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QUANTITATIVE UNIVERSALITY FOR THE LARGEST EIGENVALUE OF
SAMPLE COVARIANCE MATRICES

BY HAOYU WANGa

Department of Mathematics, Yale University, ahaoyu.wang@yale.edu

We prove the first explicit rate of convergence to the Tracy–Widom dis-
tribution for the fluctuation of the largest eigenvalue of sample covariance
matrices that are not integrable. Our primary focus is matrices of type X∗X

and the proof follows the Erdös–Schlein–Yau dynamical method. We use a
recent approach to the analysis of the Dyson Brownian motion from (J. Eur.
Math. Soc. (JEMS) 24 (2022) 2823–2873) to obtain a quantitative error es-
timate for the local relaxation flow at the edge. Together with a quantitative
version of the Green function comparison theorem, this gives the rate of con-
vergence.

Combined with a result of Lee–Schnelli (Ann. Appl. Probab. 26 (2016)
3786–3839), some quantitative estimates also hold for more general separable
sample covariance matrices X∗�X with general diagonal population �.
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STOCHASTIC INTEGRATION WITH RESPECT TO ARBITRARY
COLLECTIONS OF CONTINUOUS SEMIMARTINGALES AND

APPLICATIONS TO MATHEMATICAL FINANCE

BY CONSTANTINOS KARDARASa

Department of Statistics, London School of Economics and Political Science, ak.kardaras@lse.ac.uk

Stochastic integrals are defined with respect to a collection P =
(Pi ; i ∈ I ) of continuous semimartingales, imposing no assumptions on the
index set I and the subspace of RI where P takes values. The integrals are
constructed though finite-dimensional approximation, identifying the appro-
priate local geometry that allows extension to infinite dimensions. For local
martingale integrators, the resulting space S(P ) of stochastic integrals has
an operational characterisation via a corresponding set of integrands R(C),
constructed with only reference to the covariation structure C of P . This bi-
jection between R(C) and the (closed in the semimartingale topology) set
S(P ) extends to families of continuous semimartingale integrators for which
the drift process of P belongs to R(C). In the context of infinite-asset mod-
els in mathematical finance, the latter structural condition is equivalent to a
certain natural form of market viability. The enriched class of wealth pro-
cesses via extended stochastic integrals leads to exact analogues of optional
decomposition and hedging duality as the finite-asset case. A corresponding
characterisation of market completeness in this setting is provided.
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In recent years, there has been a substantive interest in rough volatility
models. In this class of models, the local behavior of stochastic volatility is
much more irregular than semimartingales and resembles that of a fractional
Brownian motion with Hurst parameter H < 0.5. In this paper, we derive a
consistent and asymptotically mixed normal estimator of H based on high-
frequency price observations. In contrast to previous works, we work in a
semiparametric setting and do not assume any a priori relationship between
volatility estimators and true volatility. Furthermore, our estimator attains a
rate of convergence that is known to be optimal in a minimax sense in para-
metric rough volatility models.
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DIFFUSION APPROXIMATIONS FOR SELF-EXCITED SYSTEMS WITH
APPLICATIONS TO GENERAL BRANCHING PROCESSES
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In this work, several convergence results are established for nearly criti-
cal self-excited systems in which event arrivals are described by multivariate
marked Hawkes point processes. Under some mild high-frequency assump-
tions, the rescaled density process behaves asymptotically like a multi-type
continuous-state branching process with immigration, which is the unique so-
lution to a multi-dimensional stochastic differential equation with dynamical
mechanism similar to that of multivariate Hawkes processes. To illustrate the
strength of these limit results, we further establish diffusion approximations
for multi-type Crump–Mode–Jagers branching processes counted with vari-
ous characteristics by linking them to marked Hawkes shot noise processes.
In particular, an interesting phenomenon in queueing theory, well known as
state space collapse, is observed in the behavior of the population structure at
a large time scale. This phenomenon reveals that the rescaled complex bio-
logical system can be recovered from its population process by a lifting map.
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Ancestral sequence reconstruction is a key task in computational biol-
ogy. It consists in inferring a molecular sequence at an ancestral species of
a known phylogeny, given descendant sequences at the tip of the tree. In ad-
dition to its many biological applications, it has played a key role in eluci-
dating the statistical performance of phylogeny estimation methods. Here we
establish a formal connection to another important bioinformatics problem,
multiple sequence alignment, where one attempts to best align a collection of
molecular sequences under some mismatch penalty score by inserting gaps.
Our result is counter-intuitive: we show that perfect pairwise sequence align-
ment with high probability is possible in principle at arbitrary large evolu-
tionary distances—provided the phylogeny is known and dense enough. We
use techniques from ancestral sequence reconstruction in the taxon-rich set-
ting together with the probabilistic analysis of sequence evolution models
involving insertions and deletions.
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STOCHASTIC VOLTERRA EQUATIONS FOR THE LOCAL TIMES OF
SPECTRALLY POSITIVE STABLE PROCESSES
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This paper is concerned with the evolution dynamics of local times of
a spectrally positive stable process in the spatial direction. The main results
state that conditioned on the finiteness of the first time at which the local time
at zero exceeds a given value, the local times at positive half line are equal in
distribution to the unique solution of a stochastic Volterra equation driven by
a Poisson random measure whose intensity coincides with the Lévy measure.
This helps us to provide not only a simple proof for the Hölder regularity,
but also a uniform upper bound for all moments of the Hölder coefficient
as well as a maximal inequality for the local times. Moreover, based on this
stochastic Volterra equation, we extend the method of duality to establish an
exponential-affine representation of the Laplace functional in terms of the
unique solution of a nonlinear Volterra integral equation associated with the
Laplace exponent of the stable process.
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CORRELATION DETECTION IN TREES FOR PLANTED GRAPH
ALIGNMENT
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Motivated by alignment of correlated sparse random graphs, we in-
troduce a hypothesis testing problem of deciding whether or not two ran-
dom trees are correlated. We study the likelihood ratio test and obtain suffi-
cient conditions under which this task is impossible or feasible. We propose
MPAlign, a message-passing algorithm for graph alignment inspired by the
tree correlation detection problem. We prove MPAlign to succeed in polyno-
mial time at partial alignment whenever tree detection is feasible. As a result
our analysis of tree detection reveals new ranges of parameters for which
partial alignment of sparse random graphs is feasible in polynomial time.1

