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THE LANDSCAPE OF THE PLANTED CLIQUE PROBLEM: DENSE
SUBGRAPHS AND THE OVERLAP GAP PROPERTY

BY DAVID GAMARNIK!"? AND ILIAS ZADIK?P

lOperations Research Center, Massachusetts Institute of Technology, ® gamarnik@mit.edu

2Centerfor Data Science, New York University, bzadik@nyu. edu

We study the computational-statistical gap of the planted clique problem,
where a clique of size k is planted in an Erd6s—Rényi graph G (n, %). The goal
is to recover the planted clique vertices by observing the graph. It is known
that the clique can be recovered as long as k > (2 + €) logn for any € > 0,
but no polynomial-time algorithm is known for this task unless k = Q(/n).
Following a statistical-physics inspired point of view, as a way to understand
the nature of this computational-statistical gap, we study the landscape of the
“sufficiently dense” subgraphs of G and their overlap with the planted clique.

Using the first moment method, we present evidence of a phase transi-
tion for the presence of the overlap gap property (OGP) at k = @ (\/n). OGP
is a concept originating in spin glass theory and known to suggest algorith-
mic hardness when it appears. We further prove the presence of the OGP
when k is a small positive power of n, and therefore, for an exponential-in-n
part of the gap, by using a conditional second moment method. As our main
technical tool, we establish the first, to the best of our knowledge, concentra-
tion results for the K-densest subgraph problem for the Erd6s—Rényi model
G(n, %) when K = n%3=¢ for arbitrary € > 0. Our methodology throughout
the paper, is based on a certain form of overparametrization, which is con-
ceptually aligned with a large body of recent work in learning theory and
optimization.
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ASYMPTOTIC BIAS OF INEXACT MARKOV CHAIN MONTE CARLO
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2 Institut fiir Angewandte Mathematik, Universitdt Bonn, beberle @uni-bonn.de

Inexact Markov chain Monte Carlo methods rely on Markov chains that
do not exactly preserve the target distribution. Examples include the unad-
justed Langevin algorithm (ULA) and unadjusted Hamiltonian Monte Carlo
(uHMC). This paper establishes bounds on Wasserstein distances between
the invariant probability measures of inexact MCMC methods and their tar-
get distributions with a focus on understanding the precise dependence of
this asymptotic bias on both dimension and discretization step size. Assum-
ing Wasserstein bounds on the convergence to equilibrium of either the exact
or the approximate dynamics, we show that for both ULA and uHMC, the
asymptotic bias depends on key quantities related to the target distribution
or the stationary probability measure of the scheme. As a corollary, we con-
clude that for models with a limited amount of interactions such as mean-field
models, finite range graphical models, and perturbations thereof, the asymp-
totic bias has a similar dependence on the step size and the dimension as for
product measures.
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We study a generalisation of the random recursive tree (RRT) model and
its multigraph counterpart, the uniform directed acyclic graph (DAG). Here,
vertices are equipped with a random vertex-weight representing initial inho-
mogeneities in the network, so that a new vertex connects to one of the old
vertices with a probability that is proportional to their vertex-weight. We first
identify the asymptotic degree distribution of a uniformly chosen vertex for
a general vertex-weight distribution. For the maximal degree, we distinguish
several classes that lead to different behaviour: For bounded vertex-weights
we obtain results for the maximal degree that are similar to those observed
for RRTs and DAGs. If the vertex-weights have unbounded support, then the
maximal degree has to satisfy the right balance between having a high vertex-
weight and being born early.

For vertex-weights in the Fréchet maximum domain of attraction the first-
order behaviour of the maximal degree is random, while for those in the Gum-
bel maximum domain of attraction the leading order is deterministic. Surpris-
ingly, in the latter case, the second order is random when considering vertices
in a compact window in the optimal region, while it becomes deterministic
when considering all vertices.

REFERENCES

[1] ADDARIO-BERRY, L. and ESLAVA, L. (2018). High degrees in random recursive trees. Random Structures
Algorithms 52 560-575. MR3809688 https://doi.org/10.1002/rsa.20753

[2] ATHREYA, K. B. and KARLIN, S. (1967). Limit theorems for the split times of branching processes. J. Math.
Mech. 17 257-277. MR0216592 https://doi.org/10.1512/ium;j.1968.17.17014

[3] BANERIEE, S. and BHAMIDI, S. (2021). Persistence of hubs in growing random networks. Probab. Theory
Related Fields 180 891-953. MR4288334 https://doi.org/10.1007/s00440-021-01066-0

[4] BINGHAM, N. H., GOLDIE, C. M. and TEUGELS, J. L. (1989). Regular Variation. Encyclopedia of Math-
ematics and Its Applications 27. Cambridge Univ. Press, Cambridge. MR1015093

[5] BorovKkoOVv, K. A. and VATUTIN, V. (2006). Trees with product-form random weights. Discrete Math.
Theor. Comput. Sci..

[6] BOROVKOV, K. A. and VATUTIN, V. A. (2006). On the asymptotic behaviour of random recursive trees in
random environments. Adv. in Appl. Probab. 38 1047-1070. MR2285693 https://doi.org/10.1239/aap/
1165414591

[7] DEREICH, S. and MORTERS, P. (2009). Random networks with sublinear preferential attachment: Degree
evolutions. Electron. J. Probab. 14 1222-1267. MR2511283 https://doi.org/10.1214/EJP.v14-647

[8] DEREICH, S. and ORTGIESE, M. (2014). Robust analysis of preferential attachment models with fitness.
Combin. Probab. Comput. 23 386-411. MR3189418 https://doi.org/10.1017/S0963548314000157

[9] DEVROYE, L. and LU, J. (1995). The strong convergence of maximal degrees in uniform random recur-
sive trees and dags. Random Structures Algorithms 7 1-14. MR1346281 https://doi.org/10.1002/rsa.
3240070102

[10] DRMOTA, M. (2009). Random Trees: An Interplay Between Combinatorics and Probability. SpringerWien-
New York, Vienna. MR2484382 https://doi.org/10.1007/978-3-211-75357-6

MSC2020 subject classifications. Primary 05C80; secondary 60G42.
Key words and phrases. Weighted recursive graph, weighted random recursive tree, random recursive graph,
uniform DAG, maximum degree, degree distribution, random environment.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2041
http://www.imstat.org
https://orcid.org/0000-0001-5624-2410
https://orcid.org/0000-0001-7803-8584
mailto:bas.lodewijks@uni-a.de
mailto:m.ortgiese@bath.ac.uk
https://mathscinet.ams.org/mathscinet-getitem?mr=3809688
https://doi.org/10.1002/rsa.20753
https://mathscinet.ams.org/mathscinet-getitem?mr=0216592
https://doi.org/10.1512/iumj.1968.17.17014
https://mathscinet.ams.org/mathscinet-getitem?mr=4288334
https://doi.org/10.1007/s00440-021-01066-0
https://mathscinet.ams.org/mathscinet-getitem?mr=1015093
https://mathscinet.ams.org/mathscinet-getitem?mr=2285693
https://doi.org/10.1239/aap/1165414591
https://mathscinet.ams.org/mathscinet-getitem?mr=2511283
https://doi.org/10.1214/EJP.v14-647
https://mathscinet.ams.org/mathscinet-getitem?mr=3189418
https://doi.org/10.1017/S0963548314000157
https://mathscinet.ams.org/mathscinet-getitem?mr=1346281
https://doi.org/10.1002/rsa.3240070102
https://mathscinet.ams.org/mathscinet-getitem?mr=2484382
https://doi.org/10.1007/978-3-211-75357-6
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1239/aap/1165414591
https://doi.org/10.1002/rsa.3240070102

(11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]

[19]

(20]

(21]

(22]
(23]
[24]

(25]

[26]
[27]
(28]

[29]

(30]

[31]

EsrLAvA, L., LODEWDKS, B. and ORTGIESE, M. (2023). Fine asymptotics for the maximum degree
in weighted recursive trees with bounded random weights. Stochastic Process. Appl. 158 505-569.
MR4543612 https://doi.org/10.1016/j.spa.2023.01.012

GASTWIRTH, J. L. and BHATTACHARYA, P. K. (1984). Two probability models of pyramid or chain
letter schemes demonstrating that their promotional claims are unreliable. Oper. Res. 32 527-536.
MRO0755999 https://doi.org/10.1287/opre.32.3.527

GOH, W. and SCHMUTZ, E. (2002). Limit distribution for the maximum degree of a random recursive tree.
J. Comput. Appl. Math. 142 61-82. MR1910519 https://doi.org/10.1016/S0377-0427(01)00460-5

GUT, A. (2013). Probability: A Graduate Course, 2nd ed. Springer Texts in Statistics. Springer, New York.
MR2977961 https://doi.org/10.1007/978-1-4614-4708-5

HIESMAYR, E. and ISLAK, U. (2020). Asymptotic results on Hoppe trees and their variations. J. Appl.
Probab. 57 441-457. MR4125458 https://doi.org/10.1017/jpr.2020.12

IYER, T. (2023). Degree distributions in recursive trees with fitnesses. Adv. in Appl. Probab. 55 407-443.
MR4583783 https://doi.org/10.1017/apr.2022.40

JoAG-DEYV, K. and PROSCHAN, F. (1983). Negative association of random variables, with applications.
Ann. Statist. 11 286-295. MR0684886 https://doi.org/10.1214/a0s/1176346079

LODEWUKS, B. (2024). The location of high-degree vertices in weighted recursive graphs with bounded
random weights. Adv. in Appl. Probab. 1-59. https://doi.org/10.1017/apr.2023.52

LODEWIIKS, B. and ORTGIESE, M. (2020). A phase transition for preferential attachment models with
additive fitness. Electron. J. Probab. 25 Paper No. 146, 54 pp. MR4193887 https://doi.org/10.1214/
20-ejp550

MAHMOUD, H. M. (1992). Evolution of Random Search Trees. Wiley-Interscience Series in Discrete Math-
ematics and Optimization. Wiley, New York. MR1140708

MAILLER, C. and URIBE BRAVO, G. (2019). Random walks with preferential relocations and fading mem-
ory: A study through random recursive trees. J. Stat. Mech. Theory Exp. 9 093206, 49 pp. MR4021476
https://doi.org/10.1088/1742-5468/ab081f

MEIR, A. and MOON, J. W. (1988). Recursive trees with no nodes of out-degree one. Congr. Numer. 66
49-62. MR0992887

NA, H. S. and RAPOPORT, A. (1970). Distribution of nodes of a tree by degree. Math. Biosci. 6 313-329.
MRO0278985 https://doi.org/10.1016/0025-5564(70)90071-4

PAIN, M. and SENIZERGUES, D. (2022). Correction terms for the height of weighted recursive trees. Ann.
Appl. Probab. 32 3027-3059. MR4474526 https://doi.org/10.1214/21-aap1756

RESNICK, S. I. (2008). Extreme Values, Regular Variation and Point Processes. Springer Series in Op-
erations Research and Financial Engineering. Springer, New York. Reprint of the 1987 original.
MR2364939

SENIZERGUES, D. (2021). Geometry of weighted recursive and affine preferential attachment trees. Elec-
tron. J. Probab. 26 Paper No. 80, 56 pp. MR4269210 https://doi.org/10.1214/21-ejp640

SMYTHE, R. T. and MAHMOUD, H. M. (1995). A survey of recursive trees. Theory Probab. Math. Statist.
51 1-28.

SZYMANSKI, J. (1990). On the maximum degree and the height of a random recursive tree. In Random
Graphs ’87 (Poznan, 1987) 313-324. Wiley, Chichester. MR1094139

TAKAHASHI, R. (1987). Normalizing constants of a distribution which belongs to the domain of attrac-
tion of the Gumbel distribution. Statist. Probab. Lett. 5 197-200. MR0881196 https://doi.org/10.1016/
0167-7152(87)90039-3

VAN DER HOFSTAD, R. (2016). Random Graphs and Complex Networks 1. Cambridge University Press,
Cambridge.

