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SAMPLE COVARIANCE MATRICES

By HAOYU WANG?

Department of Mathematics, Yale University, *haoyu.wang @yale.edu

We prove the first explicit rate of convergence to the Tracy—Widom dis-
tribution for the fluctuation of the largest eigenvalue of sample covariance
matrices that are not integrable. Our primary focus is matrices of type X*X
and the proof follows the Erdos—Schlein—Yau dynamical method. We use a
recent approach to the analysis of the Dyson Brownian motion from (J. Eur
Math. Soc. (JEMS) 24 (2022) 2823-2873) to obtain a quantitative error es-
timate for the local relaxation flow at the edge. Together with a quantitative
version of the Green function comparison theorem, this gives the rate of con-
vergence.

Combined with a result of Lee—Schnelli (Ann. Appl. Probab. 26 (2016)
3786-3839), some quantitative estimates also hold for more general separable
sample covariance matrices X* X X with general diagonal population .
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STOCHASTIC INTEGRATION WITH RESPECT TO ARBITRARY
COLLECTIONS OF CONTINUOUS SEMIMARTINGALES AND
APPLICATIONS TO MATHEMATICAL FINANCE

BY CONSTANTINOS KARDARAS?

Department of Statistics, London School of Economics and Political Science, *k.kardaras @lse.ac.uk

Stochastic integrals are defined with respect to a collection P =
(P;; i € I) of continuous semimartingales, imposing no assumptions on the
index set / and the subspace of R! where P takes values. The integrals are
constructed though finite-dimensional approximation, identifying the appro-
priate local geometry that allows extension to infinite dimensions. For local
martingale integrators, the resulting space S(P) of stochastic integrals has
an operational characterisation via a corresponding set of integrands R(C),
constructed with only reference to the covariation structure C of P. This bi-
jection between R(C) and the (closed in the semimartingale topology) set
S(P) extends to families of continuous semimartingale integrators for which
the drift process of P belongs to R(C). In the context of infinite-asset mod-
els in mathematical finance, the latter structural condition is equivalent to a
certain natural form of market viability. The enriched class of wealth pro-
cesses via extended stochastic integrals leads to exact analogues of optional
decomposition and hedging duality as the finite-asset case. A corresponding
characterisation of market completeness in this setting is provided.
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In recent years, there has been a substantive interest in rough volatility
models. In this class of models, the local behavior of stochastic volatility is
much more irregular than semimartingales and resembles that of a fractional
Brownian motion with Hurst parameter H < 0.5. In this paper, we derive a
consistent and asymptotically mixed normal estimator of H based on high-
frequency price observations. In contrast to previous works, we work in a
semiparametric setting and do not assume any a priori relationship between
volatility estimators and true volatility. Furthermore, our estimator attains a
rate of convergence that is known to be optimal in a minimax sense in para-
metric rough volatility models.
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DIFFUSION APPROXIMATIONS FOR SELF-EXCITED SYSTEMS WITH
APPLICATIONS TO GENERAL BRANCHING PROCESSES

By WEI XU?

School of Mathematics and Statistics, Beijing Institute of Technology, ® xuwei.math@ gmail.com

In this work, several convergence results are established for nearly criti-
cal self-excited systems in which event arrivals are described by multivariate
marked Hawkes point processes. Under some mild high-frequency assump-
tions, the rescaled density process behaves asymptotically like a multi-type
continuous-state branching process with immigration, which is the unique so-
lution to a multi-dimensional stochastic differential equation with dynamical
mechanism similar to that of multivariate Hawkes processes. To illustrate the
strength of these limit results, we further establish diffusion approximations
for multi-type Crump—Mode—Jagers branching processes counted with vari-
ous characteristics by linking them to marked Hawkes shot noise processes.
In particular, an interesting phenomenon in queueing theory, well known as
state space collapse, is observed in the behavior of the population structure at
a large time scale. This phenomenon reveals that the rescaled complex bio-
logical system can be recovered from its population process by a lifting map.
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Ancestral sequence reconstruction is a key task in computational biol-
ogy. It consists in inferring a molecular sequence at an ancestral species of
a known phylogeny, given descendant sequences at the tip of the tree. In ad-
dition to its many biological applications, it has played a key role in eluci-
dating the statistical performance of phylogeny estimation methods. Here we
establish a formal connection to another important bioinformatics problem,
multiple sequence alignment, where one attempts to best align a collection of
molecular sequences under some mismatch penalty score by inserting gaps.
Our result is counter-intuitive: we show that perfect pairwise sequence align-
ment with high probability is possible in principle at arbitrary large evolu-
tionary distances—provided the phylogeny is known and dense enough. We
use techniques from ancestral sequence reconstruction in the taxon-rich set-
ting together with the probabilistic analysis of sequence evolution models
involving insertions and deletions.
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STOCHASTIC VOLTERRA EQUATIONS FOR THE LOCAL TIMES OF
SPECTRALLY POSITIVE STABLE PROCESSES

By WEI XUu?

School of Mathematics and Statistics, Beijing Institute of Technology, *xuwei.math@ gmail.com

This paper is concerned with the evolution dynamics of local times of
a spectrally positive stable process in the spatial direction. The main results
state that conditioned on the finiteness of the first time at which the local time
at zero exceeds a given value, the local times at positive half line are equal in
distribution to the unique solution of a stochastic Volterra equation driven by
a Poisson random measure whose intensity coincides with the Lévy measure.
This helps us to provide not only a simple proof for the Holder regularity,
but also a uniform upper bound for all moments of the Holder coefficient
as well as a maximal inequality for the local times. Moreover, based on this
stochastic Volterra equation, we extend the method of duality to establish an
exponential-affine representation of the Laplace functional in terms of the
unique solution of a nonlinear Volterra integral equation associated with the
Laplace exponent of the stable process.
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CORRELATION DETECTION IN TREES FOR PLANTED GRAPH
ALIGNMENT
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Motivated by alignment of correlated sparse random graphs, we in-
troduce a hypothesis testing problem of deciding whether or not two ran-
dom trees are correlated. We study the likelihood ratio test and obtain suffi-
cient conditions under which this task is impossible or feasible. We propose
MPAlign, a message-passing algorithm for graph alignment inspired by the
tree correlation detection problem. We prove MPA1ign to succeed in polyno-
mial time at partial alignment whenever tree detection is feasible. As a result
our analysis of tree detection reveals new ranges of parameters for which
partial alignment of sparse random graphs is feasible in polynomial time. !
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The study of Gaussian free field level sets on supercritical Galton—
Watson trees has been initiated by Abdcherli and Sznitman in 2018. By means
of entirely different tools, we continue this investigation and generalize their
main result on the positivity of the associated percolation critical parame-
ter hy to the setting of arbitrary supercritical offspring distribution and ran-
dom conductances. In our setting, this establishes a rigorous proof of the
physics literature mantra that positive correlations facilitate percolation when
compared to the independent case. Our proof proceeds by constructing the
Galton—Watson tree through an exploration via finite random walk trajecto-
ries. This exploration of the tree progressively unveils an infinite connected
component in the random interlacements set on the tree, which is stable un-
der small quenched noise. Using a Dynkin-type isomorphism theorem, we
then infer the strict positivity of the critical parameter s4. As a byproduct, we
obtain transience results for the above-mentioned sets.
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We consider general exponential random graph models (ERGMs) where
the sufficient statistics are functions of homomorphism counts for a fixed col-
lection of simple graphs Fj. Whereas previous work has shown a degeneracy
phenomenon in dense ERGMs, we show this can be cured by raising the suffi-
cient statistics to a fractional power. We rigorously establish the naive mean-
field approximation for the partition function of the corresponding Gibbs
measures, and in case of “ferromagnetic” models with vanishing edge den-
sity show that typical samples resemble a typical Erd6s—Rényi graph with a
planted clique and/or a planted complete bipartite graph of appropriate sizes.
We establish such behavior also for the conditional structure of the Erdés—
Rényi graph in the large deviations regime for excess Fj-homomorphism
counts. These structural results are obtained by combining quantitative large
deviation principles, established in previous works, with a novel stability
form of a result of (Adv. Math. 319 (2017) 313-347) on the asymptotic so-
lution for the associated entropic variational problem. A technical ingredient
of independent interest is a stability form of Finner’s generalized Holder in-
equality.