REFERENCES

[1] ARVIND, V. and KURUR, P. P. (2002). Graph isomorphism is in SPP. In The 43rd Annual IEEE Symposium
on Foundations of Computer Science, 2002. Proceedings. 743–750.

[2] BANKS, J. E., MOORE, C., NEEMAN, J. and NETRAPALLI, P. (2016). Information-theoretic thresholds for
community detection in sparse networks. Available at arXiv:1607.01760.

[3] BOLLOBÁS, B. (2001). Random Graphs, 2nd ed. Cambridge Studies in Advanced Mathematics 73. Cam-
bridge Univ. Press, Cambridge. MR1864966 https://doi.org/10.1017/CBO9780511814068

[4] BORDENAVE, C., LELARGE, M. and MASSOULIÉ, L. (2018). Nonbacktracking spectrum of random
graphs: Community detection and nonregular Ramanujan graphs. Ann. Probab. 46 1–71. MR3758726
https://doi.org/10.1214/16-AOP1142

[5] CONTE, D., FOGGIA, P., VENTO, M. and SANSONE, C. (2004). Thirty Years Of Graph Matching In Pattern
Recognition. Int. J. Pattern Recognit. Artif. Intell. 18 265–298.

[6] CULLINA, D. and KIYAVASH, N. (2017). Exact alignment recovery for correlated Erdős–Rényi graphs.
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The study of Gaussian free field level sets on supercritical Galton–
Watson trees has been initiated by Abächerli and Sznitman in 2018. By means
of entirely different tools, we continue this investigation and generalize their
main result on the positivity of the associated percolation critical parame-
ter h∗ to the setting of arbitrary supercritical offspring distribution and ran-
dom conductances. In our setting, this establishes a rigorous proof of the
physics literature mantra that positive correlations facilitate percolation when
compared to the independent case. Our proof proceeds by constructing the
Galton–Watson tree through an exploration via finite random walk trajecto-
ries. This exploration of the tree progressively unveils an infinite connected
component in the random interlacements set on the tree, which is stable un-
der small quenched noise. Using a Dynkin-type isomorphism theorem, we
then infer the strict positivity of the critical parameter h∗. As a byproduct, we
obtain transience results for the above-mentioned sets.
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We consider general exponential random graph models (ERGMs) where
the sufficient statistics are functions of homomorphism counts for a fixed col-
lection of simple graphs Fk . Whereas previous work has shown a degeneracy
phenomenon in dense ERGMs, we show this can be cured by raising the suffi-
cient statistics to a fractional power. We rigorously establish the naïve mean-
field approximation for the partition function of the corresponding Gibbs
measures, and in case of “ferromagnetic” models with vanishing edge den-
sity show that typical samples resemble a typical Erdős–Rényi graph with a
planted clique and/or a planted complete bipartite graph of appropriate sizes.
We establish such behavior also for the conditional structure of the Erdős–
Rényi graph in the large deviations regime for excess Fk-homomorphism
counts. These structural results are obtained by combining quantitative large
deviation principles, established in previous works, with a novel stability
form of a result of (Adv. Math. 319 (2017) 313–347) on the asymptotic so-
lution for the associated entropic variational problem. A technical ingredient
of independent interest is a stability form of Finner’s generalized Hölder in-
equality.
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We propose a unified approach to several problems in stochastic portfolio