VAN DER HOFSTAD, R., MORTERS, P. and SIDOROVA, N. (2008). Weak and almost sure limits for
the parabolic Anderson model with heavy tailed potentials. Ann. Appl. Probab. 18 2450-2494.
MR2474543 https://doi.org/10.1214/08- AAP526


https://mathscinet.ams.org/mathscinet-getitem?mr=4543612
https://doi.org/10.1016/j.spa.2023.01.012
https://mathscinet.ams.org/mathscinet-getitem?mr=0755999
https://doi.org/10.1287/opre.32.3.527
https://mathscinet.ams.org/mathscinet-getitem?mr=1910519
https://doi.org/10.1016/S0377-0427(01)00460-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2977961
https://doi.org/10.1007/978-1-4614-4708-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4125458
https://doi.org/10.1017/jpr.2020.12
https://mathscinet.ams.org/mathscinet-getitem?mr=4583783
https://doi.org/10.1017/apr.2022.40
https://mathscinet.ams.org/mathscinet-getitem?mr=0684886
https://doi.org/10.1214/aos/1176346079
https://doi.org/10.1017/apr.2023.52
https://mathscinet.ams.org/mathscinet-getitem?mr=4193887
https://doi.org/10.1214/20-ejp550
https://mathscinet.ams.org/mathscinet-getitem?mr=1140708
https://mathscinet.ams.org/mathscinet-getitem?mr=4021476
https://doi.org/10.1088/1742-5468/ab081f
https://mathscinet.ams.org/mathscinet-getitem?mr=0992887
https://mathscinet.ams.org/mathscinet-getitem?mr=0278985
https://doi.org/10.1016/0025-5564(70)90071-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4474526
https://doi.org/10.1214/21-aap1756
https://mathscinet.ams.org/mathscinet-getitem?mr=2364939
https://mathscinet.ams.org/mathscinet-getitem?mr=4269210
https://doi.org/10.1214/21-ejp640
https://mathscinet.ams.org/mathscinet-getitem?mr=1094139
https://mathscinet.ams.org/mathscinet-getitem?mr=0881196
https://doi.org/10.1016/0167-7152(87)90039-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2474543
https://doi.org/10.1214/08-AAP526
https://doi.org/10.1214/20-ejp550
https://doi.org/10.1016/0167-7152(87)90039-3

The Annals of Applied Probability

2024, Vol. 34, No. 4, 3541-3583
https://doi.org/10.1214/23-AAP2044

© Institute of Mathematical Statistics, 2024

(1]
(2]

(3]
(4]

(5]

(6]
(7]
(8]
(9]
(10]

(11]

(12]

(13]

CYLINDERS’ PERCOLATION: DECOUPLING AND APPLICATIONS

BY CAIO ALVES'"® AND AUGUSTO TEIXEIRAZP

I Mathematics in Computation Section, Oak Ridge National Laboratory, *demagalhaesc @ornl.gov
2IMPA, baugusto@impa‘br

In this paper we establish a strong decoupling inequality for the cylin-
der’s percolation process introduced by Tykesson and Windisch (Probab.
Theory Related Fields 154 (2012) 165-191). This model features a very
strong dependency structure, making it difficult to study, and this is why
such decoupling inequalities are desirable. It is important to notice that the
type of dependencies featured by cylinder’s percolation is particularly intri-
cate, given that the cylinders have infinite range (unlike some models like
Boolean percolation) while at the same time being rigid bodies (unlike pro-
cesses such as random interlacements). Our work introduces a new notion of
fast decoupling, proves that it holds for the model in question and finishes
with an application. More precisely, we prove that for a small enough density
of cylinders, a random walk on a connected component of the vacant set is
transient for all dimensions d > 3.
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We study supercritical spatial SIR epidemics on 7% x {1,2,...,N},
where each site in Z2 represents a village and N stands for the village size.
We establish several asymptotic results as N — oo. In particular, we derive
the probability that the epidemic will last forever if the epidemic is started
by one infected individual. Moreover, we show that, conditional on that the
epidemic lasts forever, the epidemic spreads out linearly in all directions and
derive an explicit formula for the spreading speed. Furthermore, we prove
that the accumulated proportion of infection converges to a number that is
constant over space and find its explicit value. An important message is that
if there is no vaccination, then the accumulated proportion of infection can
be much higher than the vaccination proportion required to prevent sustained
spread of infection.
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The Doeblin graph of a countable state space Markov chain describes the
joint pathwise evolutions of the Markov dynamics starting from all possible
initial conditions, with two paths coalescing when they reach the same point
of the state space at the same time. Its bridge Doeblin subgraph only con-
tains the paths starting from a tagged point of the state space at all possible
times. In the irreducible, aperiodic, and positive recurrent case, the following
results are known: the bridge Doeblin graph is an infinite tree that is unimod-
ularizable. Moreover, it contains a single bi-infinite path which allows one to
build a perfect sample of the stationary state of the Markov chain. The present
paper is focused on the null recurrent case. It is shown that when assuming ir-
reducibility and aperiodicity again, the bridge Doeblin graph is either a single
infinite tree or a forest made of a countable collection of infinite trees. In the
first case, the infinite tree in question has a single end, is not unimodularizable
in general, but is always locally unimodular. These key properties are used to
study the stationary regime of several measure-valued random dynamics on
this bridge Doeblin Tree, which can be seen as pathwise extensions of clas-
sical distributional dynamics associated to the Markov chain. This includes
the taboo random dynamics, which admits as steady state a random measure
with mean measure equal to the invariant measure of the Markov chain, and
the potential random dynamics which admits as steady state a locally finite
random measure, with a mean measure equal to infinity at every point of the
state space. The practical interest of these two random measures is discussed
in the context of perfect sampling.
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Bass and Pardoux (Probab. Theory Related Fields (1987) 76 557-572)
deduce from the Krein—Rutman theorem a reverse ergodic theorem for a sub-
probability transition function, which turns out to be a key tool in proving
uniqueness of reflecting Brownian motion in cones in Kwon and Williams
(Trans. Amer. Math. Soc (1991) 32 739-780) and Taylor and Williams
(Probab. Theory Related Fields (1993) 96 283-317). By a different approach,
we are able to prove an analogous reverse ergodic theorem for a family of in-
homogeneous subprobability transition functions.

This allows us to prove existence and uniqueness for a semimartingale
diffusion process with varying, oblique direction of reflection, in a domain
with one singular point that can be approximated, near the singular point, by
a smooth cone, under natural, easily verifiable geometric conditions.

Along the way we also show that, under our conditions, the parameter o of
Kwon and Williams (1991) is strictly less than 1, thus partially extending the
results of Williams (Z. Warsch. Verw. Gebiete (1985) 69 161-176) to higher
dimension.
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In this paper we address the problem of testing whether two observed
trees (¢, ') are sampled either independently or from a joint distribution under
which they are correlated. This problem, which we refer to as correlation
detection in trees, plays a key role in the study of graph alignment for two
correlated random graphs. Motivated by graph alignment, we investigate the
conditions of existence of one-sided tests, that is, tests which have vanishing
type I error and nonvanishing power in the limit of large tree depth.

For the correlated Galton—Watson model with Poisson offspring of mean
A > 0 and correlation parameter s € (0, 1), we identify a phase transition in
the limit of large degrees at s = /&, where a ~ 0.3383 is Otter’s constant.
Namely, we prove that no such test exists for s < +/a, and that such a test
exists whenever s > /«, for A large enough.

This result sheds new light on the graph alignment problem in the sparse
regime (with O(1) average node degrees) and on the performance of the
MPAlign method studied in (Ganassali, Massoulié and Lelarge (2022),
J. Stat. Mech. Theory Exp. 2022 (2022)), proving in particular the conjecture
of (J. Stat. Mech. Theory Exp. 2022 (2022)) that MPA11ign succeeds in the
partial recovery task for correlation parameter s > /a provided the average
node degree A is large enough.

As a byproduct, we identify a new family of orthogonal polynomials
for the Poisson—Galton—Watson measure which enjoy remarkable properties.
These polynomials may be of independent interest for a variety of problems
involving graphs, trees or branching processes, beyond the scope of graph
alignment.

REFERENCES

BENJAMINI, I. and SCHRAMM, O. (2011). Recurrence of distributional limits of finite planar graphs.
In Selected Works of Oded Schramm 533-545. Springer, New York, NY. https://doi.org/10.1007/
978-1-4419-9675-6_15

BARAK, B., CHOU, C.-N., LEIL, Z., SCHRAMM, T. and SHENG, Y. (2019). (Nearly) efficient algorithms
for the graph matching problem on correlated random graphs. In Advances in Neural Information Pro-
cessing Systems (H. Wallach, H. Larochelle, A. Beygelzimer, F. D’ Alché-Buc, E. Fox and R. Garnett,
eds.). 32. Curran Associates, Red Hook.

BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Probabil-
ity and Statistics: Probability and Statistics. Wiley, New York. A Wiley-Interscience Publication.
MRMR1700749 (2000e:60008).

CHo1, K. and GOMEZ, S. M. (2009). Comparison of phylogenetic trees through alignment of embedded
evolutionary distances. BMC Bioinform. 10 423. https://doi.org/10.1186/1471-2105-10-423

CHUNG, K. L. (2001). A Course in Probability Theory, 3rd ed. Academic Press, San Diego.

CULLINA, D. and KI1YAVASH, N. (2017). Exact alignment recovery for correlated Erd6s—Rényi graphs.
Available at arXiv:1711.06783.

CULLINA, D., K1YyAvasH, N., MITTAL, P. and POOR, H. V. (2019). Partial recovery of Erdds—Rényi
graph alignment via k-core alignment. Proc. ACM Meas. Anal. Comput. Syst. 3. https://doi.org/10.
1145/3366702

MSC2020 subject classifications. Primary 05C80, 05C85; secondary 62F03, 68R0S5.
Key words and phrases. Random graphs, hypothesis testing, combinatorics, statistical inference.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2048
http://www.imstat.org
mailto:luca.ganassali@inria.fr
mailto:laurent.massoulie@inria.fr
mailto:guilhem.semerjian@phys.ens.fr
https://doi.org/10.1007/978-1-4419-9675-6_15
https://doi.org/10.1186/1471-2105-10-423
http://arxiv.org/abs/1711.06783
https://doi.org/10.1145/3366702
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-1-4419-9675-6_15
https://doi.org/10.1145/3366702

(8]
(91

[10]

[11]

[12]

[13]
[14]

[15]

[16]

(7]

[18]

[19]
[20]

(21]
[22]

(23]
[24]

[25]

DING, J. and Du, H. (2022). Matching recovery threshold for correlated random graphs. Available at
arXiv:2205.14650. https://doi.org/10.48550/ARXIV.2205.14650

DING, J. and Du, H. (2023). Detection threshold for correlated Erd6s—Rényi graphs via densest subgraph.
IEEE Trans. Inf. Theory 69 5289-5298. https://doi.org/10.1109/TIT.2023.3265009

FAN, Z., Mao, C., Wu, Y. and XU, J. (2020). Spectral graph matching and regularized quadratic re-
laxations: Algorithm and theory. In Proceedings of the 37th International Conference on Machine
Learning (H. D. III and A. Singh, eds.). Proceedings of Machine Learning Research 119 2985-2995.
PMLR.

GANASSALI, L. and MASSOULIE, L. (2020). From tree matching to sparse graph alignment. In Proceedings
of Machine Learning Research (J. Abernethy and S. Agarwal, eds.) 125 1633-1665. PMLR.

GANASSALI, L., MASSOULIE, L. and LELARGE, M. (2021). Impossibility of partial recovery in the graph
alignment problem. In Proceedings of Machine Learning Research (M. Belkin and S. Kpotufe, eds.)
134 2080-2102. PMLR.

GANASSALI, L., MASSOULIE, L. and LELARGE, M. (2022). Correlation detection in trees for planted
graph alignment. Available at arXiv:2107.07623.