REFERENCES

[1] AUGERI, F. (2020). Nonlinear large deviation bounds with applications to Wigner matrices and sparse
Erd&s-Rényi graphs. Ann. Probab. 48 2404-2448. MR4152647 https://doi.org/10.1214/20- AOP1427

[2] BASAK, A. and BASU, R. (2023). Upper tail large deviations of regular subgraph counts in Erd6s—Rényi
graphs in the full localized regime. Comm. Pure Appl. Math. 76 3—72. MR4544794 https://doi.org/10.
1002/cpa.22036

[3] BATTISTON, F., CENCETTI, G., IACOPINI, 1., LATORA, V., LUCAS, M., PATANIA, A., YOUNG, J.-G. and
PETRI, G. (2020). Networks beyond pairwise interactions: Structure and dynamics. Phys. Rep. 874
1-92. MR4147650 https://doi.org/10.1016/j.physrep.2020.05.004

[4] BHAMIDI, S., BRESLER, G. and SLY, A. (2011). Mixing time of exponential random graphs. Ann. Appl.
Probab. 21 2146-2170. MR2895412 https://doi.org/10.1214/10- AAP740

[S] BHATTACHARYA, B. B., GANGULY, S., LUBETZKY, E. and ZHAO, Y. (2017). Upper tails and indepen-
dence polynomials in random graphs. Adv. Math. 319 313-347. MR3695877 https://doi.org/10.1016/
j-aim.2017.08.003

[6] BHATTACHARYA, S. and DEMBO, A. (2021). Upper tail for homomorphism counts in constrained sparse
random graphs. Random Structures Algorithms 59 315-338. MR4295566 https://doi.org/10.1002/rsa.
21011

[7] CALDERON, A.-P. (1976). An inequality for integrals. Studia Math. 57 275-277. MR0422544
https://doi.org/10.4064/sm-57-3-275-277

[8] CHATTERIJEE, S. (2017). Large Deviations for Random Graphs. Lecture Notes in Math. 2197. Springer,
Cham. MR3700183 https://doi.org/10.1007/978-3-319-65816-2

[9] CHATTERIEE, S. and DEMBO, A. (2016). Nonlinear large deviations. Adv. Math. 299 396-450. MR3519474
https://doi.org/10.1016/j.aim.2016.05.017

[10] CHATTERIJEE, S. and DIACONIS, P. (2013). Estimating and understanding exponential random graph mod-

els. Ann. Statist. 41 2428-2461. MR3127871 https://doi.org/10.1214/13- AOS1155

MSC2020 subject classifications. 60F10, 05C80, 60C05, 82B26.
Key words and phrases. Large deviations, Erdds, Rényi graphs, homomorphism counts, Gibbs measures, vari-
ational problems, upper tails, Brascamp, Lieb inequality.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2025
http://www.imstat.org
mailto:nickcook@math.duke.edu
mailto:adembo@stanford.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4152647
https://doi.org/10.1214/20-AOP1427
https://mathscinet.ams.org/mathscinet-getitem?mr=4544794
https://doi.org/10.1002/cpa.22036
https://mathscinet.ams.org/mathscinet-getitem?mr=4147650
https://doi.org/10.1016/j.physrep.2020.05.004
https://mathscinet.ams.org/mathscinet-getitem?mr=2895412
https://doi.org/10.1214/10-AAP740
https://mathscinet.ams.org/mathscinet-getitem?mr=3695877
https://doi.org/10.1016/j.aim.2017.08.003
https://mathscinet.ams.org/mathscinet-getitem?mr=4295566
https://doi.org/10.1002/rsa.21011
https://mathscinet.ams.org/mathscinet-getitem?mr=0422544
https://doi.org/10.4064/sm-57-3-275-277
https://mathscinet.ams.org/mathscinet-getitem?mr=3700183
https://doi.org/10.1007/978-3-319-65816-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3519474
https://doi.org/10.1016/j.aim.2016.05.017
https://mathscinet.ams.org/mathscinet-getitem?mr=3127871
https://doi.org/10.1214/13-AOS1155
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1002/cpa.22036
https://doi.org/10.1016/j.aim.2017.08.003
https://doi.org/10.1002/rsa.21011

(11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

(25]

(26]
(27]

(28]
[29]

[30]
[31]

(32]
(33]
[34]

(35]

[36]
[37]
(38]

[39]

CHATTERIJEE, S. and VARADHAN, S. R. S. (2011). The large deviation principle for the Erd6s—Rényi
random graph. European J. Combin. 32 1000-1017. MR2825532 https://doi.org/10.1016/j.ejc.2011.
03.014

CHRIST, M. (2019). Near equality in the Riesz—Sobolev inequality. Acta Math. Sin. (Engl. Ser.) 35 783-814.
MR3952692 https://doi.org/10.1007/s10114-019-8412-7

CHRIST, M. and O’NEILL, K. Maximizers of Rogers—Brascamp-Lieb—Luttinger functionals in higher di-
mensions. Available at arXiv:1712.00109.