theory (SPT), which is a framework for equity markets with a large number
d of stocks. Our approach combines open markets, where trading is confined
to the top N capitalized stocks as well as the market portfolio consisting of
all d assets, with a parametric family of models which we call hybrid Jacobi
processes. We provide a detailed analysis of ergodicity, particle collisions,
and boundary attainment, and use these results to study the associated finan-
cial markets. Their properties include (1) stability of the capital distribution
curve and (2) explicit and not artificially leveraged growth optimal strategies.
The sub-class of rank Jacobi models are additionally shown to (3) serve as
the worst-case model for a robust asymptotic growth problem under model
ambiguity and (4) exhibit stability in the large-d limit. Our definition of an
open market is a relaxation of existing definitions which is essential to make
the analysis tractable.
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[12] FILIPOVIĆ, D. and LARSSON, M. (2016). Polynomial diffusions and applications in finance. Finance Stoch.

20 931–972. MR3551857 https://doi.org/10.1007/s00780-016-0304-4
[13] FUKUSHIMA, M., OSHIMA, Y. and TAKEDA, M. (1994). Dirichlet Forms and Symmetric Markov Pro-

cesses. De Gruyter Studies in Mathematics 19. de Gruyter, Berlin. MR1303354 https://doi.org/10.
1515/9783110889741

[14] GOURIEROUX, C. and JASIAK, J. (2006). Multivariate Jacobi process with application to smooth transi-
tions. J. Econometrics 131 475–505. MR2276008 https://doi.org/10.1016/j.jeconom.2005.01.014

MSC2020 subject classifications. Primary 60G44, 60J60, 91G15; Secondary 60J46.
Key words and phrases. Stochastic portfolio theory, open markets, growth optimality, Dirichlet forms, bound-

ary attainment, robust finance, Poisson–Dirichlet distribution.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2030
http://www.imstat.org
mailto:d.itkin@imperial.ac.uk
mailto:martinl@andrew.cmu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2187296
https://doi.org/10.1214/105051605000000449
https://mathscinet.ams.org/mathscinet-getitem?mr=2428716
https://doi.org/10.1016/j.spa.2007.08.001
https://mathscinet.ams.org/mathscinet-getitem?mr=4416997
https://doi.org/10.1137/21M1417715
https://mathscinet.ams.org/mathscinet-getitem?mr=3944786
https://doi.org/10.1016/j.spa.2018.06.007
https://mathscinet.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
https://mathscinet.ams.org/mathscinet-getitem?mr=1894767
https://doi.org/10.1007/978-1-4757-3699-1
https://mathscinet.ams.org/mathscinet-getitem?mr=1684221
https://doi.org/10.1016/S0304-4068(97)00018-9
http://arxiv.org/abs/arXiv:1801.07309
https://mathscinet.ams.org/mathscinet-getitem?mr=3082660
https://doi.org/10.1007/s10436-012-0193-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3551857
https://doi.org/10.1007/s00780-016-0304-4
https://mathscinet.ams.org/mathscinet-getitem?mr=1303354
https://doi.org/10.1515/9783110889741
https://mathscinet.ams.org/mathscinet-getitem?mr=2276008
https://doi.org/10.1016/j.jeconom.2005.01.014
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-1-4757-3699-1
https://doi.org/10.1515/9783110889741


[15] ICHIBA, T., PAPATHANAKOS, V., BANNER, A., KARATZAS, I. and FERNHOLZ, R. (2011). Hybrid atlas
models. Ann. Appl. Probab. 21 609–644. MR2807968 https://doi.org/10.1214/10-AAP706

[16] ITKIN, D., KOCH, B., LARSSON, M. and TEICHMANN, J. (2022). Ergodic robust maximization of asymp-
totic growth under stochastic volatility. ArXiv preprint. Available at arXiv:2211.15628.