HALL, G. and MASSOULIE, L. (2023). Partial recovery in the graph alignment problem. Oper. Res. 71
259-272. https://doi.org/10.1287/opre.2022.2355

KUNISKY, D., WEIN, A. S. and BANDEIRA, A. S. (2019). Notes on computational hardness of hy-
pothesis testing: Predictions using the low-degree likelihood ratio. Available at arXiv:1907.11636.
https://doi.org/10.48550/ARXIV.1907.11636

Mao, C., Wu, Y, XU, J. and YU, S. H. (2021). Testing network correlation efficiently via counting trees.
Available at arXiv:2110.11816. https://doi.org/10.48550/ARXIV.2110.11816

Mao, C., Wu, Y, XU, J. and YU, S. H. (2023). Random graph matching at Otter’s threshold via counting
chandeliers. In Proceedings of the 55th Annual ACM Symposium on Theory of Computing. STOC 2023
1345-1356. Assoc. Comput. Mach., New York, NY, USA. https://doi.org/10.1145/3564246.3585156

MICHELI, A. and ROSSIN, D. (2006). Edit distance between unlabeled ordered trees. RAIRO Theor. Inform.
Appl. 40 593-609. Algorithmique et Combinatoire.

OTTER, R. (1948). The number of trees. Ann. of Math. (2) 49 583-599.

PiccIoLl, G., SEMERJIAN, G., SICURO, G. and ZDEBOROVA, L. (2022). Aligning random graphs with a
sub-tree similarity message-passing algorithm. J. Stat. Mech. Theory Exp. 2022 063401.

POLYANSKIY, Y. and WU, Y. (2012-2017). Lecture notes on information theory.

Wu, C.-S. and HUANG, G.-S. (2010). A metric for rooted trees with unlabeled vertices based on nested
parentheses. Theoret. Comput. Sci. 411 3923-3931. https://doi.org/10.1016/j.tcs.2010.08.003

Wu, Y., XU, J. and YU, S. H. (2021). Settling the sharp reconstruction thresholds of random graph match-
ing. Available at arXiv:2102.00082.

Wu, Y, XU, J. and YU, S. H. (2023). Testing correlation of unlabeled random graphs. Ann. Appl. Probab.
33 2519-2558. https://doi.org/10.1214/22- AAP1786

ZENG, J. (1992). Weighted derangements and the linearization coefficients of orthogonal Sheffer polyno-
mials. Proc. Lond. Math. Soc. 65 1-22.


http://arxiv.org/abs/2205.14650
https://doi.org/10.48550/ARXIV.2205.14650
https://doi.org/10.1109/TIT.2023.3265009
http://arxiv.org/abs/2107.07623
https://doi.org/10.1287/opre.2022.2355
http://arxiv.org/abs/1907.11636
https://doi.org/10.48550/ARXIV.1907.11636
http://arxiv.org/abs/2110.11816
https://doi.org/10.48550/ARXIV.2110.11816
https://doi.org/10.1145/3564246.3585156
https://doi.org/10.1016/j.tcs.2010.08.003
http://arxiv.org/abs/2102.00082
https://doi.org/10.1214/22-AAP1786

The Annals of Applied Probability

2024, Vol. 34, No. 4, 3735-3780
https://doi.org/10.1214/24-AAP2049

© Institute of Mathematical Statistics, 2024

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]

(11]

A PHASE TRANSITION IN ARROW’S THEOREM WITH THREE
ALTERNATIVES

BY FREDERIC KOEHLER!* AND ELCHANAN MOSSEL%?

lDepartment of Statistics and Data Science Institute, University of Chicago, 2fkoehler@uchicago.edu
2Department of Mathematics, Massachusetts Institute of Technology, belmos@mit.edu

Arrow’s theorem concerns a fundamental problem in social choice the-
ory: given the individual preferences of members of a group, how can they
be aggregated to form rational group preferences? Arrow showed that in an
election between three or more candidates, there are situations where any vot-
ing rule satisfying a small list of natural “fairness” axioms must produce an
apparently irrational intransitive outcome. Furthermore, quantitative versions
of Arrow’s theorem in the literature show that when voters choose rankings
in an i.i.d. fashion, the outcome is intransitive with nonnegligible probability.

It is natural to ask if such a quantitative version of Arrow’s theorem holds
for non-i.i.d. models. To answer this question, we study Arrow’s theorem
under a natural non-i.i.d. model of voters inspired by canonical models in
statistical physics; indeed, a version of this model was previously introduced
by Raffaelli and Marsili in the physics literature. This model has a parame-
ter, temperature, that prescribes the correlation between different voters. We
show that the behavior of Arrow’s theorem in this model of an election with
three alternatives undergoes a striking phase transition: in the entire high tem-
perature regime of the model, a quantitative Arrow’s theorem holds showing
that the probability of paradox for any voting rule satisfying the axioms is
nonnegligible; this is tight because the probability of paradox under pair-
wise majority goes to zero when approaching the critical temperature, and
becomes exponentially small in the number of voters beyond it. We prove
this occurs in another natural model of correlated voters and conjecture this
phenomena is quite general.
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Sourav Chatterjee, Persi Diaconis, Allan Sly, and Lingfu Zhang (Ann.
Probab. 50 (2022) 1-17), prompted by a question of Ramis Movassagh, re-
newed the study of a process proposed in the early 1980s by Jean Bour-
gain. A state vector v € R”, labeled with the vertices of a connected graph,
G, changes in discrete time steps following the simple rule that at each
step a random edge (i, j) is picked and v; and v; are both replaced by
their average (v; + v;)/2. It is easy to see that the value associated with
each vertex converges to Z?:l v;/n. The question focused on understand-
ing the time denoted as # j, which represents how quickly will v be e-
close to uniform in the L' norm in the case of the complete graph, K,
when v is initialized as a standard basis vector that takes the value 1 on
one coordinate, and zeros everywhere else. They have established a sharp
cutoff of 21;Tnlogn + O(n+/logn). Our main result is to prove, that

g];g%nlogn — O(n) is a general lower bound for all connected graphs on

n nodes. We also get sharp magnitude of 7. | for several important families
of graphs, including star, expander, dumbbell, and cycle. In order to estab-
lish our results we make several observations about the process, such as the
worst case initialization is always a standard basis vector. Our results add
to the body of work of (J. Theoret. Probab. 2 (1989) 91-100; Probab. Surv.
9 (2012) 90-102; Ann. Appl. Probab. 33 (2023) 936-971; Math. Methods
Appl. Sci. 46 (2023) 3583-3596; SIAM J. Control Optim. 48 (2009) 33-55),
and others. The renewed interest is partly due to an analogy to a question
related to the Google’s supremacy circuit. For the proof of our main theo-
rem we employ a concept that we call augmented entropy function which
may find independent interest in the probability theory and computer science
communities.
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We examine two analytical characterisation of the metastable behavior
of a sequence of Markov chains. The first one expressed in terms of its tran-
sition probabilities, and the second one in terms of its large deviations rate
functional.

Consider a sequence of continuous-time Markov chains (X;n) 1t >0)
evolving on a fixed finite state space V. Under a hypothesis on the jump

rates, we prove the existence of time-scales 0,(,p ) and probability measures

with disjoint supports n(.p), J € Sp, 1 < p <4q, such that (a) 9,51) — 00,

J
O,Ek_H) / Q,Sk) — 00, (b) forall p, x € V, t > 0, starting from x, the distribution

of X (;'() ) converges, as n — 00, to a convex combination of the probability
160p

measures n](-p ) The weights of the convex combination naturally depend on
x and t.

Let .#, be the level two large deviations rate functional for X t("), as
t — oo. Under the same hypothesis on the jump rates and assuming, fur-
thermore, that the process is reversible, we prove that .%, can be written

as S =950 4 lepsq(l/e,gp))f(p) for some rate functionals .#(P)

which take finite values only at convex combinations of the measures nj(.p ).

P (1) < o if, and only if, = Y jes, a)jrrl(-p ) for some probability mea-
sure w in Sp.
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In this paper we prove the first quantitative convergence rates for the
graph infinity Laplace equation for length scales at the connectivity thresh-
old. In the graph-based semisupervised learning community this equation is
also known as Lipschitz learning. The graph infinity Laplace equation is char-
acterized by the metric on the underlying space, and convergence rates fol-
low from convergence rates for graph distances. At the connectivity thresh-
old, this problem is related to Euclidean first passage percolation, which is
concerned with the Euclidean distance function dj, (x, y) on a homogeneous
Poisson point process on RY, where admissible paths have step size at most
h > 0. Using a suitable regularization of the distance function and subadditiv-
ity we prove that dj (0, se1)/s — o as s — oo almost surely where o > 1 is
a dimensional constant and g = log(s)l/ d A convergence rate is not avail-
able due to a lack of approximate superadditivity when kg — oo. Instead, we
prove convergence rates for the ratio % — % when £ is frozen and
does not depend on s. Combining this with the techniques that we developed
in (IMA J. Numer. Anal. 43 (2023) 2445-2495), we show that this notion
of ratio convergence is sufficient to establish uniform convergence rates for
solutions of the graph infinity Laplace equation at percolation length scales.

REFERENCES

ALEXANDER, K. S. (1993). A note on some rates of convergence in first-passage percolation. Ann. Appl.
Probab. 3 81-90. MR1202516

] ALEXANDER, K. S. (2011). Subgaussian rates of convergence of means in directed first passage percolation.

ARMSTRONG, S. and CARDALIAGUET, P. (2018). Stochastic homogenization of quasilinear Hamilton—
Jacobi equations and geometric motions. J. Eur. Math. Soc. (JEMS) 20 797-864. MR3779686
https://doi.org/10.4171/JEMS/777

ARMSTRONG, S. and DARIO, P. (2018). Elliptic regularity and quantitative homogenization on percolation
clusters. Comm. Pure Appl. Math. 71 1717-1849. MR3847767 https://doi.org/10.1002/cpa.21726

ARMSTRONG, S., Kuusi, T. and MOURRAT, J.-C. (2017). The additive structure of elliptic homogeniza-
tion. Invent. Math. 208 999-1154. MR3648977 https://doi.org/10.1007/s00222-016-0702-4

ARMSTRONG, S., Kuusi, T. and MOURRAT, J.-C. (2019). Quantitative Stochastic Homogeniza-
tion and Large-Scale Regularity. Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences] 352. Springer, Cham. MR3932093 https://doi.org/10.1007/
978-3-030-15545-2

ARMSTRONG, S. N. and SMART, C. K. (2012). A finite difference approach to the infinity Laplace equation
and tug-of-war games. Trans. Amer. Math. Soc. 364 595-636. MR2846345 https://doi.org/10.1090/
S0002-9947-2011-05289-X

ARMSTRONG, S. N. and SMART, C. K. (2016). Quantitative stochastic homogenization of convex integral
functionals. Ann. Sci. Ec. Norm. Supér. (4) 49 423-481. MR3481355 https://doi.org/10.24033/asens.
2287

ARONSSON, G., CRANDALL, M. G. and JUUTINEN, P. (2004). A tour of the theory of absolutely min-
imizing functions. Bull. Amer. Math. Soc. (N.S.) 41 439-505. MR2083637 https://doi.org/10.1090/
S0273-0979-04-01035-3

