tion proof of the majorizing measure theorem that entirely avoids the greedy
construction that lies at the heart of earlier proofs.
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