[17] ITKIN, D. and LARSSON, M. (2021). On A class of rank-based continuous semimartingales. ArXiv preprint.
Available at arXiv:2104.04396.

[18] ITKIN, D. and LARSSON, M. (2022). Robust asymptotic growth in stochastic portfolio theory under long-
only constraints. Math. Finance 32 114–171. MR4370804 https://doi.org/10.1111/mafi.12331

[19] KARATZAS, I. and KARDARAS, C. (2021). Portfolio Theory and Arbitrage—a Course in Mathemati-
cal Finance. Graduate Studies in Mathematics 214. Amer. Math. Soc., Providence, RI. MR4422028
https://doi.org/10.1090/gsm/214

[20] KARATZAS, I. and KIM, D. (2021). Open markets. Math. Finance 31 1111–1161. MR4332842
https://doi.org/10.1111/mafi.12294

[21] KARATZAS, I. and RUF, J. (2017). Trading strategies generated by Lyapunov functions. Finance Stoch. 21
753–787. MR3663643 https://doi.org/10.1007/s00780-017-0332-8

[22] KARDARAS, C. and ROBERTSON, S. (2012). Robust maximization of asymptotic growth. Ann. Appl.
Probab. 22 1576–1610. MR2985170 https://doi.org/10.1214/11-AAP802

[23] KARDARAS, C. and ROBERTSON, S. (2021). Ergodic robust maximization of asymptotic growth. Ann.
Appl. Probab. 31 1787–1819. MR4312847 https://doi.org/10.1214/20-aap1634

[24] LEONI, G. (2017). A First Course in Sobolev Spaces, 2nd ed. Graduate Studies in Mathematics 181. Amer.
Math. Soc., Providence, RI. MR3726909 https://doi.org/10.1090/gsm/181

[25] MA, Z. M. and RÖCKNER, M. (1992). Introduction to the Theory of (Nonsymmetric) Dirichlet Forms.
Universitext. Springer, Berlin. MR1214375 https://doi.org/10.1007/978-3-642-77739-4

[26] PICKOVÁ, R. (2014). Generalized volatility-stabilized processes. Ann. Finance 10 101–125. MR3159207
https://doi.org/10.1007/s10436-013-0230-9

[27] REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 293. Springer,
Berlin. MR1725357 https://doi.org/10.1007/978-3-662-06400-9

[28] STROOCK, D. W. and VARADHAN, S. R. S. (1979). Multidimensional Diffusion Processes. Grundlehren
der Mathematischen Wissenschaften 233. Springer, Berlin. MR0532498

https://mathscinet.ams.org/mathscinet-getitem?mr=2807968
https://doi.org/10.1214/10-AAP706
http://arxiv.org/abs/arXiv:2211.15628
http://arxiv.org/abs/arXiv:2104.04396
https://mathscinet.ams.org/mathscinet-getitem?mr=4370804
https://doi.org/10.1111/mafi.12331
https://mathscinet.ams.org/mathscinet-getitem?mr=4422028
https://doi.org/10.1090/gsm/214
https://mathscinet.ams.org/mathscinet-getitem?mr=4332842
https://doi.org/10.1111/mafi.12294
https://mathscinet.ams.org/mathscinet-getitem?mr=3663643
https://doi.org/10.1007/s00780-017-0332-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2985170
https://doi.org/10.1214/11-AAP802
https://mathscinet.ams.org/mathscinet-getitem?mr=4312847
https://doi.org/10.1214/20-aap1634
https://mathscinet.ams.org/mathscinet-getitem?mr=3726909
https://doi.org/10.1090/gsm/181
https://mathscinet.ams.org/mathscinet-getitem?mr=1214375
https://doi.org/10.1007/978-3-642-77739-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3159207
https://doi.org/10.1007/s10436-013-0230-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1725357
https://doi.org/10.1007/978-3-662-06400-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0532498


The Annals of Applied Probability
2024, Vol. 34, No. 3, 2986–3017
https://doi.org/10.1214/23-AAP2031
© Institute of Mathematical Statistics, 2024