MSC2020 subject classifications. Primary 35R02, 65N12, 60K35; secondary 60F10, 60G44, 68T05.
Key words and phrases. First-passage percolation, Poisson point process, concentration of measure, graph in-
finity Laplacian, Lipschitz learning, graph-based semisupervised learning.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/24-AAP2052
http://www.imstat.org
https://orcid.org/0000-0002-6554-9892
https://orcid.org/0000-0002-9829-4128
https://orcid.org/0000-0001-8440-2928
mailto:leon.bungert@uni-wuerzburg.de
mailto:jwcalder@umn.edu
mailto:tim.roith@desy.de
https://mathscinet.ams.org/mathscinet-getitem?mr=1202516
https://mathscinet.ams.org/mathscinet-getitem?mr=3779686
https://doi.org/10.4171/JEMS/777
https://mathscinet.ams.org/mathscinet-getitem?mr=3847767
https://doi.org/10.1002/cpa.21726
https://mathscinet.ams.org/mathscinet-getitem?mr=3648977
https://doi.org/10.1007/s00222-016-0702-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3932093
https://doi.org/10.1007/978-3-030-15545-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2846345
https://doi.org/10.1090/S0002-9947-2011-05289-X
https://mathscinet.ams.org/mathscinet-getitem?mr=3481355
https://doi.org/10.24033/asens.2287
https://mathscinet.ams.org/mathscinet-getitem?mr=2083637
https://doi.org/10.1090/S0273-0979-04-01035-3
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-3-030-15545-2
https://doi.org/10.1090/S0002-9947-2011-05289-X
https://doi.org/10.24033/asens.2287
https://doi.org/10.1090/S0273-0979-04-01035-3

(10]
(11]
(12]

(13]

(14]
[15]

(16]

(17]
(18]
(19]
[20]
[21]

(22]

(23]

(24]

[25]

[26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]

[34]

(35]

AUFFINGER, A., DAMRON, M. and HANSON, J. (2017). 50 Years of First-Passage Percolation. University
Lecture Series 68. Amer. Math. Soc., Providence, RI. MR3729447 https://doi.org/10.1090/ulect/068

BARLES, G. and SOUGANIDIS, P. E. (1991). Convergence of approximation schemes for fully nonlinear
second order equations. Asymptot. Anal. 4 271-283. MR1115933

BOLLOBAS, B. and BRIGHTWELL, G. (1992). The height of a random partial order: Concentration of
measure. Ann. Appl. Probab. 2 1009-1018. MR1189428

BRAIDES, A. and CAROCCIA, M. (2023). Asymptotic behavior of the Dirichlet energy on Poisson
point clouds. J. Nonlinear Sci. 33 Paper No. 80, 57 pp. MR4617151 https://doi.org/10.1007/
s00332-023-09937-7

BROADBENT, S. R. and HAMMERSLEY, J. M. (1957). Percolation processes. I. Crystals and mazes. Proc.
Camb. Philos. Soc. 53 629-641. MR0091567 https://doi.org/10.1017/s0305004100032680

BUNGERT, L., CALDER, J. and ROITH, T. (2023). Uniform convergence rates for Lipschitz learning on
graphs. IMA J. Numer. Anal. 43 2445-2495. MR4621850 https://doi.org/10.1093/imanum/drac048

BUNGERT, L., CALDER, J. and ROITH, T. (2024). Supplement to “Ratio convergence rates for Eu-
clidean first-passage percolation: Applications to the graph infinity Laplacian.” https://doi.org/10.1214/
24- AAP2052SUPPA, https://doi.org/10.1214/24- AAP2052SUPPB

CALDER, J. (2019). The game theoretic p-Laplacian and semi-supervised learning with few labels. Nonlin-
earity 32 301-330. MR3893728 https://doi.org/10.1088/1361-6544/aae949

CALDER, J. (2019). Consistency of Lipschitz learning with infinite unlabeled data and finite labeled data.
SIAM J. Math. Data Sci. 1 780-812. MR4039189 https://doi.org/10.1137/18M 1199241

CALDER, J. (2020). The calculus of variations.

CALDER, J., COOK, B., THORPE, M. and SLEPCEV, D. (2020). Poisson learning: Graph based semi-
supervised learning at very low label rates. In Proceedings of the 37th International Conference on
Machine Learning 119 1306-1316. PMLR .

CALDER, J. and ETTEHAD, M. (2022). Hamilton—Jacobi equations on graphs with applications to semi-
supervised learning and data depth. J. Mach. Learn. Res. 23 Paper No. [318], 62 pp. MR4577757
CALDER, J. and GARCIA TRILLOS, N. (2022). Improved spectral convergence rates for graph Laplacians on
e-graphs and k-NN graphs. Appl. Comput. Harmon. Anal. 60 123—175. MR4393800 https://doi.org/10.

1016/j.acha.2022.02.004

CALDER, J., GARCIA TRILLOS, N. and LEWICKA, M. (2022). Lipschitz regularity of graph Laplacians
on random data clouds. SIAM J. Math. Anal. 54 1169-1222. MR4384039 https://doi.org/10.1137/
20M1356610

CALDER, J. and SLEPCEV, D. (2020). Properly-weighted graph Laplacian for semi-supervised learning.
Appl. Math. Optim. 82 1111-1159. MR4167693 https://doi.org/10.1007/s00245-019-09637-3

CALDER, J., SLEPCEV, D. and THORPE, M. (2023). Rates of convergence for Laplacian semi-supervised
learning with low labeling rates. Res. Math. Sci. 10 Paper No. 10, 42 pp. MR4548608 https://doi.org/10.
1007/s40687-022-00371-x

CALDER, J. and SMART, C. K. (2020). The limit shape of convex hull peeling. Duke Math. J. 169 2079—
2124. MR4132581 https://doi.org/10.1215/00127094-2020-0013

CAROCCIA, M. (2023). A compactness theorem for functions on Poisson point clouds. Nonlinear Anal. 231
Paper No. 113032, 18 pp. MR4575699 https://doi.org/10.1016/j.na.2022.113032

COOK, B. and CALDER, J. (2022). Rates of convergence for the continuum limit of nondominated sorting.
SIAM J. Math. Anal. 54 872-911. MR4376298 https://doi.org/10.1137/20M 1344901

Cox, J. T. (1980). The time constant of first-passage percolation on the square lattice. Adv. in Appl. Probab.
12 864-879. MR0588407 https://doi.org/10.2307/1426745

Cox, J. T. and DURRETT, R. (1981). Some limit theorems for percolation processes with necessary and
sufficient conditions. Ann. Probab. 9 583-603. MR0624685

Cox, J. T. and KESTEN, H. (1981). On the continuity of the time constant of first-passage percolation. J.
Appl. Probab. 18 809-819. MR0633228 https://doi.org/10.1017/s0021900200034161

DARIO, P. and GU, C. (2021). Quantitative homogenization of the parabolic and elliptic Green’s functions
on percolation clusters. Ann. Probab. 49 556-636. MR4255127 https://doi.org/10.1214/20-aop1456

DEL TESO, F. and LINDGREN, E. (2022). A finite difference method for the variational p-Laplacian. J. Sci.
Comput. 90 Paper No. 67, 31 pp. MR4358715 https://doi.org/10.1007/s10915-021-01745-z

DEL TESO, F., MANFREDI, J. J. and PARVIAINEN, M. (2022). Convergence of dynamic programming
principles for the p-Laplacian. Adv. Calc. Var. 15 191-212. MR4399821 https://doi.org/10.1515/
acv-2019-0043

DiAz, J., MITSCHE, D., PERARNAU, G. and PEREZ-GIMENEZ, X. (2016). On the relation between graph
distance and Euclidean distance in random geometric graphs. Adv. in Appl. Probab. 48 848-864.
MR3568895 https://doi.org/10.1017/apr.2016.31


https://mathscinet.ams.org/mathscinet-getitem?mr=3729447
https://doi.org/10.1090/ulect/068
https://mathscinet.ams.org/mathscinet-getitem?mr=1115933
https://mathscinet.ams.org/mathscinet-getitem?mr=1189428
https://mathscinet.ams.org/mathscinet-getitem?mr=4617151
https://doi.org/10.1007/s00332-023-09937-7
https://mathscinet.ams.org/mathscinet-getitem?mr=0091567
https://doi.org/10.1017/s0305004100032680
https://mathscinet.ams.org/mathscinet-getitem?mr=4621850
https://doi.org/10.1093/imanum/drac048
https://doi.org/10.1214/24-AAP2052SUPPA
https://doi.org/10.1214/24-AAP2052SUPPB
https://mathscinet.ams.org/mathscinet-getitem?mr=3893728
https://doi.org/10.1088/1361-6544/aae949
https://mathscinet.ams.org/mathscinet-getitem?mr=4039189
https://doi.org/10.1137/18M1199241
https://mathscinet.ams.org/mathscinet-getitem?mr=4577757
https://mathscinet.ams.org/mathscinet-getitem?mr=4393800
https://doi.org/10.1016/j.acha.2022.02.004
https://mathscinet.ams.org/mathscinet-getitem?mr=4384039
https://doi.org/10.1137/20M1356610
https://mathscinet.ams.org/mathscinet-getitem?mr=4167693
https://doi.org/10.1007/s00245-019-09637-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4548608
https://doi.org/10.1007/s40687-022-00371-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4132581
https://doi.org/10.1215/00127094-2020-0013
https://mathscinet.ams.org/mathscinet-getitem?mr=4575699
https://doi.org/10.1016/j.na.2022.113032
https://mathscinet.ams.org/mathscinet-getitem?mr=4376298
https://doi.org/10.1137/20M1344901
https://mathscinet.ams.org/mathscinet-getitem?mr=0588407
https://doi.org/10.2307/1426745
https://mathscinet.ams.org/mathscinet-getitem?mr=0624685
https://mathscinet.ams.org/mathscinet-getitem?mr=0633228
https://doi.org/10.1017/s0021900200034161
https://mathscinet.ams.org/mathscinet-getitem?mr=4255127
https://doi.org/10.1214/20-aop1456
https://mathscinet.ams.org/mathscinet-getitem?mr=4358715
https://doi.org/10.1007/s10915-021-01745-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4399821
https://doi.org/10.1515/acv-2019-0043
https://mathscinet.ams.org/mathscinet-getitem?mr=3568895
https://doi.org/10.1017/apr.2016.31
https://doi.org/10.1007/s00332-023-09937-7
https://doi.org/10.1214/24-AAP2052SUPPA
https://doi.org/10.1016/j.acha.2022.02.004
https://doi.org/10.1137/20M1356610
https://doi.org/10.1007/s40687-022-00371-x
https://doi.org/10.1515/acv-2019-0043

(36]
(37]

(38]

(39]

[40]

[41]

[42]

[43]

[44]

[45]
[46]
[47]
(48]

[49]

[50]
[51]
[52]

[53]

[54]

[55]

[56]
[57]
(58]
[59]

[60]

DUNBAR, O. R., ELLIOTT, C. M. and KREUSSER, L. M. (2022). Models for information propagation on
graphs. Preprint. Available at arXiv:2201.07577.