COHEN ANTONIR, A. (2024). The upper tail problem for induced 4-cycles in sparse random graphs. Ran-
dom Structures Algorithms 64 401-459. https://doi.org/10.1002/rsa.21187

CooOK, N. and DEMBO, A. (2020). Large deviations of subgraph counts for sparse Erd6s—Rényi graphs.
Adv. Math. 373 107289. MR4130460 https://doi.org/10.1016/j.aim.2020.107289

CooK, N. A., DEMBO, A. and PHAM, H. T. Regularity method and large deviation principles for the
Erd8s—Rényi hypergraph. Duke Math. J. To appear. Available at arXiv:2102.09100.

DEMBO, A. and ZEITOUNI, O. (2002). Large deviations and applications. In Handbook of Stochastic Anal-
ysis and Applications. Statist. Textbooks Monogr. 163 361-416. Dekker, New York. MR1882715

DEMUSE, R. Extremal behavior in exponential random graphs. Available at arXiv:1906.00525.

ELDAN, R. (2018). Gaussian-width gradient complexity, reverse log-Sobolev inequalities and non-
linear large deviations. Geom. Funct. Anal. 28 1548-1596. MR3881829 https://doi.org/10.1007/
500039-018-0461-z

ELDAN, R. and GROSS, R. (2018). Exponential random graphs behave like mixtures of stochastic block
models. Ann. Appl. Probab. 28 3698-3735. MR3861824 https://doi.org/10.1214/18-AAP1402

ELDAN, R. and GROSS, R. (2018). Decomposition of mean-field Gibbs distributions into product measures.
Electron. J. Probab. 23 Paper No. 35. MR3798245 https://doi.org/10.1214/18-EJP159

ELLIS, D., FRIEDGUT, E., KINDLER, G. and YEHUDAYOFF, A. (2016). Geometric stability via information
theory. Discrete Anal. Paper No. 10. MR3555193 https://doi.org/10.19086/da.784

FIENBERG, S. E. (2010). Introduction to papers on the modeling and analysis of network data. Ann. Appl.
Stat. 4 1-4. MR2758081 https://doi.org/10.1214/10- AOAS346

FIENBERG, S. E. (2010). Introduction to papers on the modeling and analysis of network data—II. Ann.
Appl. Stat. 4 533-534. MR2744531 https://doi.org/10.1214/10- AOAS365

FIGALLI, A. (2014). Quantitative stability results for the Brunn—-Minkowski inequality. In Proceedings of
the International Congress of Mathematicians—Seoul 2014. Vol. I1I 237-256. Kyung Moon Sa, Seoul.
MR3729026

FIGALLI, A. and JERISON, D. (2017). Quantitative stability for the Brunn—Minkowski inequality. Adv.
Math. 314 1-47. MR3658711 https://doi.org/10.1016/j.aim.2016.12.018

FINNER, H. (1992). A generalization of Holder’s inequality and some probability inequalities. Ann. Probab.
20 1893-1901. MR1188047

FRANK, O. and STRAUSS, D. (1986). Markov graphs. J. Amer. Statist. Assoc. 81 832-842. MR0860518

GANGULY, S. and NAM, K. (2024). Sub-critical exponential random graphs: Concentration of measure and
some applications. Trans. Amer. Math. Soc. To appear. https://doi.org/10.1090/tran/8690

GUNBY, B. Upper tails of subgraph counts in sparse regular graphs. Available at arXiv:2010.00658.

HANDCOCK, M. S. (2003). Assessing degeneracy in statistical models of social networks. Working Paper
39. Tech. Rep., Center for Statistics and Social Sciences, University of Washington.

HAREL, M., MOUSSET, F. and SAMOTI, W. (2022). Upper tails via high moments and entropic stability.
Duke Math. J. 171 2089-2192. MR4484206 https://doi.org/10.1215/00127094-2021-0067

HOLLAND, P. W. and LEINHARDT, S. (1981). An exponential family of probability distributions for di-
rected graphs. J. Amer. Statist. Assoc. 76 33-65. MR0608176

HORVAT, S., CZABARKA, E. and TOROCZKAI, Z. (2015). Reducing degeneracy in maximum entropy
models of networks. Phys. Rev. Lett. 114 158701. https://doi.org/10.1103/PhysRevLett.114.158701

KENYON, R., RADIN, C., REN, K. and SADUN, L. (2017). Multipodal structure and phase transi-
tions in large constrained graphs. J. Stat. Phys. 168 233-258. MR3667360 https://doi.org/10.1007/
$10955-017-1804-0

KENYON, R. and YIN, M. (2017). On the asymptotics of constrained exponential random graphs. J. Appl.
Probab. 54 165-180. MR3632612 https://doi.org/10.1017/jpr.2016.93

KozMA, G. and SAMOTI, W. (2023). Lower tails via relative entropy. Ann. Probab. 51 665-698.
MR4546629 https://doi.org/10.1214/22-a0p1610

Liu, Y. P. and ZHAO, Y. (2021). On the upper tail problem for random hypergraphs. Random Structures
Algorithms 58 179-220. MR4201796 https://doi.org/10.1002/rsa.20975

LUBETZKY, E. and ZHAO, Y. (2015). On replica symmetry of large deviations in random graphs. Random
Structures Algorithms 47 109-146. MR3366814 https://doi.org/10.1002/rsa.20536


https://mathscinet.ams.org/mathscinet-getitem?mr=2825532
https://doi.org/10.1016/j.ejc.2011.03.014
https://mathscinet.ams.org/mathscinet-getitem?mr=3952692
https://doi.org/10.1007/s10114-019-8412-7
http://arxiv.org/abs/arXiv:1712.00109
https://doi.org/10.1002/rsa.21187
https://mathscinet.ams.org/mathscinet-getitem?mr=4130460
https://doi.org/10.1016/j.aim.2020.107289
http://arxiv.org/abs/arXiv:2102.09100
https://mathscinet.ams.org/mathscinet-getitem?mr=1882715
http://arxiv.org/abs/arXiv:1906.00525
https://mathscinet.ams.org/mathscinet-getitem?mr=3881829
https://doi.org/10.1007/s00039-018-0461-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3861824
https://doi.org/10.1214/18-AAP1402
https://mathscinet.ams.org/mathscinet-getitem?mr=3798245
https://doi.org/10.1214/18-EJP159
https://mathscinet.ams.org/mathscinet-getitem?mr=3555193
https://doi.org/10.19086/da.784
https://mathscinet.ams.org/mathscinet-getitem?mr=2758081
https://doi.org/10.1214/10-AOAS346
https://mathscinet.ams.org/mathscinet-getitem?mr=2744531
https://doi.org/10.1214/10-AOAS365
https://mathscinet.ams.org/mathscinet-getitem?mr=3729026
https://mathscinet.ams.org/mathscinet-getitem?mr=3658711
https://doi.org/10.1016/j.aim.2016.12.018
https://mathscinet.ams.org/mathscinet-getitem?mr=1188047
https://mathscinet.ams.org/mathscinet-getitem?mr=0860518
https://doi.org/10.1090/tran/8690
http://arxiv.org/abs/arXiv:2010.00658
https://mathscinet.ams.org/mathscinet-getitem?mr=4484206
https://doi.org/10.1215/00127094-2021-0067
https://mathscinet.ams.org/mathscinet-getitem?mr=0608176
https://doi.org/10.1103/PhysRevLett.114.158701
https://mathscinet.ams.org/mathscinet-getitem?mr=3667360
https://doi.org/10.1007/s10955-017-1804-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3632612
https://doi.org/10.1017/jpr.2016.93
https://mathscinet.ams.org/mathscinet-getitem?mr=4546629
https://doi.org/10.1214/22-aop1610
https://mathscinet.ams.org/mathscinet-getitem?mr=4201796
https://doi.org/10.1002/rsa.20975
https://mathscinet.ams.org/mathscinet-getitem?mr=3366814
https://doi.org/10.1002/rsa.20536
https://doi.org/10.1016/j.ejc.2011.03.014
https://doi.org/10.1007/s00039-018-0461-z
https://doi.org/10.1007/s10955-017-1804-0