ARITHMETIC OSCILLATIONS OF THE CHEMICAL DISTANCE IN
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d
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We consider a long-range percolation graph on Z
d where, in addition to

the nearest-neighbor edges of Zd , distinct x, y ∈ Z
d are connected by an edge

independently with probability asymptotic to β|x − y|−s , for s ∈ (d,2d),
β > 0 and | · | a norm on R

d . We first show that, for all but perhaps a count-
ably many β > 0, the graph-theoretical (a.k.a. chemical) distance between
typical vertices at | · |-distance r is, with high probability as r → ∞, asymp-
totic to φβ(r)(log r)�, where �−1 := log2(2d/s) and φβ is a determinis-
tic, positive, bounded and continuous function subject to log-log-periodicity
constraint φβ(rγ ) = φβ(r) for γ := s/(2d). The proof parallels the argu-
ments developed in a continuum version of the model where a similar scaling
was shown earlier by the first author and J. Lin. That work also conjectured
that φβ is constant which we show to be false by proving that (logβ)�φβ

tends, as β → ∞, to a nonconstant limit that is independent of the specifics
of the model. The proof reveals arithmetic rigidity of the shortest paths that
maintain a hierarchical (dyadic) structure all the way to unit scales.
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INVASION PERCOLATION ON POWER-LAW BRANCHING PROCESSES
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We analyse the cluster discovered by invasion percolation on a branch-
ing process with a power-law offspring distribution. Invasion percolation is
a paradigm model of self-organised criticality, where criticality is approach
without tuning any parameter. By performing invasion percolation for n steps,
and letting n → ∞, we find an infinite subtree, called the invasion percola-
tion cluster (IPC). A notable feature of the IPC is its geometry that consists of
a unique path to infinity (also called the backbone) onto which finite forests
are attached. The main theorem shows the volume scaling limit of the k-cut
IPC, which is the cluster containing the root when the edge between the kth
and (k + 1)st backbone vertices is cut.

We assume a power-law offspring distribution with exponent α and anal-
yse the IPC for different power-law regimes. In a finite-variance setting
(α > 2) the results, are a natural extension of previous works on the branch-
ing process tree (Electron. J. Probab. 24 (2019) 1–35) and the regular tree
(Ann. Probab. 35 (2008) 420–466). However, for an infinite-variance setting
(α ∈ (1,2)) or even an infinite-mean setting (α ∈ (0,1)), results significantly
change. This is illustrated by the volume scaling of the k-cut IPC, which
scales as k2 for α > 2, but as kα/(α−1) for α ∈ (1,2) and exponentially for
α ∈ (0,1).
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SURFACE AREA AND VOLUME OF EXCURSION SETS OBSERVED ON
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The excursion set of a C2 smooth random field carries relevant informa-
tion in its various geometric measures. From a computational viewpoint, one
never has access to the continuous observation of the excursion set, but rather
to observations at discrete points in space. It has been reported that for spe-
cific regular lattices of points in dimensions 2 and 3, the usual approximation
of the surface area of the excursions does not converge when the lattice be-
comes dense in the domain of observation to the desired limit. In the present
work, under the key assumptions of stationarity and isotropy, we demonstrate
that this limiting factor is invariant to the locations of the observation points.
Indeed, we identify an explicit formula for the correction factor, showing that
it only depends on the spatial dimension d. This enables us to define an ap-
proximation for the surface area of excursion sets for general tessellations of
polytopes in R

d , including Poisson–Voronoi tessellations. We also establish
a joint central limit theorem for the surface area and volume of excursion sets
observed over hypercubic lattices.
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We consider an epidemic SIS model described by a multitype birth-and-
death process in a randomly switching environment. That is, the infection and
cure rates of the process depend on the state of a finite Markov jump process
(the environment), whose transitions also depend on the number of infec-
tives. The total size of the population is constant and equal to some K ∈ N∗,
and the number of infectives vanishes almost surely in finite time. We prove
that, as K → ∞, the process composed of the proportions of infectives of
each type XK and the state of the environment �K , converges to a piece-
wise deterministic Markov process (PDMP) given by a system of randomly
switching ODEs. The long term behaviour of this PDMP has been previously
investigated by Benaïm and Strickler, and depends only on the sign of the
top Lyapunov exponent 	 of the linearised PDMP at 0: if 	 < 0, the pro-
portion of infectives in each group converges to zero, while if 	 > 0, the
disease becomes endemic. In this paper, we show that the large population
asymptotics of XK also strongly depend on the sign of 	: if negative, then
from fixed initial proportions of infectives the disease disappears in a time
of order at most log(K), while if positive, the typical extinction time grows
at least as a power of K . We prove that in the situation where the origin is
accessible for the linearised PDMP, the mean extinction time of XK is loga-
rithmically equivalent to Kp∗