E, W., L1, T. and VANDEN-EINDEN, E. (2019). Applied Stochastic Analysis. Graduate Studies in Mathe-
matics 199. Amer. Math. Soc., Providence, RI. MR3932086 https://doi.org/10.1090/gsm/199

FADILL, J., FORCADEL, N., NGUYEN, T. T. and ZANTOUT, R. (2023). Limits and consistency of nonlocal
and graph approximations to the Eikonal equation. IMA J. Numer. Anal. 43 3685-3728. MR4673672
https://doi.org/10.1093/imanum/drac082

FRIEDRICH, T., SAUERWALD, T. and STAUFFER, A. (2013). Diameter and broadcast time of random ge-
ometric graphs in arbitrary dimensions. Algorithmica 67 65-88. MR3072817 https://doi.org/10.1007/
s00453-012-9710-y

GARCIA TRILLOS, N., SLEPCEV, D., VON BRECHT, J., LAURENT, T. and BRESSON, X. (2016). Consis-
tency of Cheeger and ratio graph cuts. J. Mach. Learn. Res. 17 Paper No. 181, 46 pp. MR3567449

GROISMAN, P., JONCKHEERE, M. and SAPIENZA, F. (2022). Nonhomogeneous Euclidean first-passage
percolation and distance learning. Bernoulli 28 255-276. MR4337705 https://doi.org/10.3150/
21-bej1341

HAFIENE, Y., FADILI, J. M. and ELMOATAZ, A. (2019). Continuum limits of nonlocal p-Laplacian varia-
tional problems on graphs. SIAM J. Imaging Sci. 12 1772—1807. MR4025770 https://doi.org/10.1137/
18M1223927

HAMMERSLEY, J. M. and WELSH, D. J. A. (1965). First-passage percolation, subadditive processes,
stochastic networks, and generalized renewal theory. In Proc. Internat. Res. Semin., Statist. Lab., Univ.
California, Berkeley, Calif., 1963 61-110. Springer, New York. MR0198576

HirscH, C., NEUHAUSER, D., GLOAGUEN, C. and SCHMIDT, V. (2015). First passage percolation on
random geometric graphs and an application to shortest-path trees. Adv. in Appl. Probab. 47 328-354.
MR3360380 https://doi.org/10.1239/aap/1435236978

HowARD, C. D. and NEWMAN, C. M. (1997). Euclidean models of first-passage percolation. Probab.
Theory Related Fields 108 153-170. MR1452554 https://doi.org/10.1007/s004400050105

HOwARD, C. D. and NEWMAN, C. M. (2001). Geodesics and spanning trees for Euclidean first-passage
percolation. Ann. Probab. 29 577-623. MR1849171 https://doi.org/10.1214/a0p/1008956685

HWANG, S. J., DAMELIN, S. B. and HERO, A. O. III (2016). Shortest path through random points. Ann.
Appl. Probab. 26 2791-2823. MR3563194 https://doi.org/10.1214/15-AAP1162

KESTEN, H. (1981). Percolation theory for mathematicians. Nieuw Arch. Wiskd. (3) 29 227-239.
MR0643930

KESTEN, H. (1986). Aspects of first passage percolation. In Ecole D’été de Probabilités de Saint-Flour,
XIV—1984. Lecture Notes in Math. 1180 125-264. Springer, Berlin. MR0876084 https://doi.org/10.
1007/BFb0074919

KESTEN, H. (1993). On the speed of convergence in first-passage percolation. Ann. Appl. Probab. 3 296—
338. MR1221154

KINGMAN, J. F. C. (1993). Poisson Processes. Oxford Studies in Probability 3. The Clarendon Press, New
York. MR1207584

L1, W. and SALGADO, A. J. (2022). Convergent, with rates, methods for normalized infinity Laplace, and
related, equations. Preprint. Available at arXiv:2209.06109.

LITTLE, A., MCKENZIE, D. and MURPHY, J. M. (2022). Balancing geometry and density: Path distances
on high-dimensional data. SIAM J. Math. Data Sci. 4 72-99. MR4368991 https://doi.org/10.1137/
20M1386657

OBERMAN, A. M. (2005). A convergent difference scheme for the infinity Laplacian: Construction of abso-
lutely minimizing Lipschitz extensions. Math. Comp. 74 1217-1230. MR2137000 https://doi.org/10.
1090/S0025-5718-04-01688-6

OBERMAN, A. M. (2006). Convergent difference schemes for degenerate elliptic and parabolic equa-
tions: Hamilton—Jacobi equations and free boundary problems. SIAM J. Numer. Anal. 44 879-895.
MR2218974 https://doi.org/10.1137/S0036142903435235

OBERMAN, A. M. (2013). Finite difference methods for the infinity Laplace and p-Laplace equations.
J. Comput. Appl. Math. 254 65-80. MR3061067 https://doi.org/10.1016/j.cam.2012.11.023

PIMENTEL, L. P. R. (2011). Asymptotics for first-passage times on Delaunay triangulations. Combin.
Probab. Comput. 20 435-453. MR2784636 https://doi.org/10.1017/S0963548310000477

RoITH, T. and BUNGERT, L. (2023). Continuum limit of Lipschitz learning on graphs. Found. Comput.
Math. 23 393-431. MR4568195 https://doi.org/10.1007/s10208-022-09557-9

SERAFINI, H. C. (1997). First-passage percolation on the Delaunay graph of a d-dimensional Poisson pro-
cess. New York University.

SLEPCEV, D. and THORPE, M. (2019). Analysis of p-Laplacian regularization in semisupervised learning.
SIAM J. Math. Anal. 51 2085-2120. MR3953458 https://doi.org/10.1137/17M115222X


http://arxiv.org/abs/2201.07577
https://mathscinet.ams.org/mathscinet-getitem?mr=3932086
https://doi.org/10.1090/gsm/199
https://mathscinet.ams.org/mathscinet-getitem?mr=4673672
https://doi.org/10.1093/imanum/drac082
https://mathscinet.ams.org/mathscinet-getitem?mr=3072817
https://doi.org/10.1007/s00453-012-9710-y
https://mathscinet.ams.org/mathscinet-getitem?mr=3567449
https://mathscinet.ams.org/mathscinet-getitem?mr=4337705
https://doi.org/10.3150/21-bej1341
https://mathscinet.ams.org/mathscinet-getitem?mr=4025770
https://doi.org/10.1137/18M1223927
https://mathscinet.ams.org/mathscinet-getitem?mr=0198576
https://mathscinet.ams.org/mathscinet-getitem?mr=3360380
https://doi.org/10.1239/aap/1435236978
https://mathscinet.ams.org/mathscinet-getitem?mr=1452554
https://doi.org/10.1007/s004400050105
https://mathscinet.ams.org/mathscinet-getitem?mr=1849171
https://doi.org/10.1214/aop/1008956685
https://mathscinet.ams.org/mathscinet-getitem?mr=3563194
https://doi.org/10.1214/15-AAP1162
https://mathscinet.ams.org/mathscinet-getitem?mr=0643930
https://mathscinet.ams.org/mathscinet-getitem?mr=0876084
https://doi.org/10.1007/BFb0074919
https://mathscinet.ams.org/mathscinet-getitem?mr=1221154
https://mathscinet.ams.org/mathscinet-getitem?mr=1207584
http://arxiv.org/abs/2209.06109
https://mathscinet.ams.org/mathscinet-getitem?mr=4368991
https://doi.org/10.1137/20M1386657
https://mathscinet.ams.org/mathscinet-getitem?mr=2137000
https://doi.org/10.1090/S0025-5718-04-01688-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2218974
https://doi.org/10.1137/S0036142903435235
https://mathscinet.ams.org/mathscinet-getitem?mr=3061067
https://doi.org/10.1016/j.cam.2012.11.023
https://mathscinet.ams.org/mathscinet-getitem?mr=2784636
https://doi.org/10.1017/S0963548310000477
https://mathscinet.ams.org/mathscinet-getitem?mr=4568195
https://doi.org/10.1007/s10208-022-09557-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3953458
https://doi.org/10.1137/17M115222X
https://doi.org/10.1007/s00453-012-9710-y
https://doi.org/10.3150/21-bej1341
https://doi.org/10.1137/18M1223927
https://doi.org/10.1007/BFb0074919
https://doi.org/10.1137/20M1386657
https://doi.org/10.1090/S0025-5718-04-01688-6

[61] SMART, C. K. (2010). On the infinity Laplacian and Hrushovski’s fusion. PhD thesis, UC Berkeley.
MR2941545

[62] SMYTHE, R. T. and WIERMAN, J. C. (2006). First-Passage Percolation on the Square Lattice. Lecture
Notes in Math. 671. Springer, Berlin. MR0513421

[63] Yao, C.-L., CHEN, G. and GuoO, T.-D. (2011). Large deviations for the graph distance in supercrit-
ical continuum percolation. J. Appl. Probab. 48 154—172. MR2809893 https://doi.org/10.1239/jap/
1300198142

[64] ZHU, X., GHAHRAMANI, Z. and LAFFERTY, J. D. (2003). Semi-supervised learning using Gaussian fields
and harmonic functions. In Proceedings of the 20th International Conference on Machine Learning
(ICML-03) 912-919.


https://mathscinet.ams.org/mathscinet-getitem?mr=2941545
https://mathscinet.ams.org/mathscinet-getitem?mr=0513421
https://mathscinet.ams.org/mathscinet-getitem?mr=2809893
https://doi.org/10.1239/jap/1300198142
https://doi.org/10.1239/jap/1300198142

The Annals of Applied Probability

2024, Vol. 34, No. 4, 3911-3942
https://doi.org/10.1214/24-AAP2054

© Institute of Mathematical Statistics, 2024

THE FROG MODEL ON GALTON-WATSON TREES

BY MARCUS MICHELEN?® AND JOSH ROSENBERGP

Department of Mathematics, Statistics and Computer Science, University of lllinois at Chicago, *michelen.math@ gmail.com,

(1]
(2]
(3]
(4]
(3]
(6]
(7]

(8]
(9]

(10]

(11]

[12]
[13]
(14]

[15]

bjoshrsix@ hotmail.com

We consider an interacting particle system on trees known as the frog
model: initially, a single active particle begins at the root and i.i.d. Poiss(})
many inactive particles are placed at each nonroot vertex. Active particles
perform discrete time simple random walk and activate the inactive particles
they encounter. We show that for Galton—Watson trees with offspring distri-
butions Z satisfying P(Z >2) =1 and E[Z4+8] < oo for some ¢ > 0, there
is a critical value A, € (0, 0o) separating recurrent and transient regimes for
almost surely every tree, thereby answering a question of Hoffman—Johnson—
Junge. In addition, we also establish that this critical parameter depends on
the entire offspring distribution, not just the maximum value of Z, answer-
ing another question of Hoffman—Johnson—Junge and showing that the frog
model and contact process behave differently on Galton—Watson trees.
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Approximate message passing (AMP) algorithms provide a valuable tool
for studying mean-field approximations and dynamics in a variety of appli-
cations. Although these algorithms are often first derived for matrices having
independent Gaussian entries or satisfying rotational invariance in law, their
state evolution characterizations are expected to hold over larger universality
classes of random matrix ensembles.

We develop several new results on AMP universality. For AMP algorithms
tailored to independent Gaussian entries, we show that their state evolutions
hold over broadly defined generalized Wigner and white noise ensembles, in-
cluding matrices with heavy-tailed entries and heterogeneous entrywise vari-
ances that may arise in data applications. For AMP algorithms tailored to
rotational invariance in law, we show that their state evolutions hold over de-
localized sign-and-permutation-invariant matrix ensembles that have a limit
distribution over the diagonal, including sensing matrices composed of sub-
sampled Hadamard or Fourier transforms and diagonal operators.

We establish these results via a simplified moment-method proof, reduc-
ing AMP universality to the study of products of random matrices and diago-
nal tensors along a tensor network. As a by-product of our analyses, we show
that the aforementioned matrix ensembles satisfy a notion of asymptotic free-
ness with respect to such tensor networks, which parallels usual definitions
of freeness for traces of matrix products.

REFERENCES

ANDERSON, G. W. and FARRELL, B. (2014). Asymptotically liberating sequences of random unitary ma-
trices. Adv. Math. 255 381-413. MR3167487 https://doi.org/10.1016/j.aim.2013.12.026

ANDERSON, G. W. and ZEITOUNI, O. (2006). A CLT for a band matrix model. Probab. Theory Related
Fields 134 283-338. MR2222385 https://doi.org/10.1007/s00440-004-0422-3

ARABIE, P. and BOORMAN, S. A. (1973). Multidimensional scaling of measures of distance between par-
titions. J. Math. Psych. 10 148-203. MR0321559 https://doi.org/10.1016/0022-2496(73)90012-6

AU, B., CEBRON, G., DAHLQVIST, A., GABRIEL, F. and MALE, C. (2021). Freeness over the diagonal for
large random matrices. Ann. Probab. 49 157-179. MR4203335 https://doi.org/10.1214/20- AOP1447

BARBIER, J., DIA, M., MACRIS, N., KRZAKALA, F., LESIEUR, T. and ZDEBOROVA, L. (2016). Mutual
information for symmetric rank-one matrix estimation: A proof of the replica formula. In Proceedings
of the 30th International Conference on Neural Information Processing Systems. NIPS’16 424-432.
Curran Associates Inc., Red Hook, NY, USA.