(40]
[41]
[42]
[43]
[44]
[45]
[46]

[47]

(48]

[49]

[50]
(51]

[52]

LUBETZKY, E. and ZHAO, Y. (2017). On the variational problem for upper tails in sparse random graphs.
Random Structures Algorithms 50 420-436. MR3632418 https://doi.org/10.1002/rsa.20658

MUKHERIJEE, S. and BHATTACHARYA, B. B. (2020). Replica symmetry in upper tails of mean-field hyper-
graphs. Adv. in Appl. Math. 119 102047. MR4092987 https://doi.org/10.1016/j.aam.2020.102047

NEEMAN, J., RADIN, C. and SADUN, L. (2020). Phase transitions in finite random networks. J. Stat. Phys.
181 305-328. MR4142953 https://doi.org/10.1007/s10955-020-02582-4

RADIN, C., REN, K. and SADUN, L. (2014). The asymptotics of large constrained graphs. J. Phys. A 47
175001. MR3197554 https://doi.org/10.1088/1751-8113/47/17/175001

RADIN, C. and SADUN, L. (2013). Phase transitions in a complex network. J. Phys. A 46 305002.
MR3083277 https://doi.org/10.1088/1751-8113/46/30/305002

SNUDERS, T. A. (2002). Markov chain Monte Carlo estimation of exponential random graph models. J.
Soc. Struct. 3.

SNIUDERS, T. A., PATTISON, P., ROBBINS, G. and HANDCOCK, M. (2006). New specifications for expo-
nential random graph models. Sociol. Method. 36 99—153.

STASI, D., SADEGHI, K., RINALDO, A., PETROVIC, S. and FIENBERG, S. (2014). § models for random
hypergraphs with a given degree sequence. In Proceedings of COMPSTAT 2014—21st International
Conference on Computational Statistics 593-600. Internat. Statist. Inst., The Hague. MR3372442

STRAUSS, D. (1986). On a general class of models for interaction. SIAM Rev. 28 513-527. MR0867682
https://doi.org/10.1137/1028156

WASSERMAN, S. and PATTISON, P. (1996). Logit models and logistic regressions for social networks. I.
An introduction to Markov graphs and p. Psychometrika 61 401-425. MR1424909 https://doi.org/10.
1007/BF02294547

YIN, M., RINALDO, A. and FADNAVIS, S. (2016). Asymptotic quantization of exponential random graphs.
Ann. Appl. Probab. 26 3251-3285. MR3582803 https://doi.org/10.1214/16- AAP1175

YIN, M. and ZHU, L. (2017). Asymptotics for sparse exponential random graph models. Braz. J. Probab.
Stat. 31 394-412. MR3635912 https://doi.org/10.1214/16-BJPS319

ZUEV, K., BOGUNA, M., BIANCONI, G. and KRIOUKOV, D. (2015). Emergence of soft communities from
geometric preferential attachment. Sci. Rep. 5 9421. https://doi.org/10.1038/srep09421


https://mathscinet.ams.org/mathscinet-getitem?mr=3632418
https://doi.org/10.1002/rsa.20658
https://mathscinet.ams.org/mathscinet-getitem?mr=4092987
https://doi.org/10.1016/j.aam.2020.102047
https://mathscinet.ams.org/mathscinet-getitem?mr=4142953
https://doi.org/10.1007/s10955-020-02582-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3197554
https://doi.org/10.1088/1751-8113/47/17/175001
https://mathscinet.ams.org/mathscinet-getitem?mr=3083277
https://doi.org/10.1088/1751-8113/46/30/305002
https://mathscinet.ams.org/mathscinet-getitem?mr=3372442
https://mathscinet.ams.org/mathscinet-getitem?mr=0867682
https://doi.org/10.1137/1028156
https://mathscinet.ams.org/mathscinet-getitem?mr=1424909
https://doi.org/10.1007/BF02294547
https://mathscinet.ams.org/mathscinet-getitem?mr=3582803
https://doi.org/10.1214/16-AAP1175
https://mathscinet.ams.org/mathscinet-getitem?mr=3635912
https://doi.org/10.1214/16-BJPS319
https://doi.org/10.1038/srep09421
https://doi.org/10.1007/BF02294547

The Annals of Applied Probability

2024, Vol. 34, No. 3, 29402985
https://doi.org/10.1214/23-AAP2030

© Institute of Mathematical Statistics, 2024

(1]
(2]
(3]
(4]
(3]
[6]

(71

(8]

91
(10]

(1]
[12]

[13]

[14]

OPEN MARKETS AND HYBRID JACOBI PROCESSES

BY DAVID ITKIN!*® AND MARTIN LARSSONZP

1Department of Mathematics, Imperial College London, ®d.itkin@imperial.ac.uk

2Department of Mathematical Sciences, Carnegie Mellon University, Ymartinl@andrew.cmu.edu