, where p∗ > 0 is fully characterised. We also
investigate the quasi-stationary distribution μK of (XK,�K) and show that,
when 	 < 0, weak limit points of (μK)K>0 are supported by the extinction
set, while when 	 > 0, limit points belong to the (nonempty) set of stationary
distributions of the limiting PDMP which do not give mass to the extinction
set.
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We study the long time behavior of an underdamped mean-field Langevin
(MFL) equation, and provide a general convergence as well as an exponential
convergence rate result under different conditions. The results on the MFL
equation can be applied to study the convergence of the Hamiltonian gradient
descent algorithm for the overparametrized optimization. We then provide
some numerical examples of the algorithm to train a generative adversarial
network (GAN).
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We describe the cluster of large deviations events that arise when one
such large deviations event occurs. We work in the framework of an infinite
moving average process with a noise that has finite exponential moments.
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NECESSARY AND SUFFICIENT CONDITIONS FOR OPTIMAL CONTROL
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Using a recently introduced representation of the second order adjoint
state as the solution of a function-valued backward stochastic partial differen-
tial equation (SPDE), we calculate the viscosity super- and subdifferential of
the value function evaluated along an optimal trajectory for controlled semi-
linear SPDEs. This establishes the well-known connection between Pontrya-
gin’s maximum principle and dynamic programming within the framework of
viscosity solutions. As a corollary, we derive that the correction term in the
stochastic Hamiltonian arising in nonsmooth stochastic control problems is
nonpositive. These results directly lead us to a stochastic verification theorem
for fully nonlinear Hamilton–Jacobi–Bellman equations in the framework of
viscosity solutions.
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The maximum likelihood threshold (MLT) of a graph G is the minimum
number of samples to almost surely guarantee existence of the maximum
likelihood estimate in the corresponding Gaussian graphical model. We give
a new characterization of the MLT in terms of rigidity-theoretic properties of
G and use this characterization to give new combinatorial lower bounds on
the MLT of any graph.

We use the new lower bounds to give high-probability guarantees on
the maximum likelihood thresholds of sparse Erdős–Rényi random graphs
in terms of their average density. These examples show that the new lower
bounds are within a polylog factor of tight, where, on the same graph fami-
lies, all known lower bounds are trivial.

Based on computational experiments made possible by our methods, we
conjecture that the MLT of an Erdős–Rényi random graph is equal to its
generic completion rank with high probability. Using structural results on
rigid graphs in low dimension, we can prove the conjecture for graphs with
MLT at most 4 and describe the threshold probability for the MLT to switch
from 3 to 4.

We also give a geometric characterization of the MLT of a graph in terms
of a new “lifting” problem for frameworks that is interesting in its own
right. The lifting perspective yields a new connection between the weak MLT
(where the maximum likelihood estimate exists only with positive probabil-
ity) and the classical Hadwiger–Nelson problem.
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For � : Rd → [0,∞) we consider the sequence of probability mea-
sures (μn)n∈N, where μn is determined by a density that is proportional
to exp(−n�). We allow for infinitely many global minimal points of �, as
long as they form a finite union of compact manifolds. In this scenario, we
show estimates for the p-Wasserstein convergence of (μn)n∈N to its limit
measure. Imposing regularity conditions we obtain a speed of convergence of
n−1/(2p) and adding a further technical assumption, we can improve this to
a p-independent rate of 1/2 for all orders p ∈N of the Wasserstein distance.
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In this paper we quantify the rate of convergence in Selberg’s central
limit theorem for log |ζ(1/2 + it)| based on the method of proof given by
Radziwiłł and Soundararajan in (Enseign. Math. 63 (2017) 1–19). We achieve
the same rate of convergence of (log log logT )2/

√
log logT as Selberg in (In

Proceedings of the Amalfi Conference on Analytic Number Theory (Maiori,
1989) Univ (1992) 367–385) in the Kolmogorov distance by using the Dudley
distance instead. We also prove the theorem for the multivariate case given by
Bourgade in (Probab. Theory Related Fields 148 (2010) 479–500) with the
same rate of convergence as in the single variable case.
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We fix a major gap in our 2017 paper, along with related issues.
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