BAYATI, M., LELARGE, M. and MONTANARI, A. (2015). Universality in polytope phase transitions and
message passing algorithms. Ann. Appl. Probab. 25 753-822. MR3313755 https://doi.org/10.1214/
14-AAP1010

BAYATI, M. and MONTANARI, A. (2011). The dynamics of message passing on dense graphs, with appli-
cations to compressed sensing. IEEE Trans. Inf. Theory 57 764-785. MR2810285 https://doi.org/10.
1109/TIT.2010.2094817

BENAYCH-GEORGES, F., BORDENAVE, C. and KNOWLES, A. (2020). Spectral radii of sparse random
matrices. Ann. Inst. Henri Poincaré Probab. Stat. 56 2141-2161. MR4116720 https://doi.org/10.1214/
19-AIHP1033

MSC2020 subject classifications. 68W40.
Key words and phrases. Random matrices, free probability, dynamical mean-field theory.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/24-AAP2056
http://www.imstat.org
mailto:tianhao.wang@yale.edu
mailto:xinyi.zhong@yale.edu
mailto:zhou.fan@yale.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3167487
https://doi.org/10.1016/j.aim.2013.12.026
https://mathscinet.ams.org/mathscinet-getitem?mr=2222385
https://doi.org/10.1007/s00440-004-0422-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0321559
https://doi.org/10.1016/0022-2496(73)90012-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4203335
https://doi.org/10.1214/20-AOP1447
https://mathscinet.ams.org/mathscinet-getitem?mr=3313755
https://doi.org/10.1214/14-AAP1010
https://mathscinet.ams.org/mathscinet-getitem?mr=2810285
https://doi.org/10.1109/TIT.2010.2094817
https://mathscinet.ams.org/mathscinet-getitem?mr=4116720
https://doi.org/10.1214/19-AIHP1033
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/14-AAP1010
https://doi.org/10.1109/TIT.2010.2094817
https://doi.org/10.1214/19-AIHP1033

(91

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

(18]

[19]
(20]
(21]
(22]

(23]

[24]

[25]

[26]

(27]

(28]

(29]

(30]

(31]

BERTHIER, R., MONTANARI, A. and NGUYEN, P.-M. (2020). State evolution for approximate message
passing with non-separable functions. Inf. Inference 9 33—79. MR4079177 https://doi.org/10.1093/
imaiai/iay021

BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley Series in Probability and Mathematical
Statistics. Wiley, New York. MR1324786

BOLTHAUSEN, E. (2014). An iterative construction of solutions of the TAP equations for the
Sherrington—Kirkpatrick model. Comm. Math. Phys. 325 333-366. MR3147441 https://doi.org/10.
1007/s00220-013-1862-3

BOLTHAUSEN, E. (2019). A Morita type proof of the replica-symmetric formula for SK. In Statistical
Mechanics of Classical and Disordered Systems. Springer Proc. Math. Stat. 293 63-93. Springer,
Cham. MR4015008 https://doi.org/10.1007/978-3-030-29077-1_4

BOLTHAUSEN, E., NAKAJIMA, S., SUN, N. and XU, C. (2021). Gardner formula for Ising perceptron
models at small densities. Preprint. Available at arXiv:2111.02855.

BOORMAN, S. A. and OLIVIER, D. C. (1973). Metrics on spaces of finite trees. J. Math. Psych. 10 26-59.
MRO0317975 https://doi.org/10.1016/0022-2496(73)90003-5

Bu, Z., KLUSOWSKI, J. M., RUSH, C. and Su, W. J. (2021). Algorithmic analysis and statistical estima-
tion of SLOPE via approximate message passing. I[EEE Trans. Inf. Theory 67 506-537. MR4231969
https://doi.org/10.1109/TIT.2020.3025272

CADEMARTORI, C. and RUSH, C. (2023). A non-asymptotic analysis of generalized approximate message
passing algorithms with right rotationally invariant designs. Preprint. Available at arXiv:2302.00088.

CAKMAK, B. and OPPER, M. (2019). Memory-free dynamics for the Thouless—Anderson—Palmer equations
of Ising models with arbitrary rotation-invariant ensembles of random coupling matrices. Phys. Rev. E
99 062140, 14 pp. MR3984544

CAKMAK, B. and OPPER, M. (2020). A dynamical mean-field theory for learning in restricted Boltz-
mann machines. J. Stat. Mech. Theory Exp. 10 103303, 32 pp. MR4197533 https://doi.org/10.1088/
1742-5468/abb8c9

CAKMAK, B., WINTHER, O. and FLEURY, B. H. (2014). S-AMP: Approximate message passing for gen-
eral matrix ensembles. In 2014 IEEE Information Theory Workshop (ITW 2014) 192-196. IEEE.

CELENTANO, M., CHENG, C. and MONTANARI, A. (2021). The high-dimensional asymptotics of first
order methods with random data. Preprint. Available at arXiv:2112.07572.

CELENTANO, M., MONTANARI, A. and WU, Y. (2020). The estimation error of general first order methods.
In Conference on Learning Theory 1078-1141. PMLR.

CHEN, W.-K. and LAM, W.-K. (2021). Universality of approximate message passing algorithms. Electron.
J. Probab. 26 Paper No. 36, 44 pp. MR4235487 https://doi.org/10.1214/21-EJP604

COLLINS, B. and SNIADY, P. (2006). Integration with respect to the Haar measure on unitary, orthog-
onal and symplectic group. Comm. Math. Phys. 264 773-795. MR2217291 https://doi.org/10.1007/
500220-006-1554-3

DESHPANDE, Y., ABBE, E. and MONTANARI, A. (2017). Asymptotic mutual information for the balanced
binary stochastic block model. Inf. Inference 6 125-170. MR3671474 https://doi.org/10.1093/imaiai/
iaw017

DING, J. and SUN, N. (2019). Capacity lower bound for the Ising perceptron. In STOC’19—Proceedings
of the 51st Annual ACM SIGACT Symposium on Theory of Computing 816-827. ACM, New York.
MR4003386 https://doi.org/10.1145/3313276.3316383

DoONOHO, D. and MONTANARI, A. (2016). High dimensional robust M-estimation: Asymptotic vari-
ance via approximate message passing. Probab. Theory Related Fields 166 935-969. MR3568043
https://doi.org/10.1007/s00440-015-0675-z

DoONOHO, D. and TANNER, J. (2009). Observed universality of phase transitions in high-dimensional ge-
ometry, with implications for modern data analysis and signal processing. Philos. Trans. R. Soc. Lond.
Ser. A Math. Phys. Eng. Sci. 367 4273-4293. MR2546388 https://doi.org/10.1098/rsta.2009.0152

DoNOHO, D. L., JAVANMARD, A. and MONTANARI, A. (2013). Information-theoretically optimal com-
pressed sensing via spatial coupling and approximate message passing. IEEE Trans. Inf. Theory 59
7434-7464. MR3124654 https://doi.org/10.1109/T1T.2013.2274513

DoNOHO, D. L., MALEKI, A. and MONTANARI, A. (2009). Message-passing algorithms for compressed
sensing. Proc. Natl. Acad. Sci. 106 18914-18919.

DoNOHO, D. L., MALEKI, A. and MONTANARI, A. (2010). Message passing algorithms for compressed
sensing: I. Motivation and construction. In 2010 IEEE Information Theory Workshop on Information
Theory (ITW 2010, Cairo) 1-5. IEEE.

DoNoHO, D. L. and TANNER, J. (2005). Neighborliness of randomly projected simplices in high di-
mensions. Proc. Natl. Acad. Sci. USA 102 9452-9457. MR2168716 https://doi.org/10.1073/pnas.
0502258102


https://mathscinet.ams.org/mathscinet-getitem?mr=4079177
https://doi.org/10.1093/imaiai/iay021
https://mathscinet.ams.org/mathscinet-getitem?mr=1324786
https://mathscinet.ams.org/mathscinet-getitem?mr=3147441
https://doi.org/10.1007/s00220-013-1862-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4015008
https://doi.org/10.1007/978-3-030-29077-1_4
http://arxiv.org/abs/2111.02855
https://mathscinet.ams.org/mathscinet-getitem?mr=0317975
https://doi.org/10.1016/0022-2496(73)90003-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4231969
https://doi.org/10.1109/TIT.2020.3025272
http://arxiv.org/abs/2302.00088
https://mathscinet.ams.org/mathscinet-getitem?mr=3984544
https://mathscinet.ams.org/mathscinet-getitem?mr=4197533
https://doi.org/10.1088/1742-5468/abb8c9
http://arxiv.org/abs/2112.07572
https://mathscinet.ams.org/mathscinet-getitem?mr=4235487
https://doi.org/10.1214/21-EJP604
https://mathscinet.ams.org/mathscinet-getitem?mr=2217291
https://doi.org/10.1007/s00220-006-1554-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3671474
https://doi.org/10.1093/imaiai/iaw017
https://mathscinet.ams.org/mathscinet-getitem?mr=4003386
https://doi.org/10.1145/3313276.3316383
https://mathscinet.ams.org/mathscinet-getitem?mr=3568043
https://doi.org/10.1007/s00440-015-0675-z
https://mathscinet.ams.org/mathscinet-getitem?mr=2546388
https://doi.org/10.1098/rsta.2009.0152
https://mathscinet.ams.org/mathscinet-getitem?mr=3124654
https://doi.org/10.1109/TIT.2013.2274513
https://mathscinet.ams.org/mathscinet-getitem?mr=2168716
https://doi.org/10.1073/pnas.0502258102
https://doi.org/10.1093/imaiai/iay021
https://doi.org/10.1007/s00220-013-1862-3
https://doi.org/10.1088/1742-5468/abb8c9
https://doi.org/10.1007/s00220-006-1554-3
https://doi.org/10.1093/imaiai/iaw017
https://doi.org/10.1073/pnas.0502258102

(32]
[33]
(34]
(35]
[36]
[37]
(38]
[39]
[40]
[41]
[42]

[43]

[44]
[45]
[46]

[47]

(48]
[49]
[50]
[51]
[52]
(53]
[54]

[55]

[56]

(571

(58]

DUDEJA, R. and BAKHSHIZADEH, M. (2022). Universality of linearized message passing for phase retrieval
with structured sensing matrices. IEEE Trans. Inf. Theory 68 7545-7574. MR4524656

DUDEJA, R., LU, Y. M. and SEN, S. (2022). Universality of Approximate message passing with semi-
random matrices. Preprint. Available at arXiv:2204.04281.

DUDEJA, R., SEN, S. and LU, Y. M. (2022). Spectral universality of regularized linear regression with
nearly deterministic sensing matrices. Preprint. Available at arXiv:2208.02753.

ERDOS, L., YAU, H.-T. and YIN, J. (2012). Bulk universality for generalized Wigner matrices. Probab.
Theory Related Fields 154 341-407. MR2981427 https://doi.org/10.1007/s00440-011-0390-3

ERDOS, L., YAU, H.-T. and YIN, J. (2012). Rigidity of eigenvalues of generalized Wigner matrices. Adv.
Math. 229 1435-1515. MR2871147 https://doi.org/10.1016/j.aim.2011.12.010

FAN, Z. (2022). Approximate message passing algorithms for rotationally invariant matrices. Ann. Statist.
50 197-224. MR4382014 https://doi.org/10.1214/21-a0s2101

FAN, Z., L1, Y. and SEN, S. (2022). TAP equations for orthogonally invariant spin glasses at high tempera-
ture. Preprint. Available at arXiv:2202.09325.

FAN, Z. and WU, Y. (2021). The replica-symmetric free energy for Ising spin glasses with orthogonally
invariant couplings. Preprint. Available at arXiv:2105.02797.

FENG, O. Y., VENKATARAMANAN, R., RUSH, C. and SAMWORTH, R. J. (2022). A unifying tutorial on
approximate message passing. Found. Trends Mach. Learn. 15 335-536.

GERBELOT, C. and BERTHIER, R. (2023). Graph-based approximate message passing iterations. Inf. Infer-
ence 12 Paper No. iaad020, 67 pp. MR4644961 https://doi.org/10.1093/imaiai/iaad020

HAFEMEISTER, C. and SATIJA, R. (2019). Normalization and variance stabilization of single-cell RNA-seq
data using regularized negative binomial regression. Genome Biol. 20 1-15.