We propose a unified approach to several problems in stochastic portfolio
theory (SPT), which is a framework for equity markets with a large number
d of stocks. Our approach combines open markets, where trading is confined
to the top N capitalized stocks as well as the market portfolio consisting of
all d assets, with a parametric family of models which we call hybrid Jacobi
processes. We provide a detailed analysis of ergodicity, particle collisions,
and boundary attainment, and use these results to study the associated finan-
cial markets. Their properties include (1) stability of the capital distribution
curve and (2) explicit and not artificially leveraged growth optimal strategies.
The sub-class of rank Jacobi models are additionally shown to (3) serve as
the worst-case model for a robust asymptotic growth problem under model
ambiguity and (4) exhibit stability in the large-d limit. Our definition of an
open market is a relaxation of existing definitions which is essential to make
the analysis tractable.
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We consider a long-range percolation graph on 74 where, in addition to
the nearest-neighbor edges of 74 distinct x, ye 74 are connected by an edge
independently with probability asymptotic to B|lx — y|~%, for s € (d, 2d),
B >0and |- |anormon RY. We first show that, for all but perhaps a count-
ably many B > 0, the graph-theoretical (a.k.a. chemical) distance between
typical vertices at | - |-distance r is, with high probability as » — oo, asymp-
totic to ¢g(r)(log r)A, where A™1 = logy(2d/s) and ¢g is a determinis-
tic, positive, bounded and continuous function subject to log-log-periodicity
constraint ¢g *Y) = ¢p(r) for y :=s/(2d). The proof parallels the argu-
ments developed in a continuum version of the model where a similar scaling
was shown earlier by the first author and J. Lin. That work also conjectured
that ¢g is constant which we show to be false by proving that (log ,B)Ad)/g
tends, as § — oo, to a nonconstant limit that is independent of the specifics
of the model. The proof reveals arithmetic rigidity of the shortest paths that
maintain a hierarchical (dyadic) structure all the way to unit scales.
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We analyse the cluster discovered by invasion percolation on a branch-
ing process with a power-law offspring distribution. Invasion percolation is
a paradigm model of self-organised criticality, where criticality is approach
without tuning any parameter. By performing invasion percolation for n steps,
and letting n — oo, we find an infinite subtree, called the invasion percola-
tion cluster (IPC). A notable feature of the IPC is its geometry that consists of
a unique path to infinity (also called the backbone) onto which finite forests
are attached. The main theorem shows the volume scaling limit of the k-cut
IPC, which is the cluster containing the root when the edge between the kth
and (k + 1)st backbone vertices is cut.

We assume a power-law offspring distribution with exponent « and anal-
yse the IPC for different power-law regimes. In a finite-variance setting
(o > 2) the results, are a natural extension of previous works on the branch-
ing process tree (Electron. J. Probab. 24 (2019) 1-35) and the regular tree
(Ann. Probab. 35 (2008) 420—466). However, for an infinite-variance setting
(o € (1, 2)) or even an infinite-mean setting (« € (0, 1)), results significantly
change. This is illustrated by the volume scaling of the k-cut IPC, which
scales as k2 for & > 2, but as k%@~ for & € (1,2) and exponentially for
a e (0,1).
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The excursion set of a C2 smooth random field carries relevant informa-
tion in its various geometric measures. From a computational viewpoint, one
never has access to the continuous observation of the excursion set, but rather
to observations at discrete points in space. It has been reported that for spe-
cific regular lattices of points in dimensions 2 and 3, the usual approximation
of the surface area of the excursions does not converge when the lattice be-
comes dense in the domain of observation to the desired limit. In the present
work, under the key assumptions of stationarity and isotropy, we demonstrate
that this limiting factor is invariant to the locations of the observation points.
Indeed, we identify an explicit formula for the correction factor, showing that
it only depends on the spatial dimension d. This enables us to define an ap-
proximation for the surface area of excursion sets for general tessellations of
polytopes in RY, including Poisson—Voronoi tessellations. We also establish
a joint central limit theorem for the surface area and volume of excursion sets
observed over hypercubic lattices.
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We consider an epidemic SIS model described by a multitype birth-and-
death process in a randomly switching environment. That is, the infection and
cure rates of the process depend on the state of a finite Markov jump process
(the environment), whose transitions also depend on the number of infec-
tives. The total size of the population is constant and equal to some K € N*,
and the number of infectives vanishes almost surely in finite time. We prove
that, as K — oo, the process composed of the proportions of infectives of
each type X K and the state of the environment X, converges to a piece-
wise deterministic Markov process (PDMP) given by a system of randomly
switching ODEs. The long term behaviour of this PDMP has been previously
investigated by Benaim and Strickler, and depends only on the sign of the
top Lyapunov exponent A of the linearised PDMP at 0: if A < 0, the pro-
portion of infectives in each group converges to zero, while if A > 0, the
disease becomes endemic. In this paper, we show that the large population
asymptotics of XX also strongly depend on the sign of A: if negative, then
from fixed initial proportions of infectives the disease disappears in a time
of order at most log(K'), while if positive, the typical extinction time grows
at least as a power of K. We prove that in the situation where the origin is
accessible for the linearised PDMP, the mean extinction time of XX is loga-
rithmically equivalent to K P* | where p* > 0 is fully characterised. We also
investigate the quasi-stationary distribution wk of (XX, 2X) and show that,
when A < 0, weak limit points of %3] K >0 are supported by the extinction
set, while when A > 0, limit points belong to the (nonempty) set of stationary
distributions of the limiting PDMP which do not give mass to the extinction
set.

REFERENCES

ANDERSSON, H. and DJEHICHE, B. (1998). A threshold limit theorem for the stochastic logistic epidemic.
J. Appl. Probab. 35 662-670. MR1659540 https://doi.org/10.1239/jap/1032265214

ARNOLD, L. (1984). A formula connecting sample and moment stability of linear stochastic systems. SIAM
J. Appl. Math. 44 793-802. MR0750951 https://doi.org/10.1137/0144057

ARNOLD, L. (1998). Random Dynamical Systems. Springer Monographs in Mathematics. Springer, Berlin.
MR1723992 https://doi.org/10.1007/978-3-662-12878-7

ARNOLD, L., KLIEMANN, W. and OELJEKLAUS, E. (1986). Lyapunov exponents of linear stochastic sys-
tems. In Lyapunov Exponents (Bremen, 1984). Lecture Notes in Math. 1186 85-125. Springer, Berlin.
MRO0850072 https://doi.org/10.1007/BFb0076835

ARNOLD, L., OELJEKLAUS, E. and PARDOUX, E. (1986). Almost sure and moment stability for linear It6
equations. In Lyapunov Exponents (Bremen, 1984). Lecture Notes in Math. 1186 129-159. Springer,
Berlin. MR0850074 https://doi.org/10.1007/BFb0076837

ARTALEJO, J. R., ECONOMOU, A. and LOPEZ-HERRERO, M. J. (2013). Stochastic epidemic models
with random environment: Quasi-stationarity, extinction and final size. J. Math. Biol. 67 799-831.
MR3096540 https://doi.org/10.1007/s00285-012-0570-5

BACAER, N. (2016). Le modele stochastique SIS pour une épidémie dans un environnement aléatoire. J.
Math. Biol. 73 847-866. MR3545521 https://doi.org/10.1007/s00285-016-0974-8

MSC2020 subject classifications. Primary 60J25, 60J80; secondary 37H15, 92D30.
Key words and phrases. Epidemiological model, SIS, birth-and-death process, piecewise deterministic Markov
process, quasi-stationary distribution, large population, Lyapunov exponent, stochastic persistence, extinction.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2035
http://www.imstat.org
mailto:adrien-prodhomme@orange.fr
mailto:edouard.strickler@univ-lorraine.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=1659540
https://doi.org/10.1239/jap/1032265214
https://mathscinet.ams.org/mathscinet-getitem?mr=0750951
https://doi.org/10.1137/0144057
https://mathscinet.ams.org/mathscinet-getitem?mr=1723992
https://doi.org/10.1007/978-3-662-12878-7
https://mathscinet.ams.org/mathscinet-getitem?mr=0850072
https://doi.org/10.1007/BFb0076835
https://mathscinet.ams.org/mathscinet-getitem?mr=0850074
https://doi.org/10.1007/BFb0076837
https://mathscinet.ams.org/mathscinet-getitem?mr=3096540
https://doi.org/10.1007/s00285-012-0570-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3545521
https://doi.org/10.1007/s00285-016-0974-8
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(8]

(9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

(17]

(18]
[19]

[20]

(21]

(22]

(23]

(24]

[25]
(26]
[27]
(28]
[29]

[30]

(31]

BARDET, J.-B., GUERIN, H. and MALRIEU, F. (2010). Long time behavior of diffusions with Markov
switching. ALEA Lat. Am. J. Probab. Math. Stat. 7 151-170. MR2653702

BENAIM, M. (2018). Stochastic persistence. Preprint. Available at arXiv:1806.08450.

BENAIM, M. and HIRSCH, M. W. (1999). Differential and stochastic epidemic models. In Differential
Equations with Applications to Biology (Halifax, NS, 1997). Fields Inst. Commun. 21 31-44. Amer.
Math. Soc., Providence, RI. MR1662601 https://doi.org/10.1007/bf02218617

BENAIM, M., LE BORGNE, S., MALRIEU, F. and ZITT, P.-A. (2015). Qualitative properties of certain
piecewise deterministic Markov processes. Ann. Inst. Henri Poincaré Probab. Stat. 51 1040-1075.
MR3365972 https://doi.org/10.1214/14- AIHP619

BENAIM, M. and LOBRY, C. (2016). Lotka—Volterra with randomly fluctuating environments or “How
switching between beneficial environments can make survival harder”. Ann. Appl. Probab. 26 3754—
3785. MR3582817 https://doi.org/10.1214/16- AAP1192

BENAIM, M. and STRICKLER, E. (2019). Random switching between vector fields having a common zero.
Ann. Appl. Probab. 29 326-375. MR3910006 https://doi.org/10.1214/18-AAP1418

CHAMPAGNAT, N. and VILLEMONAIS, D. (2023). General criteria for the study of quasi-stationarity. Elec-
tron. J. Probab. 28 Paper No. 22. MR4546021 https://doi.org/10.1214/22-ejp880

CHAZOTTES, J.-R., COLLET, P., MARTINEZ, S. and MELEARD, S. (2020). Quasi-stationary distribu-
tions and resilience: What to get from a sample? J. Ec. Polytech. Math. 7 943-980. MR4115739
https://doi.org/10.5802/jep.132

CHAZOTTES, J.-R., COLLET, P. and MELEARD, S. (2016). Sharp asymptotics for the quasi-stationary
distribution of birth-and-death processes. Probab. Theory Related Fields 164 285-332. MR3449391
https://doi.org/10.1007/s00440-014-0612-6

CHAZOTTES, J.-R., COLLET, P. and MELEARD, S. (2019). On time scales and quasi-stationary distribu-
tions for multitype birth-and-death processes. Ann. Inst. Henri Poincaré Probab. Stat. 55 2249-2294.
MR4029154 https://doi.org/10.1214/18- ATHP948

COGBURN, R. and TORREZ, W. C. (1981). Birth and death processes with random environments in contin-
uous time. J. Appl. Probab. 18 19-30. MR0598919 https://doi.org/10.2307/3213163

CoOSTA, M. (2016). A piecewise deterministic model for a prey-predator community. Ann. Appl. Probab. 26
3491-3530. MR3582809 https://doi.org/10.1214/16-AAP1182

CRUDU, A., DEBUSSCHE, A., MULLER, A. and RADULESCU, O. (2012). Convergence of stochastic gene
networks to hybrid piecewise deterministic processes. Ann. Appl. Probab. 22 1822-1859. MR3025682
https://doi.org/10.1214/11-AAP814

DAvis, M. H. A. (1984). Piecewise-deterministic Markov processes: A general class of nondiffusion
stochastic models. J. Roy. Statist. Soc. Ser. B 46 353-388. MR0790622

DOERING, C. R., SARGSYAN, K. V. and SANDER, L. M. (2005). Extinction times for birth-death pro-
cesses: Exact results, continuum asymptotics, and the failure of the Fokker—Planck approximation.
Multiscale Model. Simul. 3 283-299. MR2122989 https://doi.org/10.1137/030602800

Du, N. H. and DANG, N. H. (2014). Asymptotic behavior of Kolmogorov systems with predator-prey type
in random environment. Commun. Pure Appl. Anal. 13 2693-2712. MR3248409 https://doi.org/10.
3934/cpaa.2014.13.2693

ETHIER, S. N. and KURTzZ, T. G. (1986). Markov Processes: Characterization and Convergence. Wiley
Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics. Wiley, New
York. MR0838085 https://doi.org/10.1002/9780470316658

FANG, Y. (1994). Stability analysis of linear control systems with uncertain parameters. PhD thesis, Case
Western Reserve University. Available at http://www.fang.ece.ufl.edu/mypaper/cwru.pdf.

FAURE, M. and SCHREIBER, S. J. (2014). Quasi-stationary distributions for randomly perturbed dynamical
systems. Ann. Appl. Probab. 24 553-598. MR3178491 https://doi.org/10.1214/13-AAP923

GRAY, A., GREENHALGH, D., MAoO, X. and PAN, J. (2012). The SIS epidemic model with Markovian
switching. J. Math. Anal. Appl. 394 496-516. MR2927473 https://doi.org/10.1016/j.jmaa.2012.05.029

HAIRER, M. (2006). Ergodic properties of Markov processes. Lecture Notes. Available at
https://www.hairer.org/notes/Markov.pdf.

HENING, A., QI, W., SHEN, Z. and Y1, Y. (2022). Population dynamics under demographic and environ-
mental stochasticity. Preprint. Available at arXiv:2207.08883.