JAVANMARD, A. and MONTANARI, A. (2013). State evolution for general approximate message pass-
ing algorithms, with applications to spatial coupling. Inf. Inference 2 115-144. MR3311445
https://doi.org/10.1093/imaiai/iat004

JIANG, T. (2005). Maxima of entries of Haar distributed matrices. Probab. Theory Related Fields 131 121-
144. MR2105046 https://doi.org/10.1007/s00440-004-0376-5

KABASHIMA, Y. (2003). A CDMA multiuser detection algorithm on the basis of belief propagation. J. Phys.
A3611111-11121. MR2025247 https://doi.org/10.1088/0305-4470/36/43/030

LANDA, B., ZHANG, T. T. C. K. and KLUGER, Y. (2022). Biwhitening reveals the rank of a count matrix.
SIAM J. Math. Data Sci. 4 1420-1446. MR4522878 https://doi.org/10.1137/21M 1456807

L1, G., FAN, W. and WELI, Y. (2023). Approximate message passing from random initialization with ap-
plications to Z, synchronization. Proc. Natl. Acad. Sci. USA 120 Paper No. €2302930120, 7 pp.
MR4637851

LI, G. and WEL, Y. (2022). A non-asymptotic framework for approximate message passing in spiked mod-
els. Preprint. Available at arXiv:2208.03313.

L1, Y. and WEIL, Y. (2021). Minimum ¢1-norm interpolators: Precise asymptotics and multiple descent.
Preprint. Available at arXiv:2110.09502.

Liu, L., HUANG, S. and KURKOSKI, B. M. (2021). Memory approximate message passing. In 2021 /IEEE
International Symposium on Information Theory (ISIT) 1379-1384. IEEE.

MaA, J. and PING, L. (2017). Orthogonal AMP. IEEE Access 5 2020-2033.

MALE, C. (2020). Traffic distributions and independence: Permutation invariant random matrices and the
three notions of independence. Mem. Amer. Math. Soc. 267 v+88. MR4197072 https://doi.org/10.1090/
memo/1300

MINGO, J. A. and SPEICHER, R. (2012). Sharp bounds for sums associated to graphs of matrices. J. Funct.
Anal. 262 2272-2288. MR2876405 https://doi.org/10.1016/j.jfa.2011.12.010

MINGO, J. A. and SPEICHER, R. (2017). Free Probability and Random Matrices. Fields Institute Mono-
graphs 35. Springer, New York. MR3585560 https://doi.org/10.1007/978-1-4939-6942-5

MONAJEMI, H., JAFARPOUR, S., GAVISH, M., COLLABORATION, S. C. . and DONOHO, D. L. (2013). De-
terministic matrices matching the compressed sensing phase transitions of Gaussian random matrices.
Proc. Natl. Acad. Sci. USA 110 1181-1186. MR3037097 https://doi.org/10.1073/pnas.1219540110

MONDELLI, M. and VENKATARAMANAN, R. (2021). PCA initialization for approximate message passing
in rotationally invariant models. Adv. Neural Inf. Process. Syst. 34 29616-29629.

MONTANARI, A. (2019). Optimization of the Sherrington—Kirkpatrick Hamiltonian. In 2019 IEEE 60th
Annual Symposium on Foundations of Computer Science 1417-1433. IEEE Comput. Soc. Press, Los
Alamitos, CA. MR4228234 https://doi.org/10.1109/FOCS.2019.00087

MONTANARI, A. and VENKATARAMANAN, R. (2021). Estimation of low-rank matrices via approximate
message passing. Ann. Statist. 49 321-345. MR4206680 https://doi.org/10.1214/20- AOS1958


https://mathscinet.ams.org/mathscinet-getitem?mr=4524656
http://arxiv.org/abs/2204.04281
http://arxiv.org/abs/2208.02753
https://mathscinet.ams.org/mathscinet-getitem?mr=2981427
https://doi.org/10.1007/s00440-011-0390-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2871147
https://doi.org/10.1016/j.aim.2011.12.010
https://mathscinet.ams.org/mathscinet-getitem?mr=4382014
https://doi.org/10.1214/21-aos2101
http://arxiv.org/abs/2202.09325
http://arxiv.org/abs/2105.02797
https://mathscinet.ams.org/mathscinet-getitem?mr=4644961
https://doi.org/10.1093/imaiai/iaad020
https://mathscinet.ams.org/mathscinet-getitem?mr=3311445
https://doi.org/10.1093/imaiai/iat004
https://mathscinet.ams.org/mathscinet-getitem?mr=2105046
https://doi.org/10.1007/s00440-004-0376-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2025247
https://doi.org/10.1088/0305-4470/36/43/030
https://mathscinet.ams.org/mathscinet-getitem?mr=4522878
https://doi.org/10.1137/21M1456807
https://mathscinet.ams.org/mathscinet-getitem?mr=4637851
http://arxiv.org/abs/2208.03313
http://arxiv.org/abs/2110.09502
https://mathscinet.ams.org/mathscinet-getitem?mr=4197072
https://doi.org/10.1090/memo/1300
https://mathscinet.ams.org/mathscinet-getitem?mr=2876405
https://doi.org/10.1016/j.jfa.2011.12.010
https://mathscinet.ams.org/mathscinet-getitem?mr=3585560
https://doi.org/10.1007/978-1-4939-6942-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3037097
https://doi.org/10.1073/pnas.1219540110
https://mathscinet.ams.org/mathscinet-getitem?mr=4228234
https://doi.org/10.1109/FOCS.2019.00087
https://mathscinet.ams.org/mathscinet-getitem?mr=4206680
https://doi.org/10.1214/20-AOS1958
https://doi.org/10.1090/memo/1300

[59]

[60]

[61]
[62]
[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]
[71]
[72]

(73]

[74]

[75]

[76]

NICA, A. and SPEICHER, R. (20006). Lectures on the Combinatorics of Free Probability. London
Mathematical Society Lecture Note Series 335. Cambridge Univ. Press, Cambridge. MR2266879
https://doi.org/10.1017/CB0O9780511735127

OPPER, M., CAKMAK, B. and WINTHER, O. (2016). A theory of solving TAP equations for Ising models
with general invariant random matrices. J. Phys. A 49 114002, 24 pp. MR3462332 https://doi.org/10.
1088/1751-8113/49/11/114002

RANGAN, S. (2011). Generalized approximate message passing for estimation with random linear mixing.
In 2011 IEEE International Symposium on Information Theory Proceedings 2168-2172. IEEE.

RANGAN, S. and FLETCHER, A. K. (2012). Iterative estimation of constrained rank-one matrices in noise.
In 2012 IEEE International Symposium on Information Theory Proceedings 1246—1250. IEEE.

RANGAN, S., SCHNITER, P. and FLETCHER, A. K. (2019). Vector approximate message passing. I[EEE
Trans. Inf. Theory 65 6664-6684. MR4009222 https://doi.org/10.1109/T1T.2019.2916359

RusH, C. and VENKATARAMANAN, R. (2018). Finite sample analysis of approximate message passing
algorithms. IEEE Trans. Inf. Theory 64 7264-7286. MR3876443 https://doi.org/10.1109/TIT.2018.
2816681

SARKAR, A. and STEPHENS, M. (2021). Separating measurement and expression models clarifies con-
fusion in single-cell RNA sequencing analysis. Nat. Genet. 53 770-777. https://doi.org/10.1038/
s41588-021-00873-4

SCHMUDGEN, K. (2017). The Moment Problem. Graduate Texts in Mathematics 277. Springer, Cham.
MR3729411

SCHNITER, P., RANGAN, S. and FLETCHER, A. K. (2016). Vector approximate message passing for the
generalized linear model. In 2016 50th Asilomar Conference on Signals, Systems and Computers 1525—
1529. IEEE.

SUR, P., CHEN, Y. and CANDES, E. J. (2019). The likelihood ratio test in high-dimensional logistic regres-
sion is asymptotically a rescaled chi-square. Probab. Theory Related Fields 175 487-558. MR4009715
https://doi.org/10.1007/s00440-018-00896-9

TAKEUCHI, K. (2017). Rigorous dynamics of expectation-propagation-based signal recovery from unitarily
invariant measurements. In 2017 IEEE International Symposium on Information Theory (ISIT) 501—
505. IEEE.

TAKEUCHI, K. (2020). Convolutional approximate message-passing. IEEE Signal Process. Lett. 27 416—
420.

TAKEUCHI, K. (2021). Bayes-optimal convolutional AMP. IEEE Trans. Inf. Theory 67 4405-4428.
MR4306276 https://doi.org/10.1109/TIT.2021.3077471

TowNES, F. W., HICKS, S. C., ARYEE, M. J. and IRIZARRY, R. A. (2019). Feature selection and dimen-
sion reduction for single-cell RNA-Seq based on a multinomial model. Genome Biol. 20 1-16.

VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454
https://doi.org/10.1007/978-3-540-71050-9

VOICULESCU, D. V., DYKEMA, K. J. and NICA, A. (1992). Free Random Variables: A Noncommutative
Probability Approach to Free Products with Applications to Random Matrices, Operator Algebras and
Harmonic Analysis on Free Groups. CRM Monograph Series 1. Amer. Math. Soc., Providence, RI.
MR1217253 https://doi.org/10.1090/crmm/001

WANG, T., ZHONG, X. and FAN, Z. (2024). Supplement to “Universality of approximate message passing
algorithms and tensor networks.” https://doi.org/10.1214/24- AAP2056SUPP

ZHONG, X., WANG, T. and FAN, Z. (2021). Approximate message passing for orthogonally in-
variant ensembles: Multivariate non-linearities and spectral initialization. Preprint. Available at
arXiv:2110.02318.


https://mathscinet.ams.org/mathscinet-getitem?mr=2266879
https://doi.org/10.1017/CBO9780511735127
https://mathscinet.ams.org/mathscinet-getitem?mr=3462332
https://doi.org/10.1088/1751-8113/49/11/114002
https://mathscinet.ams.org/mathscinet-getitem?mr=4009222
https://doi.org/10.1109/TIT.2019.2916359
https://mathscinet.ams.org/mathscinet-getitem?mr=3876443
https://doi.org/10.1109/TIT.2018.2816681
https://doi.org/10.1038/s41588-021-00873-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3729411
https://mathscinet.ams.org/mathscinet-getitem?mr=4009715
https://doi.org/10.1007/s00440-018-00896-9
https://mathscinet.ams.org/mathscinet-getitem?mr=4306276
https://doi.org/10.1109/TIT.2021.3077471
https://mathscinet.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1217253
https://doi.org/10.1090/crmm/001
https://doi.org/10.1214/24-AAP2056SUPP
http://arxiv.org/abs/2110.02318
https://doi.org/10.1088/1751-8113/49/11/114002
https://doi.org/10.1109/TIT.2018.2816681
https://doi.org/10.1038/s41588-021-00873-4

The Annals of Applied Probability

2024, Vol. 34, No. 4, 3995-4021
https://doi.org/10.1214/24-AAP2057

© Institute of Mathematical Statistics, 2024

ASYMPTOTIC PROBABILITY OF ENERGY INCREASING SOLUTIONS TO

THE HOMOGENEOUS BOLTZMANN EQUATION

BY GIADA BASILE?, DARIO BENEDETTO?, LORENZO BERTINI® AND
EMANUELE CAGLIOTIY

Dipartimento di Matematica, Universita di Roma ‘La Sapienza’, ®basile @mat.uniromal.it, b benedetto@mat.uniromal .it,

(1]
(2]

(3]

(4]
(5]
(6]

(7]

(8]
(9]

(10]
(11]

(12]

[13]

Cbertini@mat.uniromall..it, dcaglioti@mat.unimma].it

Weak solutions to the homogeneous Boltzmann equation with increasing
energy have been constructed by Lu and Wennberg. We consider an under-
lying microscopic stochastic model with binary collisions (Kac’s model) and
show that these solutions are atypical. More precisely, we prove that the prob-
ability of observing these paths is exponentially small in the number of par-
ticles and compute the exponential rate. This result is obtained by improving
the established large deviation estimates in the canonical setting. Key ingre-
dients are the extension of Sanov’s theorem to the microcanonical ensemble
and large deviations for the Kac’s model in the microcanonical setting.

REFERENCES

BASILE, G., BENEDETTO, D., BERTINI, L. and ORRIERI, C. (2021). Large deviations for Kac-like walks.
J. Stat. Phys. 184 Paper No. 10, 27. MR4281234 https://doi.org/10.1007/s10955-021-02794-2

BASILE, G., BENEDETTO, D., CAGLIOTI, E. and BERTINI, L. (2023). Large deviations for a binary colli-
sion model: Energy evaporation. Math. Eng. 5 Paper No. 001, 12. MR4370323 https://doi.org/10.1007/
bf02828297

BODINEAU, T., GALLAGHER, I., SAINT-RAYMOND, L. and SIMONELLA, S. (2023). Statistical dynamics
of a hard sphere gas: fluctuating Boltzmann equation and large deviations. Ann. of Math. (2) 198 1047—
1201. MR4660136 https://doi.org/10.4007/annals.2023.198.3.3

BOGACHEYV, V. 1. (2007). Measure Theory. Vol. I, 1. Springer, Berlin. MR2267655 https://doi.org/10.1007/
978-3-540-34514-5

CARLEN, E. A., CARVALHO, M. C., LE Roux, J., Loss, M. and VILLANI, C. (2010). Entropy and chaos
in the Kac model. Kinet. Relat. Models 3 85—122. MR2580955 https://doi.org/10.3934/krm.2010.3.85

CHATTERIEE, S. (2017). A note about the uniform distribution on the intersection of a simplex and a sphere.
J. Topol. Anal. 9 717-738. MR3684622 https://doi.org/10.1142/S1793525317500224

DEMBO, A. and ZEITOUNI, O. (1998). Large Deviations Techniques and Applications, 2nd ed. Appli-
cations of Mathematics (New York) 38. Springer, New York. MR1619036 https://doi.org/10.1007/
978-1-4612-5320-4

ERBAR, M. (2023). A gradient flow approach to the Boltzmann equation. J. Eur. Math. Soc. published online
first.

HEYDECKER, D. (2023). Large deviations of Kac’s conservative particle system and energy nonconserving
solutions to the Boltzmann equation: A counterexample to the predicted rate function. Ann. Appl.
Probab. 33 1758-1826. MR4583658 https://doi.org/10.1214/22-aap1852

JENSEN, L. H. (2000). Large Deviations of the Asymmetric Simple Exclusion Process in One Dimension.
ProQuest LLC, Ann Arbor, MI. Thesis (Ph.D.)—New York University. MR2700635

KiM, S. S. and RAMANAN, K. (2018). A conditional limit theorem for high-dimensional £7-spheres. J.
Appl. Probab. 55 1060-1077. MR3899928 https://doi.org/10.1017/jpr.2018.71

KIPNIS, C. and LANDIM, C. (1999). Scaling Limits of Interacting Particle Systems. Grundlehren der Math-
ematischen Wissenschaften [ Fundamental Principles of Mathematical Sciences] 320. Springer, Berlin.
MR1707314 https://doi.org/10.1007/978-3-662-03752-2

LEONARD, C. (1995). On large deviations for particle systems associated with spatially homogeneous Boltz-
mann type equations. Probab. Theory Related Fields 101 1-44. MR1314173 https://doi.org/10.1007/
BF01192194

MSC2020 subject classifications. 35Q20, 60F10, 82C40.
Key words and phrases. Kac model, Boltzmann equation, large deviation, Lu and Wennberg solutions.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/24-AAP2057
http://www.imstat.org
mailto:basile@mat.uniroma1.it
mailto:benedetto@mat.uniroma1.it
mailto:bertini@mat.uniroma1.it
mailto:caglioti@mat.uniroma1.it
https://mathscinet.ams.org/mathscinet-getitem?mr=4281234
https://doi.org/10.1007/s10955-021-02794-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4370323
https://doi.org/10.1007/bf02828297
https://mathscinet.ams.org/mathscinet-getitem?mr=4660136
https://doi.org/10.4007/annals.2023.198.3.3
https://mathscinet.ams.org/mathscinet-getitem?mr=2267655
https://doi.org/10.1007/978-3-540-34514-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2580955
https://doi.org/10.3934/krm.2010.3.85
https://mathscinet.ams.org/mathscinet-getitem?mr=3684622
https://doi.org/10.1142/S1793525317500224
https://mathscinet.ams.org/mathscinet-getitem?mr=1619036
https://doi.org/10.1007/978-1-4612-5320-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4583658
https://doi.org/10.1214/22-aap1852
https://mathscinet.ams.org/mathscinet-getitem?mr=2700635
https://mathscinet.ams.org/mathscinet-getitem?mr=3899928
https://doi.org/10.1017/jpr.2018.71
https://mathscinet.ams.org/mathscinet-getitem?mr=1707314
https://doi.org/10.1007/978-3-662-03752-2
https://mathscinet.ams.org/mathscinet-getitem?mr=1314173
https://doi.org/10.1007/BF01192194
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/bf02828297
https://doi.org/10.1007/978-3-540-34514-5
https://doi.org/10.1007/978-1-4612-5320-4
https://doi.org/10.1007/BF01192194

(14]

[15]

[16]

[17]

(18]
[19]
(20]

(21]

Lu, X. (1999). Conservation of energy, entropy identity, and local stability for the spatially homo-
geneous Boltzmann equation. J. Stat. Phys. 96 765-796. MR1716814 https://doi.org/10.1023/A:
1004606525200

Lu, X. and WENNBERG, B. (2002). Solutions with increasing energy for the spatially homogeneous Boltz-
mann equation. Nonlinear Anal. Real World Appl. 3 243-258. MR1893976 https://doi.org/10.1016/
S1468-1218(01)00026-8

MARIANI, M. (2018). A T'-convergence approach to large deviations. Ann. Sc. Norm. Super. Pisa Cl. Sci.
(5) 18 951-976. MR3807592

MISCHLER, S. and WENNBERG, B. (1999). On the spatially homogeneous Boltzmann equation. Ann. Inst.
H. Poincaré Anal. Non Linéaire 16 467-501. MR1697562 https://doi.org/10.1016/S0294-1449(99)
80025-0

NaAM, K. (2020). Large deviations and localization of the microcanonical ensembles given by multiple
constraints. Ann. Probab. 48 2525-2564. MR4152650 https://doi.org/10.1214/20- AOP1430

PETROV, V. V. (1975). Sums of Independent Random Variables. Ergebnisse der Mathematik und Ihrer Gren-
zgebiete [Results in Mathematics and Related Areas], Band 82. Springer, New York. MR0388499

REZAKHANLOU, F. (1998). Large deviations from a kinetic limit. Ann. Probab. 26 1259-1340. MR1640346
https://doi.org/10.1214/a0p/1022855753

WENNBERG, B. (1997). Entropy dissipation and moment production for the Boltzmann equation. J. Stat.
Phys. 86 1053-1066. MR1450762 https://doi.org/10.1007/BF02183613


https://mathscinet.ams.org/mathscinet-getitem?mr=1716814
https://doi.org/10.1023/A:1004606525200
https://mathscinet.ams.org/mathscinet-getitem?mr=1893976
https://doi.org/10.1016/S1468-1218(01)00026-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3807592
https://mathscinet.ams.org/mathscinet-getitem?mr=1697562
https://doi.org/10.1016/S0294-1449(99)80025-0
https://mathscinet.ams.org/mathscinet-getitem?mr=4152650
https://doi.org/10.1214/20-AOP1430
https://mathscinet.ams.org/mathscinet-getitem?mr=0388499
https://mathscinet.ams.org/mathscinet-getitem?mr=1640346
https://doi.org/10.1214/aop/1022855753
https://mathscinet.ams.org/mathscinet-getitem?mr=1450762
https://doi.org/10.1007/BF02183613
https://doi.org/10.1023/A:1004606525200
https://doi.org/10.1016/S1468-1218(01)00026-8
https://doi.org/10.1016/S0294-1449(99)80025-0

The Annals of Applied Probability

2024, Vol. 34, No. 4, 4022-4071

https://doi.org/10.1214/24-AAP2058

This research was funded, in whole or in part, by UKRI EPSRC, EP/R034710/1 and EP/R018561/1. A CC BY 4.0 license is applied to this article arising from this
submission, in accordance with the grant’s open access conditions.

EXPLICIT CONVERGENCE BOUNDS FOR METROPOLIS MARKOV
CHAINS: ISOPERIMETRY, SPECTRAL GAPS AND PROFILES
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We derive the first explicit bounds for the spectral gap of a random walk
Metropolis algorithm on RY for any value of the proposal variance, which
when scaled appropriately recovers the correct d -1 dependence on dimension
for suitably regular invariant distributions. We also obtain explicit bounds on
the L2-mixing time for a broad class of models. In obtaining these results,
we refine the use of isoperimetric profile inequalities to obtain conductance
profile bounds, which also enable the derivation of explicit bounds in a much
broader class of models. We also obtain similar results for the preconditioned
Crank—Nicolson Markov chain, obtaining dimension-independent bounds un-
der suitable assumptions.
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We present general links between statistics of non-Hermitian random
matrices and the distribution of the number of cycles of some specific ran-
dom permutations. In particular, we derive explicit formulas for the generat-
ing functions of the number of cycles in the commutator [0, ] = o o 17!
where o is uniformly distributed, and t is either one cycle, the product of
many transpositions, or the product of two cycles of same size, the latter case
being a new result.
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We propose a new approach to studying classical solutions of the sec-
ond order Bellman equation and master equation for mean field type control
problems, using a novel form of the “lifting” idea introduced by P.-L. Lions.
Rather than studying the usual system of Hamilton—Jacobi/Fokker—Planck
PDE:s using analytic techniques, we instead study a stochastic control prob-
lem on a specially constructed Hilbert space, which is reminiscent of a tan-
gent space on the Wasserstein space in optimal transport. On this Hilbert
space we can use classical control theory techniques, despite the fact that it is
infinite-dimensional. A consequence of our construction is that the mean field
type control problem appears as a special case. Thus we preserve the advan-
tages of the lifting procedure, while removing some of the difficulties. Our
approach extends previous work by two of the coauthors, which dealt with a
deterministic control problem for which the Hilbert space could be generic
(ESAIM Control Optim. Calc. Var. 25 (2019) 1-36).
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LOCALIZATION OF A ONE-DIMENSIONAL SIMPLE RANDOM WALK
AMONG POWER-LAW RENEWAL OBSTACLES

BY JULIEN POISAT? AND FRANCOIS SIMENHAUS

Université Paris-Dauphine, CNRS, UMR 7534, CEREMADE, PSL Research University, ®poisat@ ceremade.dauphine.fr,
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We consider a one-dimensional simple random walk killed by quenched
soft obstacles. The position of the obstacles is drawn according to a renewal
process with a power-law increment distribution. In a previous work, we com-
puted the large-time asymptotics of the quenched survival probability. In the
present work we continue our study by describing the behaviour of the ran-
dom walk conditioned to survive. We prove that with large probability, the
walk quickly reaches a unique time-dependent optimal gap that is free from
obstacles and gets localized there. We actually establish a dichotomy. If the
renewal tail exponent is smaller than one then the walk hits the optimal gap
and spends all of its remaining time inside, up to finitely many visits to the
bottom of the gap. If the renewal tail exponent is larger than one then the ran-
dom walk spends most of its time inside of the optimal gap but also performs
short outward excursions, for which we provide matching upper and lower
bounds on their length and cardinality. Our key tools include a Markov re-
newal interpretation of the survival probability as well as various comparison
arguments for obstacle environments. Our results may also be rephrased in
terms of localization properties for a directed polymer among multiple repul-
sive interfaces.
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