HENING, A. and STRICKLER, E. (2019). On a predator-prey system with random switching that never
converges to its equilibrium. SIAM J. Math. Anal. 51 3625-3640. MR4000212 https://doi.org/10.1137/
18M 1196042

HILLE, E. and PHILLIPS, R. S. (1957). Functional Analysis and Semi-Groups. American Mathematical
Society Colloquium Publications, Vol. 31. Amer. Math. Soc., Providence, RI. MR0089373


https://mathscinet.ams.org/mathscinet-getitem?mr=2653702
http://arxiv.org/abs/1806.08450
https://mathscinet.ams.org/mathscinet-getitem?mr=1662601
https://doi.org/10.1007/bf02218617
https://mathscinet.ams.org/mathscinet-getitem?mr=3365972
https://doi.org/10.1214/14-AIHP619
https://mathscinet.ams.org/mathscinet-getitem?mr=3582817
https://doi.org/10.1214/16-AAP1192
https://mathscinet.ams.org/mathscinet-getitem?mr=3910006
https://doi.org/10.1214/18-AAP1418
https://mathscinet.ams.org/mathscinet-getitem?mr=4546021
https://doi.org/10.1214/22-ejp880
https://mathscinet.ams.org/mathscinet-getitem?mr=4115739
https://doi.org/10.5802/jep.132
https://mathscinet.ams.org/mathscinet-getitem?mr=3449391
https://doi.org/10.1007/s00440-014-0612-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4029154
https://doi.org/10.1214/18-AIHP948
https://mathscinet.ams.org/mathscinet-getitem?mr=0598919
https://doi.org/10.2307/3213163
https://mathscinet.ams.org/mathscinet-getitem?mr=3582809
https://doi.org/10.1214/16-AAP1182
https://mathscinet.ams.org/mathscinet-getitem?mr=3025682
https://doi.org/10.1214/11-AAP814
https://mathscinet.ams.org/mathscinet-getitem?mr=0790622
https://mathscinet.ams.org/mathscinet-getitem?mr=2122989
https://doi.org/10.1137/030602800
https://mathscinet.ams.org/mathscinet-getitem?mr=3248409
https://doi.org/10.3934/cpaa.2014.13.2693
https://mathscinet.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
http://www.fang.ece.ufl.edu/mypaper/cwru.pdf
https://mathscinet.ams.org/mathscinet-getitem?mr=3178491
https://doi.org/10.1214/13-AAP923
https://mathscinet.ams.org/mathscinet-getitem?mr=2927473
https://doi.org/10.1016/j.jmaa.2012.05.029
https://www.hairer.org/notes/Markov.pdf
http://arxiv.org/abs/2207.08883
https://mathscinet.ams.org/mathscinet-getitem?mr=4000212
https://doi.org/10.1137/18M1196042
https://mathscinet.ams.org/mathscinet-getitem?mr=0089373
https://doi.org/10.3934/cpaa.2014.13.2693
https://doi.org/10.1137/18M1196042

(32]

(33]
[34]
(35]

(36]

(371

(38]
(391
[40]
[41]

[42]

[43]

[44]

[45]
[46]

[47]

(48]

HirscH, M. W. (1994). Positive equilibria and convergence in subhomogeneous monotone dynamics. In
Comparison Methods and Stability Theory (Waterloo, ON, 1993). Lecture Notes in Pure and Applied
Mathematics 162 169—188. Dekker, New York. MR1291618

KRryscio, R. J. and LEFEVRE, C. (1989). On the extinction of the S-I-S stochastic logistic epidemic.
J. Appl. Probab. 26 685-694. MR1025386 https://doi.org/10.1017/s002190020002756x

KuRrTz, T. G. (1981). Approximation of Population Processes. CBMS-NSF Regional Conference Series in
Applied Mathematics 36. STAM, Philadelphia, PA. MR0610982

LAJMANOVICH, A. and YORKE, J. A. (1976). A deterministic model for gonorrhea in a nonhomogeneous
population. Math. Biosci. 28 221-236. MR0403726 https://doi.org/10.1016/0025-5564(76)90125-5

LEIZAROWITZ, A. (1991). Eigenvalue representation for the Lyapunov exponents of certain Markov pro-
cesses. In Lyapunov Exponents (Oberwolfach, 1990). Lecture Notes in Math. 1486 51-63. Springer,
Berlin. MR 1178946 https://doi.org/10.1007/BFb0086657

L1, D., L1u, S. and Cul, J. (2017). Threshold dynamics and ergodicity of an SIRS epidemic model with
Markovian switching. J. Differ. Equ. 263 8873-8915. MR3710707 https://doi.org/10.1016/j.jde.2017.
08.066

MELEARD, S. and VILLEMONAIS, D. (2012). Quasi-stationary distributions and population processes.
Probab. Surv. 9 340—410. MR2994898 https://doi.org/10.1214/11-PS191

NASELL, L. (1996). The quasi-stationary distribution of the closed endemic SIS model. Adv. in Appl. Probab.
28 895-932. MR 1404315 https://doi.org/10.2307/1428186

NASELL, I. (1999). On the quasi-stationary distribution of the stochastic logistic epidemic. Math. Biosci.
156 21-40.

NGUYEN, D. H. and STRICKLER, E. (2020). A method to deal with the critical case in stochastic population
dynamics. SIAM J. Appl. Math. 80 1567-1589. MR4116754 https://doi.org/10.1137/20M131134X

RAaMI, M. A., BOKHARAIE, V. S., MASON, O. and WIRTH, F. R. (2014). Stability criteria for SIS
epidemiological models under switching policies. Discrete Contin. Dyn. Syst. Ser. B 19 2865-2887.
MR3261402 https://doi.org/10.3934/dcdsb.2014.19.2865

SCHREIBER, S. J. (2017). Coexistence in the face of uncertainty. In Recent Progress and Modern Chal-
lenges in Applied Mathematics, Modeling and Computational Science. Fields Inst. Commun. 79 349—
384. Springer, New York. MR3700056

SCHREIBER, S. J., HUANG, S., JIANG, J. and WANG, H. (2021). Extinction and quasi-stationarity
for discrete-time, endemic SIS and SIR models. SIAM J. Appl. Math. 81 2195-2217. MR4320897
https://doi.org/10.1137/20M 1339015

SENETA, E. (2006). Non-negative Matrices and Markov Chains. Springer Series in Statistics. Springer, New
York. MR2209438

STRICKLER, E. (2019). Persistance de processus de Markov déterministes par morceaux. Ph.D. thesis, Uni-
versité de Neuchatel. Available at https://doc.rero.ch/record/326883.

TAKAC, P. (1990). Asymptotic behavior of discrete-time semigroups of sublinear, strongly increasing map-
pings with applications to biology. Nonlinear Anal. 14 35-42. MR1028245 https://doi.org/10.1016/
0362-546X(90)90133-2

TAKEUCHI, Y., Du, N. H., HIEU, N. T. and SATO, K. (2006). Evolution of predator-prey systems de-
scribed by a Lotka—Volterra equation under random environment. J. Math. Anal. Appl. 323 938-957.
MR2260154 https://doi.org/10.1016/j.jmaa.2005.11.009


https://mathscinet.ams.org/mathscinet-getitem?mr=1291618
https://mathscinet.ams.org/mathscinet-getitem?mr=1025386
https://doi.org/10.1017/s002190020002756x
https://mathscinet.ams.org/mathscinet-getitem?mr=0610982
https://mathscinet.ams.org/mathscinet-getitem?mr=0403726
https://doi.org/10.1016/0025-5564(76)90125-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1178946
https://doi.org/10.1007/BFb0086657
https://mathscinet.ams.org/mathscinet-getitem?mr=3710707
https://doi.org/10.1016/j.jde.2017.08.066
https://mathscinet.ams.org/mathscinet-getitem?mr=2994898
https://doi.org/10.1214/11-PS191
https://mathscinet.ams.org/mathscinet-getitem?mr=1404315
https://doi.org/10.2307/1428186
https://mathscinet.ams.org/mathscinet-getitem?mr=4116754
https://doi.org/10.1137/20M131134X
https://mathscinet.ams.org/mathscinet-getitem?mr=3261402
https://doi.org/10.3934/dcdsb.2014.19.2865
https://mathscinet.ams.org/mathscinet-getitem?mr=3700056
https://mathscinet.ams.org/mathscinet-getitem?mr=4320897
https://doi.org/10.1137/20M1339015
https://mathscinet.ams.org/mathscinet-getitem?mr=2209438
https://doc.rero.ch/record/326883
https://mathscinet.ams.org/mathscinet-getitem?mr=1028245
https://doi.org/10.1016/0362-546X(90)90133-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2260154
https://doi.org/10.1016/j.jmaa.2005.11.009
https://doi.org/10.1016/j.jde.2017.08.066
https://doi.org/10.1016/0362-546X(90)90133-2

The Annals of Applied Probability

2024, Vol. 34, No. 3, 3181-3226
https://doi.org/10.1214/23-AAP2036

© Institute of Mathematical Statistics, 2024

ERGODICITY OF THE UNDERDAMPED MEAN-FIELD
LANGEVIN DYNAMICS

BY ANNA KAZEYKINA!?, ZHENJIE REN%P, XIAOLU TAN>¢ AND JUNJIAN YANGHd

1Département de Mathématiques, Faculté des Sciences d’Orsay, Université Paris-Saclay, *anna.kazeykina@math.u-psud.fr

(1]

(2]
(3]

(4]
(5]

(6]
(7]

(8]

(9]

(10]

(1]

(12]

(13]
(14]

2CEREMADE, Université Paris-Dauphine, PSL, bren@ceremade‘dauphine.fr
3Departmem of Mathematics, The Chinese University of Hong Kong, xiaolu.tan@ cuhk.edu.hk
4FAM, Fakultdt fiir Mathematik und Geoinformation, Vienna University of Technology, djunjian.yang@tuwien.ac.at

We study the long time behavior of an underdamped mean-field Langevin
(MFL) equation, and provide a general convergence as well as an exponential
convergence rate result under different conditions. The results on the MFL
equation can be applied to study the convergence of the Hamiltonian gradient
descent algorithm for the overparametrized optimization. We then provide
some numerical examples of the algorithm to train a generative adversarial
network (GAN).
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BY ARUIT CHAKRABARTY ! AND GENNADY SAMORODNITSKY?"

LTheoretical Statistics and Mathematics Unit, Indian Statistical Institute, Aarijit.isi@ gmail.com

2School of Operations Research and Information Engineering, Cornell University, b gsl8@cornell.edu

We describe the cluster of large deviations events that arise when one
such large deviations event occurs. We work in the framework of an infinite
moving average process with a noise that has finite exponential moments.
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NECESSARY AND SUFFICIENT CONDITIONS FOR OPTIMAL CONTROL
OF SEMILINEAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
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Using a recently introduced representation of the second order adjoint
state as the solution of a function-valued backward stochastic partial differen-
tial equation (SPDE), we calculate the viscosity super- and subdifferential of
the value function evaluated along an optimal trajectory for controlled semi-
linear SPDEs. This establishes the well-known connection between Pontrya-
gin’s maximum principle and dynamic programming within the framework of
viscosity solutions. As a corollary, we derive that the correction term in the
stochastic Hamiltonian arising in nonsmooth stochastic control problems is
nonpositive. These results directly lead us to a stochastic verification theorem
for fully nonlinear Hamilton—Jacobi—Bellman equations in the framework of
viscosity solutions.
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MAXIMUM LIKELIHOOD THRESHOLDS VIA GRAPH RIGIDITY
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The maximum likelihood threshold (MLT) of a graph G is the minimum
number of samples to almost surely guarantee existence of the maximum
likelihood estimate in the corresponding Gaussian graphical model. We give
a new characterization of the MLT in terms of rigidity-theoretic properties of
G and use this characterization to give new combinatorial lower bounds on
the MLT of any graph.

We use the new lower bounds to give high-probability guarantees on
the maximum likelihood thresholds of sparse Erd6s—Rényi random graphs
in terms of their average density. These examples show that the new lower
bounds are within a polylog factor of tight, where, on the same graph fami-
lies, all known lower bounds are trivial.

Based on computational experiments made possible by our methods, we
conjecture that the MLT of an Erd6s—Rényi random graph is equal to its
generic completion rank with high probability. Using structural results on
rigid graphs in low dimension, we can prove the conjecture for graphs with
MLT at most 4 and describe the threshold probability for the MLT to switch
from 3 to 4.

We also give a geometric characterization of the MLT of a graph in terms
of a new “lifting” problem for frameworks that is interesting in its own
right. The lifting perspective yields a new connection between the weak MLT
(where the maximum likelihood estimate exists only with positive probabil-
ity) and the classical Hadwiger—Nelson problem.
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For ¢: RY — [0, oo0) we consider the sequence of probability mea-
sures ({n),eN, Where p, is determined by a density that is proportional
to exp(—nt). We allow for infinitely many global minimal points of ¢, as
long as they form a finite union of compact manifolds. In this scenario, we
show estimates for the p-Wasserstein convergence of (ip),eN to its limit
measure. Imposing regularity conditions we obtain a speed of convergence of
n~Y@P) and adding a further technical assumption, we can improve this to
a p-independent rate of 1/2 for all orders p € N of the Wasserstein distance.
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THE MULTIVARIATE RATE OF CONVERGENCE FOR SELBERG’S
CENTRAL LIMIT THEOREM
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In this paper we quantify the rate of convergence in Selberg’s central
limit theorem for log|¢(1/2 + it)| based on the method of proof given by
Radziwitt and Soundararajan in (Enseign. Math. 63 (2017) 1-19). We achieve
the same rate of convergence of (logloglog T)2/./Toglog T as Selberg in (In
Proceedings of the Amalfi Conference on Analytic Number Theory (Maiori,
1989) Univ (1992) 367-385) in the Kolmogorov distance by using the Dudley
distance instead. We also prove the theorem for the multivariate case given by
Bourgade in (Probab. Theory Related Fields 148 (2010) 479-500) with the
same rate of convergence as in the single variable case.
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